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PREFACE 

The subject of the present inquiry is the approach-to-the-truth research, which 
started with the publication of Sir Karl Popper's Conjectures and Refutations. In 
the decade before this publication, Popper fiercely attacked the ideas of Rudolf 
Carnap about confirmation and induction; and ten years later, in the famous tenth 
chapter of Conjectures he introduced his own ideas about scientific progress and 
verisimilitude (cf. the quotation on page 6). Abhorring inductivism for its apprecia­
tion of logical weakness rather than strength, Popper tried to show that fallibilism 
could serve the purpose of approach to the truth. To substantiate this idea he 
formalized the common sense intuition about preferences, that is: B is to be 
preferred to A if B has more advantages andfewer drawbacks than A. 

In 1974, however, David Millerand Pavel Tichy proved that Popper's formal 
explication could not be used to compare false theories. Subsequently, many 
researchers proposed alternatives or tried to improve Popper's original definition. 
One of my results shows that Oddie is right when he claims that all these alterna­
tives are either content or likeness proposals. The first base their ordering on truth­
value and logical content, and neglect similarity among possible worlds; the second 
build their ordering primarily on similarity among models (or constituents), and 
treat logical strength rather arbitrarily (my formal characterization ofthe difference 
between likeness and content definitions can be found in Subsection 1.4.3). I 
compared the way eight alternative definitions order propositions of a finite 
propositional language, since this shows the barest outline of those alternatives; 
additionally, I compared their metatheoretical properties. The outcome clearly 
underlines the difference between likeness and content definitions. For instance, 
according to the first, the negation ofthe truth, which is almost a tautology, is the 
worst proposition; the second claims that all propositions improve the complete 
falsehood, which is the strongest description of the worst possible world. 

The current study has the following outline. In Chapter I, I introduce the 
differences between verisimilitude and truthlikeness definitions, which are the 
subjects ofChapters 2-3. Together, the first three chapters form the expository part 
of the present publication. In the Chapter 4, I formulate and examine the rules of 
theory-choice that accompany Niiniluoto's and Kuipers's definitions. Chapter 5 
concerns the fact that preference relations based on similarity among possible 

ix 
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worlds arenot invariant under extensional Substitutions. This property has mislead­
ingly been called the "language dependency" oftruthlikeness definitions. Sketch­
ing the solution to this "problem", I prepare the way for my most important 
contribution to the truth approximation debate, viz. the rejined verisimilitude 
definition, which is presented in Chapter 6. In a way, Chapters 1-5 can be viewed 
as preparatory steps leading up to the presentation of my new preference ordering 
of propositions in Chapter 6. The predecessors of my proposal are shown in the 
diagram below. 

Verisimilitude (1963) 

il 
Collapse Popper's Definition (1974) 

Content 
Proposals 

1. based on logical 
strength 

2. neglects similarity 
between possible 
worlds 

Likeness 
Poposals 

1. based on similarity 
between possible 

2. arbitrary treatment 
of logical strength 

Refined Verisimilitude (1998) 
A sytematic merger of 
logical strength and 

similarity between possible worlds 

Verisimilitude and Truthlikeness 

It is important to note that the present inquiry does not exclusively concem 
formal philosophy of science. The question of ordering propositions has a much 
wider scope, and is of general logical interest. Readers who are mainly concemed 
with preferences among possible worlds or propositional constituents may skip the 
Chapters 2-5; and having used Chapter 1 as an intuitive introduction, they may 
start reading Chapter 6. 
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CHAPTER 1 

INTRODUCTION AND TERMINOLOGY 

The approach-to-the-truth project started with the publication ofPopper's Conjec­
tures and Refotations in 1963, which contains the first formal explication of the 
"verisimilitude" notion. Eleven years afterthis publication, thetwenty-fifth volume 
ofthe British Journalfor the Philosophy ofScience gave the project a significant 
incentive. In their contributions, Miller, Tichy, and Harris, proved the inadequacy 
of Popper's definition. In this chapter the rise and fall of Popper's proposal is 
sketched, and a technical framework is developed to compare the alternatives to 
Popper' s proposal. Ideal with the general philosophical background ofthe verisim­
ilitude notion, Popper's definition and its failure in Sections 1.1-1.2. An explana­
tion of how I shall compare the various proposals presented in Chapters 2-3 is 
given in Section 1.3. I shall base this comparison on the most elementary mathe­
matical applications ofthe definitions: propositionallanguages. The two different 
ways to paraphrase theories and data in the algebra foreshadow the paramount 
distinction between two kinds of approach-to-the-truth proposals: the content and 
likeness definitions. This distinction is reconstructed in Section 1.4 in terms oftwo 
different strategies to revise Popper' s original explication. It Ieads to a formal 
definition of the contrast between content and likeness definitions. Finally, in the 
fifth section, I introduce further metatheoretical properties used in later chapters. 

1.1. PHILOSOPHICAL BACKGROUND 

The basic philosophical ideas related to the verisimilitude notion are sketched in 
this section. My ambitionisamodest one. I do not want to give a thorough account 
of all the advantages and drawbacks ofthe various points ofview involved. That 
would require a separate publication of more than one volume. It is my intention 
to give a rough map as to where to find the verisimilitude notion in the Iandscape 
of philosophical ideas about developments in scientific knowledge. 

1.1.1. Scientific Progress 

I want to mention two prescientific or philosophical intuitions underlying the idea 
of scientific progress. The firstisthat knowledge in various scientific disciplines 
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becomes increasingly exact. I shall call this feature growth in depth. Scientists 
manage to answer more and more why questions about a particular area of investi­
gation. For instance, scientists became acquainted with chemical reactions that 
caused phenomenological changes, next, they discovered the importance of 
chemical bonds in chemical substances, and today, chemists use quantum mechani­
cal insights to study these bonds. In the same manner, scientists first thought that 
atoms where the smallest particles in the universe; subsequently they discovered 
that atoms consisted of protons, neutrons and electrons, and today, quarks are 
thought to be the smallest building blocks of all substances. Smaller steps, such as 
concretizations also exemplify this growth in depth. The Van der Waals's refine­
ment of the Boyle-Gay Lusac law serves as an example. These arenot unique 
examples of the growth in depth phenomenon. On the contrary, the scientific 
community has produced such examples in large numbers. C.S. Peirce compared 
the improvement of our scientific understanding with the increasing knowledge 
about the numerical value of 1t in digits. 1 Just as our knowledge about 1t 's deciw~!s 
increases, our knowledge of physical phenomena becomes more and more exact. 
The idea that this increase of exactness must be interpreted as accumulation has 
been severely scrutinized in the past, since no scientific theory is strictly speaking 
true.Z Scientific progress interpreted as approaching the truth differs from progress 
as accumulation oftruths. 

The second intuition related to scientific progress is the idea that the number of 
scientific subjects, about which scientists make warranted claims, increases 
steadily: I shall call this phenomenon growth in breadth. Not long ago, people 
believed that earthquakes, the plague, lightning, and deformed babies were all 
examples of divine punishments. Now we know that plate-tectonics, the bacterium 
Yersinia pestis, electromagnetism, and DNA provide scientific explanations for 
these phenomena. Our knowledge about the different subjects is also becoming 
mutually compatible.3 This fosters the idea that our knowledge is not an arbitrary 
way to put phenomena together, but indeed reflects some relevant part ofreality. 
In short, the growth in number of answered questions and the profound increase of 
detail nurture our philosophical intuitions about improvement of scientific knowl­
edge and advancement that scientists make in unravelling the mysteries ofnature. 
Combining content and a likeness strategies, my proposal of Refined Verisimilitude 
mirrors both forms of progress. 

In our era, after the publications of Thomas Kuhn, the distinction between 
normal science and scientific revolutions has gained importance. The growth in 
breadth and depth are not incompatible with the distinction between normal and 
revolutionary science. The ideas about paradigmatic changes only qualify the 
notion of constant scientific growth. The distinction between normal science and 
scientific revolutions pertains to the two forms of scientific progress. For instance, 
the enhancement our specific knowledge about the chemical properties of chemical 
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compounds (growth in depth) is a paradigmatic example of normal science; 
however, it might Iead to unexpected results that can end in revolutionary insights. 

The debate between realists and instrumentalists, also affects the discussion 
about scientific progress. The success of science has been used as a weapon against 
the antirealists: witness the following, often cited quotation of Putnam: "The 
positive argument for realism is that it is the only philosophy that does not make 
the success ofscience a miracle (Putnam (1975))". Realists roughly argue that, if 
scientific theories bear no similarity to some parts ofreality, then the successes of 
science would be inexplicable. The anti-realists, like Van Fraassen and Laudan, 
have defended themselves along various lines. Laudan, for instance, denies that the 
actual history ofthe sciences shows a course ofprogress. He scrutinizes Putnam's 
argument, and constructs "a confutation of convergent realism."4 Laudan chal­
lenges realists to come up with a definition of convergent realism according to 
which the better ( false) theory guarantees more Iasting success. F ollowing Kuipers, 
I shall refer to this adequacy condition with the term Laudan 's challenge. 5 Despite 
the force ofPutnam's argument, and despite the realistic origin ofmy formal work 
in the following chapters, I do not straightforwardly favour realism, and the present 
work is not relevant for realists only. Anti-realists also use partial orderings of 
theories, although they rather call a better theory more empirically adequate than 
closer to the truth. 

History teaches that quarrelling about philosophical intuitions is an unsuccessful 
philosophical method. Comparison of (formal) results often provides a more 
important contribution to a philosophical debate. The approach-to-the-truth project 
is no exception. After the collapse of Popper's definition the discussions about 
verisimilitude intuitions have brought us a plethora of approach-to-the-truth 
definitions. In this multitude of proposals the content likeness distinction turns out 
tobe the most important one. The comparison ofthe formal proposals in Chapters 
2-3, eventually shows that there are at least two different intuitions hiding behind 
Popper's informal discussion ofverisimilitude; a fact difficult to discover without 
the formal explanations. 

In sum, the approach-to-the-truth project falls within the attempts of realists to 
define scientific progress, and some authors use verisimilitude to explain Iasting 
empirical success. This does not mean, however, that the results oftheir endeav­
ours are ofno concern for anti-realists. 

1.1.2. Popper 

Popper's ideas about verisimilitude can be interpreted tobe a possible version of 
convergent realism. Popper tri es to formulate an answer to a combination of the 
following questions which have vexed philosophers for a long time. 
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How can it be that, on the basis of singular observation, scientists are able to forrnulate abstract 
hypotheses that successfully explain and predict phenomena? How do the non-observable terrns 
function in those hypotheses? 

Weshall corne to Popper's proposal in the next section. Here, we only need an 
outline of his answer. Inspired by Tarski' s truth definition, Popper proposes that 
successful theories are in a way similar to Tarski 's truth relative to sorne language. 
When sorne relatively successful theory is replaced by a successor, there are 
indications that this successor is more similar to the truth and, hence, to sorne 
aspect of reality; thus, it will rernain rnore successful. Popper' s answer refers to at 
least three issues that need further explanation. 

The first issue concems the concept oftruth. Popper is convinced that Tarski's 
definition of truth can be extended to the natural language of scientists. Such an 
extension would avoid the rnetaphysical bias that accornpanied older truth defini­
tions which ascribed truth to ideas instead of sentences. Popper considers Tarski's 
truth concept perfectly fit to serve as an explicans in his theory of verisirnilitude. 
Consequently, his verisirnilitude definition depends on sorne conceptual frarnework 
X used to specify the theory and the problerns to which it is an answer.6 In the 
verisirnilitude discussion, the truth corresponds to the strongest X-proposition that 
is true.7 Forthose who rnaintain that this notion oftruth irnplies that there rnust be 
in sorne way "theories in nature", perhaps the following description is rnore 
acceptable. First, a language X is semantically determinate (Niiniluoto's term) if 
all ernpirical sentences are to receive adefinite truth-value. 8 Then, the true theory 
correctly divides these X -sentences into a set of (Tarski) true sentences and a set of 
(Tarski) false ones.9 Verisirnilitude is a relation between linguistic (conceptual) 
elernents, and Popper's strategy is an indirect, and sophisticated form of conver­
gent realisrn. It does not directly clairn that successive theories are rnore like sorne 
aspect of reality than other theories, but they are rnore like reality as described by 
some language X, and the relevant background knowledge. 

The explanation ofthe property "being rnore like the truth" is the second part of 
Popper's answer that needs elaboration. In other words, the basic idea of one 
theory being rnore like the truth than another one, rnust be defined explicitly. This 
is the problern of the definition of verisimilitude. Popper has given an intuitive 
description and a formal definition ofthe concept. Unfortunately, the latter failed 
to capture Popper's intuitions. This will be the subject ofthe next subsection. In 
Chapters 2-3 I deal with several alternative proposals to define verisirnilitude 
which can be reconstructed as adaptations of Popper' s original definition. The 
problern of the definition rnust ernphatically be distinguished frorn the epistemic 
problern of verisirnilitude; and this distinction is the third elernent of Popper's 
answer that needs elaboration. 

The definition of verisirnilitude gives an answer to the question about what we 
mean ifwe clairn that a theory is rnore verisirnilar than another one. The episternic 
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problern of verisirnilitude, instead, reads, how do we know that a theory is rnore 
verisirnilar than another one; or on what indications are we to conclude that a 
theory is closer to the truth than its predecessor.10 The fourth chapter contains an 
evaluation oftwo irnportant solutions to this episternic problern ofverisirnilitude 
found in the literature. Obviously, Popper's own proposal rnust be connected with 
his ideas about falsification and corroboration, although, curiously enough, Popper 
introduced his rnethodological recornrnendations decades before he formulated his 
ideas about verisirnilitude. 

1.1.3. Related Concepts 

This subsection concems the difference between verisirnilitude and rnany-valued 
logic, or even approxirnate truth. Although the latter concept is related to the idea 
of verisirnilitude, Popper clairns that his proposal differs frorn, and even in sorne 
respects irnproves rnany-valued logic. 11 

Kleene's introduction to three-valued logic is based on the following idea.12 lt 
often happens that we have to reason in a situation in which not all sentences have 
a fixed truth-value for us. A systern ofthree-valued logic prescribes how we are to 
reason in such a situation. For instance, if q> is true and 'V is unknown, we can 
safely infer that q> v 'V is true, and that the truth-value of-.'1' is unknown. A third 
truth-value I for "unknown", rnust be added to the systern, and the truth-tables of 
the logical connectives have to be extended. These extensions depend on the 
interpretation of I. J. Luk:asiewicz, and D. A. Bochvar give other interpretations to 
I than Kleene, viz. "possible but not necessary", and "rneaningless", respectively. 
Although their truth-tables for the negation are identical, the truth-tables of the 
other connectives diverge. For instance, according to Luk:asiewicz and Kleene, if 
'V is false and q> is I, then their conjunction is also false, whereas according to 
Bochvar the conjunction is rneaningless. When a three-valued systern is defined, 
there is no need tostick to only one extra truth-value. We can introduce a whole 
sequence of linearly ordered truth-values, and the higher the truth-value, the rnore 
a sentence is apt to be true. 

Popper clairned that his ideas about verisirnilitude differ frorn rnany-valued 
logic. Even in a two-valued systern, two sentences with the same truth-value can 
be rnore or less sirnilar to the truth. More specifically, ifwe know by falsification 
that two theories are false, one of thern can definitely be rnore like the truth than 
the other. For instance, the rnechanics ofDescartes and those ofNewton are both 
false, but we have strong indications that the second is rnore sirnilar to the truth 
than the former. Verisirnilitude has nothing to do with rnany-valued logic as 
"various degrees of truth". 

The distinction between approxirnate truth and verisirnilitude is less clear. Both 
concepts are used in atternpts to vindicate sorne form of convergent realisrn. 13 The 
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1eading idea behind the approximate truth concept isthat many useful theories are 
strictly speaking false, but, within a reasonable margin of error, they are quite 
acceptable or approximately true. For instance, the BoyJe-Gay Lussac law is 
strictly speaking false, but within some error margin the law gives acceptable 
results. The same can be said ofNewtonian Mechanics. After all, these laws and 
theories are taught in school. It is common, also among scientists, to distinguish 
two kinds of falsehoods. Although, strictly speaking, both theories are false, 
Cartesian mechanics arenot on a par with Newtonian Mechanics. Regarding many 
elementary mechanical questions, and within reasonable margins of error, New­
ton's laws produce correct answers whereas Descartes mechanics fai1 completely. 
Some philosophers of science propose calling Descartes mechanics false and the 
laws ofNewton, approximately true, although they are both strictly speaking false. 
Often, approximate truth depends on a quantitative measure on the set of possible 
answers, which also provides a means to decide whether an answer lies within the 
margins of error. Those who give a fundamentally quantitative approach-to-the­
truth definition, as for instance Niiniluoto, will also incorporate the concept of 
approximate truth. The difference between a quantitative and qualitative approach 
will be explained in subsection 1.5.2 (p.29). 

I end my sketch of the approach-to-the-truth project with an observation for 
those philosophers of science who think that all phenomena in the scientific 
process can be explained using probability. The verisimilitude approach is useful 
in the case in which we already know that a theory is false. In the Bayesian 
approach, and in Camap and Hintikka systems, falsified theories receive zero 
probability. This deprives us ofthe means by which we use between two falsified 
theories. 

1.2. POPPER'S PROPOSALAND ITS FAlLURE 

As we saw, the idea underlying the verisimilitude proposals is to vindicate a form 
of convergent realism; it is to be distinguished from many-valued logic and 
approximate truth; but what is the positive idea ofthe verisimilitude notion? In the 
famous tenth chapter of Conjectures and Refutations (1963), the last one ofthe 
Conjectural part, Popper reveals his intuitions about, and defines the notion of 
verisimilitude. 

1. 2.1. Verisimilitude Intuitions 

Popper ( 1963) suggests in the tenth section of the tenth chapter 

... that we combine here the ideas oftruth and of content into one-the idea of a degree ofbetter 
(or worse) correspondence to truth or of greater (or less) likeness or similarity oftruth; or to use 
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a term already mentioned above (in contradistinction to probability) the idea of (degrees of) 
verisimilitude (Popper (1963) pp. 232-233, his italics). 

In the same section Popper explains his views on the important role ofthe logical 
content when theory t 2 supersedes t 1 "in the sense that t 2 seems-as far as we 
know-to correspond better to the facts than t1." He gives "a somewhat unsystem­
atic Iist of six types of' such cases. 

"( 1) t 2 makes more precise assertions than t 1, and these more precise assertions stand up to more 
precise tests. 
(2) t2 takes account of, and explains, more facts than 11 (which will include for example the 
above case that, other things being equal, t;'s assertions are more precise). 
(3) t2 describes, or explains, the facts in more detail than t1• 

(4) t2 has passed tests which t1 has failed to pass. 
(5) t2 has suggested new experimental tests, not considered before t2 was designed (and not 
suggested by t1, and perhaps not even applicable to t1); and 12 has passed these tests.(6) 12 has 
unified or connected various hitherto unrelated problems. (ibid p. 232)." 

The following subsection contains an explanation of how Popper' s formal verisim­
ilitude definition combines his ideas about truth and content. 

1.2.2. The Definition 

Popper (1963) presents his verisimilitude definition in the eleventh section of 
chapter ten where he uses a basic notion of improvement to combine content and 
truth into the idea of "better correspondence to the truth". Generally, common 
sense prefers B to A, if B's advantages exceed those of A, and A's drawbacks are 
worse than those of B. Popper's verisimilitude definition-just as all its succes­
sors-is based on this philosophical intuition: 

(1) The theory 'I' is better than <p ifthe merits of'l' improve those of <p, and 
the drawbacks of <p exceed those of'1'. 14 

Poppertakes the merits of a theory tobe all its factually true consequences and the 
drawbacks all its factually false consequences, where factually true/false is defined 
using Tarski' s truth definition. By doing so Popper claimed he developed means by 
which all theories can be classified objectively by their share of true and false 
consequences. Of course, he was aware ofthe asymmetry between the set oftrue 
consequences of a sentence, and the set of false ones.15 The set of true conse­
quences is deductively closed; i.e. a consequence of any element ofthe set is again 
an element ofthat set. Popper contends that the set of false consequences, "is not, 
strictly speaking, a 'content', because it does not contain any ofthe true conclu­
sions of the false statements which form its elements."16 Notwithstanding this 
asymmetry, Popper used consequence classes to distinguish between the false and 
true part of an empirical theory. 
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To implement the improvement intuition ( 1 ), Popper Iets a consequence class of 

an axiom q> represent a theory, and divides it into two parts; the false and the true 

one. He calls the form er the truth-content and the latter the falsity-content of q> and 

denotes them by Ctr( q>) and Ct p{ q> ), respectively: 

(2) Ct r( q>) := {\V I q> ~ \V, and \V is factually true} 

(3) Ct p{ q>) := {\V I q> ~ \V, and \V is factually false} 17 

In the sequel Cn T ( q>) and CnF ( q>) represent the set of true and false q>-conse­

quences, andin the remainder oftbis chapter, except where I explicitly claim the 

opposite, the truth is assumed to be complete. 

Popper's formal definition is somewhat weaker than the intuition "more true 

statements and fewer false ones." Improvement of a theory consists in increase of 

its truth-content or decrease of its falsity-content. Assuming the completeness of 

the truth, I paraphrase the reflexive companion ofPopper's definition as follows, 

DEFINITION 1.1: According to Popper, the theory \V is at least as verisimilar as q> 

iff 
a. Ctr(q>) ~ Cty{\11) 
b. Ctp{\11) ~ Ctp{q>) 

Notation: \V ~P q> 

Regarding true theories, Popper' s definition clearly favours strong theories to weak 

ones; moreover a false theory never improves a true one, as the falsity-content of 

the latter is the empty set. Thus, Popperorders all theories by their truth-value and 

logical strength. 
To stress the asymmetry in Popper' s definition, and to improve our understand­

ing of the falsity-content, I introduce the dual of Tarski's famous consequence 

class, the class of antecedences. 18 In the next definition Prop(9?) := {[ q> ]", I q> E 

Sent(9?))} designates the set of all 9? -propositions. 

DEFINITION 1.2: Let 9? be a formal language. The set of antecedences of q> is 

defined by An(q>) :={XE Prop(9?)1 x ~ q>} 

The properties of the class of antecedences mirror those of the class of conse­

quences. In fact, An( q>) may be defined by a consequence class: x E An( q>) iff ....,X 

E Cn( ....,q> ). Furthermore, due to the definition of "~" An( q>) is closed with respect 

to the antecedence relation, as Cn( q>) is closed with respect to the consequence 

relation. 

( 4) Vx E Cn( q> ), if q> is true (Ja/se), then X is true (true or fa/se) 

(5) Vx E An(q>), ifq> isfalse (true), then x isfalse (true or false) 
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Ifthe truth is finitely axiomatizable by 1:, then we Iet Cn(1:) designate the set oftrue 
propositions of :1!, and Iet An(~•) represent the set of false propositions. As a 
result, the assumption of a complete truth may be paraphrasedas follows: 

(6) \:/x E Prop(:J!): x E Cn(1:) or x E An(~•) 

Popper did not take into account that the set of all false propositions is closed with 
respect to the antecedence relation (see (5)). An analysis using antecedence classes 
and consequence classes reveals the peculiar asymmetry ofPopper's proposal. If 
we substitute (2) and (3) in the original definition, and erase redundancies, then we 
obtain: 

DEFINITION 1.1 ': According to Popper 'V is at least as close to the truth 1: as q> iff 
a'. Cn(cp) n Cn(•) s; Cn('JI) 
b'. Cn('JI) n An(~•) s; Cn(cp) 

Notation: 'V ~~ q> 

In Chapter 2, we shall see that an important revision of Popper's verisimilitude 
proposal, the symmetric difference definition of Miller and Kuipers, substitutes 
Cn(~•) for An(~•) in the second or falsity clause. 

1.2.3. The Failure 

We now come to the well-known collapse ofPopper' s definition. The next proposi­
tion shows that for two factually false theories q> and 'V, definition 1.1 applies only 
if q> and 'V are equivalent (Figure 1 ). 

PROPOSITION 1.1: Suppose q> and 'V are false; then 'V ~P q> iff 'V = q> 

Proof <=: Clearly, if'JI = q>, then 'V ~P q>. :::::>: Suppose that 'V ~P q>. By definition 
this assumption implies 1. CnF('JI) s; CnF(q>), and as 'V E CnF(q>) this means that 
q> ~'V (t). The other part ofthe definiens reads 2. cnT(q>) s; cnT('JI). Since 'V is 
false, ~'V is true; and as q> v ~'V is a true consequence of q>, 2. implies 'V ~ q> v ~'V. 
Therefore, by propositionallogic 'V ~ q> (t); and the conjunction of (t) and (t) 
equals 'V = q>. 181 

Consequently, Popper's own irreflexive companion, <P, relates no false sentences. 
Obviously, the proposition is fatal for Popper's proposal, since all empirical 
theories are strictly speaking false. 19 It was C. Hempel who was the first to give a 
reported proof ofthe uselessness ofPopper's proposal. According to Hattiangadi, 
Hempel produced a refutation ofPopper's verisimilitude definition at the defence 
ofhis doctoral dissertation in June 1970.20 In 1974, Tichy and Miller both pub­
lished a proof of a theorem of the same purport, which they found independently. 21 
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EXAMPLE: I use a two propositional language 9![p,q] to illustrate the failure of 
Popper' s definition. Despite its three-dimensional appearance, Figure 1 is the 
(Hasse-) diagram of the <~"'q-ordering of Prop(9:'[p,q]). If 'I' <~"'q <p, then 'I' is 
depicted below <p, and a line connects them. Due to transitivity, we do not need to 
draw lines between pairs ('!', x> that have an intermediate.22 

p 

PA q 

Fig. I. <~Aq -ordering ofProp(9!fp,q]). 

Note that no single line connects two false propositions; Popper's definition fails 
to order them. Furthermore, no proposition in EmProp(9:') (:= Prop(9:')- {T ,J.}) is 
comparable to -p v ..,q ( consider the continuous line segments in the Hasse­
diagram). Only if we add the contradiction T and J. to our considerations, con­
nected by the dotted lines, T is better than -p v ..,q, and the truth is better than J.. 
Finally, the diagram illustrates that Popper's definition cannot be used to compare 
propositions ofthe same logical strength and truth value; for instance, the verisim­
ilitude ofp v q andp v ..,q are uncomparable (even p '!,~"'q -p !). End Example 

1.2.4. Analysis ofthe Failure 

The cardinal mistake ofPopper's original verisimilitude proposal is the idea that 
the truth-content of a false sentence <p is independent of its falsity-content. The 
following proposition proves the contrary: the truth-contents of false sentences 
vary with their falsity-contents. 



INTRODUCTION AND TERMINOLOGY 11 

PROPOSITION 1.2: Let q> and \jl be false; then (1) CnT(q>) ~ CnT(\j/) ~ (2) 
CnF(q>) ~ CnF('V) 

Proof <=: The falsity of q> and \j/, and (2) tagether imply \jl 1= q>; therefore (1) 
obtains. =>: We shall give an indirect prove. Assurne ( 1) holds; then suppose there 
is a x E CnF ( q>) that is not a consequence of 'V· As -.'V is true, and Cn( q>) deduc­
tively closed, X V -,\j/ E cnT(q>). Since X~ Cn(\j/), X V -,\j/ !t cnT(\j/). This contra­
dicts assumption (1 ); and hence (2). 181 

Popper's assumptions about the truth-content and falsity-content imply that 
increase of the true part of a theory is the same as increase of its false part. Conse­
quently, it is impossible to improve a false theory according to Popper's original 
proposal. It is easy, however, to correct Popper's error. Obviously, we may drop 
the entire falsity clause altogether. Popper also thought about this way ofrepairing 
his proposal;23 and we shall come to this proposal in Section 1.4, and use it 
extensively in Chapter 6. A second way to save Popper's proposal is to drop the 
assumption that the theories are deductively closed. The argument of Miller and 
Tichy fails ifthe union oftruth- and falsity-content of a theory is not deductively 
closed; and nothing blocked an independent comparison ofthe truth- and falsity­
contents. (see Appendix 1). 

The final way to break the interdependence between the truth- and falsity­
content of q> is to change their mathematical objects of application. For example, 
Miller and Kuipers have proposed to paraphrase the idea of ''more verities and 
fewer falsities" in terms of models of the truth and models of the negation of the 
truth, respectively. In Chapter 2 weshall see that this proposal does not suffer from 
the flaw ofPopper's definition. Interestingly, the proposal ofMiller and Kuipers is 
the symmetric counterpart of definition 1.1 '. Rephrased in terms of consequence 
classes it reads: \jl is at least as verisimilar as q> iff 

a. Cn( q>) n Cn('t) ~ Cn( 'V) 
b. Cn('V) n Cn(-.'t) ~ Cn(q>) 

lf Popper had taken the asymmetry in his proposal seriously, he might have 
anticipated the mistake covered up by it. I shall present Kuipers' s structuralist 
proposal in Chapter 2. 

1.2.5. Popper Saved by Non-Monotonie logic 

A philosophically more profound analysis of the collapse of Popper' s definition 
than the technical ways of repair of the preceding subsection is the following. 
Popper's definitionbreaksdown since he uses monotonic means to paraphrase 
fundamentally non-monotanie intuitions about theory improvement. According to 
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Popper we improve a theory if we add a new axiom that extends the set of true 
eonsequenees, and that diminishes the set of false eonsequenees. 

Non-monotonie reasoning is a braneh of philosophieal logie that originates in 
artifieial intelligenee.24 A non-monotanie deduetive system eontains, besides 
classieallogieal notions, an alternative, non-monotanie deduetion operator. A non­
monotanie eonsequenee of a proposition is not a truth funetional inferenee, but a 
eonsequenee that is assumed to hold by default. New relevant information may 
eause the withdrawal ofthat eonsequenee. This inferenee relation is designated by 
the ..... symbol. An example to be found everywhere in the Iiterature reads: 

(7) "Tweety is a bird" ..... "Tweety ean fly" 
(8) "Tweety is a bird and Tweety is a penguin" ..... "Tweety eannot fly" 

In this example, the extra information that "Tweety is a penguin" is the reason for 
the withdrawal of the eonsequenee (7). 

There is a direet link with Popper's definition.25 Suppose x is an faetually true 
law, and <p is a false theory that does not imply X· Then, <p " x has more true 
eonsequenees than <p; and regarding their truth-eontents, <p " x improves <p. 
Regarding the false eonsequenees, however, Popper wants <p 1\ x to withdraw some 
false eonsequenees ofthe falsity-eontent of <p. Sehematieally: 

(9) Ct~<p "x) => Ct~<p) and possibly 
(10) :Ja E (Cn(<p) n An(~-c)): a ~ Cn(<p "x) 

Clearly, this is a non-monotonie requirement, sinee to add an extra axiom x eauses 
the withdrawal of some (false) eonsequenees. Consequently, we may pursue 
another way to save Popper's definition. I define the defauZt consequences and the 
defauZt falsity-content of a proposition <p as follows. 

Cn~(<p) :=def{X E Sent(SP)i <p ..... X} 
Ct:F(<p) :=defcn~(<p) n An(~-c), 

This definition does not exelude the eombination of Ct;{'l') => Ct;{<p ), and CtF('I') 
c Ct:F( <p ). We may reformulate Popper' s original proposal as follows: 

DEFINITION 1.3: The theory 'I' is non-monotonically at least as verisimilar as <p iff 
Ct~<p) ~ Ct~'l') and CtF('I') ~ CtF(<p) 

Notation: 'I' 5.; <p 

If 'I' and <p are both false, then the definition claims that Cn T ('!') 2 Cn T ( <p) (whieh 
implies Ct;{<p) ~ Ct;{'!')) and Ct:F('I') ~ Ct:F(<p ). This is not as farfetehed as it may 
seem at first sight. New, and moreextensive theories make more expiieit eognitive 
claims about the subjeets than the old theory. Consequently, there is a risk more 
mistakes will be made; however, if some default answers of the old theory to 
relevant questions are fa1se, then the new theory may eaneel some ofthese failures 
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by adding a new principle. In this sense the new theory will contain fewer false­
hoods than the old one. According to Newtonian Mechanics, for instance, there is 
by default no Iimit to the growth of velocity of particles. Special Relativity, 
however, adds an axiom about maximum speed to the (adjusted) Newtonian laws, 
which excludes false consequences of Newtonian Mechanics regarding super 
Luminal velocities. At the same time Special Relativity preserves the appropriate 
answers ofNewtonian Mechanics. To conclude, Popper's failure was to errone­
ously use monotonic means to paraphrase a non-monotonic desideratum.26 Histori­
cally, no proposal dropped the monotonicity assumption; and in the sequel, I shall 
not resume this line ofrepair. 

In the present section, we considered Popper's verisimilitude proposal and its 
failure. Popper's original starting points were: 

1. Popper used classical, monotonic logic to define his verisimilitude notion 
2. theories are deductively closed 
3. the better theory has the !arger truth- and lesser falsity-content 
4. truth-content of a theory is the set of all its true consequences; its falsity-

content the set of all its false consequences 

Wehave seen that modification of only one ofthese restrictions may save Popper' s 
original intentions. In Section 1.4, we shall return to the two prevailing strategies 
of revision found in the literature. First, the next section concems the question: 
what is the most appropriate way to compare the diversity of proposals that 
followed the breakdown ofPopper's definition? 

1.3. COMPARISON OF THE DEFINITIONS 

After the collapse of Popper's definition, the verisimilitude notion enjoyed an 
increase in interest. Several philosophers proposed new explanations that did not 
suffer from the drawback of Popper's definition. This did not prove tobe too 
difficult, and today, after more than thirty five years there is a proliferation of 
approach-to-the-truth definitions.27 Unfortunately, their form and content diverge 
considerably, and an neutral survey ofthe actual proposals does not exist, and the 
question of how to compare or even assess the different proposals is a hard one. 
The evaluation of formal explications that deal with prescientific, philosophical 
intuitions has two sides. In the first place, we must compare the formal proposals 
secondly, but equally important, the comparison concems the interpretation of 
these formal proposals. In the verisimilitude discussion, there are considerable 
differences of opinion on both aspects; this will become clear in Chapter 2. First, 
I shall introduce the way how I have compared the various approach-to-the-truth 
proposals. 
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1.3.1. The Definition; its Application and Interpretation 

Comparison of approach-to-the-truth definitions in the Iiterature has primarily been 
focussing on the (dis)agreements ofintuitions. Witness the passionate discussions 
without any comprehensive conclusion, this method has not proved tobe fruitful. 
The verisimilitude notion seems to incorporate too many different philosophical 
intuitions. Another method of diagnosis is a theoretical one, in which the meta­
theoretical properties of the definitions are systematically compared. 28 Although 
it yields some results, it also Ieads to difficulties as the various proposals use 
incompatible starting-points. A common ground for the most important proposals 
is hard to find as they do not share the same Ievel of abstraction. Qualitative 
considerations altemate with quantitative ideas, and important advantages and 
drawbacks for one explanation are perhaps minor, or even irrelevant, issues for 
another. In brief, the verisimilitude debate is too heterogeneous to admit a theoreti­
cally sophisticated evaluation. I have found a middle course between intuitions and 
metatheory and distinguish between the following three issues, 

1. the formal definition 
2. the mathematical application 
3. the intuitive interpretation 

As for the first subject, all proposals include a formal approach-to-the-truth 
definition. I shall give an elaborate exposition of several prominent proposals in 
Chapters 2-3. 

The "mathematical application" ofthe definition is the set of elements that are 
ordered by the definition. All researchers arerather explicit about their mathemati­
cal applications. F or instance, they all apply their definitions to finite propositional 
languages, or to first order languages. Several proposals also incorporate quantita­
tive applications such as distances for vector fields (subsection 1.3.2). In my survey 
of the different proposals I compare the similarities and differences of the formal 
orderings of one particular elementary mathematical application, viz. the (finite) 
propositional language. The result is that the contrast between the content and 
likeness definitions, which, among many others, already existed in the literature, 
proves to be the most fundamental one. Subsection 1.4.2 contains a definition of 
the general features ofthis distinction.29 

Although the different researchers arerather explicit about their definition(s) 
and application(s), the interpretation ofthe proposals is often left to the reader. I 
mean by "the interpretation" the way in which the proposal connects scientific 
laws, evidence, and theories to the formal elements of the definition. Thus, the 
interpretation prescribes how the elements of the formal system represent the 
principal parts of real-life science. This issue gains momentum, as differences in 
the interpretation explain why researchers disagree about the best way to revise 
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Popper's proposal. We shall encounter the link between this interpretation issue 
and the difference between likeness and content definitions in Section 1.4. First, I 
shall present the variety of mathematical applications used by the definitions we 
will encounter in Chapters 2-3. 

1.3.2. Mathematical Applications; the Lindenbaum Algebra 

The mathematical application of an approach-to-the-truth definition is the set of 
elements that are ordered by the definition. This application is clearly distinct from 
the definition itself. Thus, Niiniluoto investigates many truthlikeness measures 
without being specific about the mathematical applications. Independently, he 
enumerates a wealth ofpossible mathematical applications ofhis approach.30 Not 
all proposals keep the formal definition and the application apart that rigorously. 
Popper applied his proposal to (sets) of statements and numerical statements. 
Hilpinen' s explanation is about models. Brink and Heidema apply their definitions 
to propositional languages. Thus, the situation must be described as follows. 
Although, in principle, an approach-to-the-truth definition is independent of its 
mathematical objects of application, often, both are intimately connected. A 
thorough comparison ofthe various proposals must take this feature into account. 
The following text displays the variety of applications tobe found in the literature, 
and provides applications for every definition presented in the next chapter. 

As we saw, Popper 's proposals concern primarily formal statements, he wanted 
to prove, using his verisimilitude explanation, that scientists should strive towards 
theories with a low probability. That was the reason behind Popper extending his 
proposal to quantitative terms, which suffered form the same pitfall as his qualita­
tive definition.31 Popper thought that point estimation must also be related to 
verisimilitude. For instance, he considered the statement "it is 9.45 p.m." closer to 
the truth than "it is 9.40 p.m." ifthe true statement reads "it is 9.48 p.m . .'m Those 
who think this is obvious must read Miller ( 197 5) where the author argues that all 
incorrect point-estimates are equally wrong. 33 Mi// er 's definition orders 

a. elements ofnormal Boolean Algebra's and 
b. elements ofnormal Brouwerian Algebra's.34 

Miller' s scepticism about the order of quantitative statements causes him to avoid 
this application. According to Oddie, a mature approach-to-the-truth definition 
must incorporate: 

a. propositions 
b. distances between elements oflR, and distances between intervals oflR 
c. kinds of individuals and structures for polyadic languages35 

d. ideally, weighted predicates. 
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After the breakdown of Popper's proposal, Hilpinen was the first to call his 
proposal a truthlikeness definition. He preferred the terrn truthlikeness to verisimil­
itude for reasons that will become clear in the next chapter. His explanation is 
based on similarity between possible worlds.36 Niiniluoto took over the basic idea 
of Hilpinen but did not want to base his explanation on an unanalysed similarity 
notion. Similar to the proposals ofTichy and Oddie, Niiniluoto prefers quantitative 
measures of truthlikeness to qualitative ones. As mentioned earlier, his sophisti­
cated approach distinguishes between the definition of the measures, and the 
instantiations of those abstract measures. His treatise Truthlikeness contains a 
wealth of examples. All mathematical structures that fit Niiniluoto's cognitive 
problern may serve as an application. The examples comprise: 

a. elements of lR 
b. intervals of lR 
c. functions from Rn-! to lR 
d. Camapian Q-predicates 
e. constituents of monadic languages 
f. nomic (modal) constituents 
g. depth-d constituents ofpolyadic first-order languages 
h. complete first-order theories37 

Kuipers presents his approach-to-the-truth project in structuralist terrns. Within his 
framework, Kuipers uses modal terrninology and intuitively distinguishes between 
the physically possible and impossible structures. He mentions several applications 
ofhis abstract definition.38 Among them are: 

a. Sneed/Suppes structures with some similarity type 
b. sentences of a forrnallanguages; first order structures 
c. real number structures 

The refined version ofKuipers's definitionalso uses idealization and concretiza­
tion triples.39 Finally, more recently Heidema, in cooperation with Brink and 
Burger, has proposed a truthlikeness explanation based on power relations, they 
base their definition entirely on propositionallanguages.40 

A diverse set of mathematical applications was presented in the preceding 
paragraph . Examining the lists, we see that the only application all proposals deal 
with is the finite propositionallanguage. This enables us to use this well-under­
stood formal system as an instrument of calibration for all approach-to-the-truth 
proposals. This proves to be a strong heuristic; since if there is already disagree­
ment between definitions about this elementary case, then the prospect of a useful 
comparison of more sophisticated situations Iooks slim. 
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T 

p 

..l 

Fig. 2. Lindenbaum Algebra of!l[p,q] 

In the present monograph, I shall often represent a propositional language by its 
corresponding Lindenbaum Algebra. A Lindenbaumalgebra is a Boolean algebra 
whose elements are propositions of a finite propositional calculus-i.e. sets of 
logically equivalent sentences.41 The lowest upper bounds and the greatest lower 
bounds in the algebra are the disjunction and conjunction ofthe language, respec­
tively; and the complement represents the negation. This algebra plays an impor­
tant role in various proposals found in the literature. In this publication I shall 
compare the various approach-to-the-truth proposals by the way they order the 
elements of a finite Lindenbaum algebra. 

1.3.3. Interpretations: Laws and Data in the Lindenbaum Algebra 

The importance ofthe intuitive interpretation ofthe mathematical applications is 
stressed in this subsection. As stated above, the interpretation is the way in which 
the application represents real theories and empirical data. Up to this moment, this 
facet of interpretation has escaped the attention of most investigators. We shall see 
that some differences of opinion about the definitions are due to the different 
assumptions made about the interpretations. 

As we saw, the applications that will be studied the most thoroughly in the 
chapters that are to come are finite propositionallanguages. More specifically, 
then, our interpretation question reads: how are the propositionallanguages related 
to reallife theories and empirical data? The next example illustrates the disagree­
ment between the various researchers regarding interpretation even in this most 
elementary case. 
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EXAMPLE: Let the mathematical application of a definition be a propositional 
language Sf[p,q,r]. Of course, there are infinitely many syntactically different 
sentences in this language, but we shall concentrate on the propositions of Si, 
Prop(Sf), the sentences of Sf[p, q, r] modulo logical equiva1ence. Generally, ifthe 
nurober of atomic propositions is n, then I Prop(Sf) I = 22". A proposition a E 

Prop(~ [p 1, .. ·PnD is complete and is called a constituent if it has the following 
form 

n 

(11) 1\ (±)pi 
i o I 

in which (±)p; is a literal-i.e. a negated or affirmed atomic proposition. There is 
no noncontradictory proposition of Si different from a that implies a. Since a is 
complete, for all q> E Prop(P) q> E Cn(a) or q> E An(~a) obtains. Cnst(q>) desig­
nates the set of all constituents that imply q>. Suppose the complete truth 1: of Si is 
the constituent p 1\ q 1\ r; then we may ask whether ( 12) or (13) is closer to the 
truth 't. 

(12) -p v ~q v ~r ( = ~(p 1\ q 1\ r)) 
(13) -p 1\ ~q 1\ ~r, 

In due course, we will see that there are two groups of approach-to-the-truth 
proposals. In the orderings of one group (12) is more similar top 1\ q 1\ r than (13); 
according to the second group it is the other way around. End Example 

Many participants in the discussion agree with Popper's original intuition that a 
better theory has more merits and fewer drawbacks than the worse one. Why, then, 
can such an elementary example as the preceding one cause such difference of 
opinion? This difference is due to the different ways in which the various re­
searcher paraphrase real theories and evidence in P. Suppose that theories and 
evidence can be reformulated as propositions of a finite propositionallanguage P, 
the nurober of atomic sentences of which may be fairly !arge. Then there are at 
least two different ways to interpret this. 

According to the first interpretation literals are taken to be highly abstract 
scientific hypotheses. Consequently, they are only indirectly falsifiable or verifi­
able, and therefore not the literals, but their consequences are basic ( or observable) 
statements. The three laws ofNewton serve as an example. Evidence is accounted 
for by the set of all logical consequences of the theory. The basic statements 
correspond with relatively large disjunctions of atomic propositions or even to 
sentences of an observable sublanguage of P, in the case of stratified theory 
representation.42 Moreover, the basic statements consists of observable laws 
instead of descriptions ofindividual experiments. To stay with Newtonian mechan­
ics, Kepler's laws serve as an example of relevant observational consequences. 
According to this interpretation of Sf[p,q,r], q> := p 1\ ~q 1\ r is an example of a 
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theory, and 8 := Prop(P 0 ) n Cn( <p) an example of empirical data. This interpreta­
tion is in line with Popper's approach. 

The second possible interpretation paraphrases the theory <p as a (relatively) 
large conjunction ofliterals all ofwhich are true according to <p. These literals are 
mainly basic ( or observable) statements, and not sentences of a fairly high level of 
abstraction. Evidence is accounted for by the consequences of the theory that are 
literals. If <p explains all data gathered thus far, then the set of literals that repre­
sents the empirical data is a subset of <p. Tobemore explicit: in P[p 1, ... p 100] a 
serious theory <p asserts about most Pi whether it is true or false. Examples of a 
falsified law <p and data 8 are, respectively: 

(14) 
80 

<p := 1\ P; 
i ~I 

Examples become more interesting, of course, if the number of literals is large. 
Obviously, the formal differences of the two approaches concems the syntactic 
form ofthe data 8 rather than that ofthe theory <p. 

A good illustration of this way of interpretation can be found in Tichy (197 4) 
and Miller (1974). The authors discuss a three propositionallanguage P[h,r,w] the 
atomic propositions of which designate 'hot', 'rainy', and 'windy', respectively. 
Weshall consider the issue extensively in the Chapter 5.43 

Summarizing the present subsection, we see a differences of opinion about the 
status of propositional languages. The first possible interpretation paraphrase 
theories as ( conjunctions of) literals of a rather abstract nature, and all formal 
consequences are supposed to correspond with relevant empirical data and are 
equally important. The second possible interpretation paraphrases theories as large 
conjunctions of (relative) observable statements, and empirical data are conceived 
as sets of literals, which form a relatively small subset of alllogical consequences 
of theories. The two possible interpretations foreshadow the content likeness 
distinction defined in the next section. 

Let me summarize the present section. When comparing the definitions, we shall 
concentrate on the most elementary linguistic application, viz. the finite Linden­
baum algebra. Furthermore, we shall keep an eye on the way scientific laws, 
theories, and empirical data are interpreted in terms ofthat algebra. Differences in 
interpretation become relevant in Chapter 4, which concems the epistemic problern 
of verisimilitude. 

1.4. DISTINCTION BETWEEN CONTENT AND LIKENESS PROPOSALS 

This section concems the distinction between content and likeness definitions, the 
paramount distinction between two groups of definitions found in the literature. In 
the first subsection the likeness-content contrast is introduced as a difference of 
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opinion about the revision strategies ofPopper's definition. Then, in the second 
subsection the intuitive distinction between likeness and content proposals are 
intuitively explained; in the third subsection aformal definition ofthe distinction 
is given. Finally, in the last section an argument against likeness, and an argument 
against content proposals are presented. 

1.4.1. Likeness and Content Strategies ofRevision 

In this subsection a rational reconstruction of the two important ways to revise 
Popper's proposal is given; this foreshadows the differences between likeness and 
content definitions. To keep things as simple as possible, weshall concentrate on 
a finite propositionallanguage [f equipped with a complete truth 't. 

The first revision strategy of Popper's original proposal holds on to the first 
intuitive interpretation of the Lindenbaum algebra, and eliminates the falsity 
clause of the definition. I have already hinted at the fact that Popper hirnself has 
considered this way of repair. I shall call it the consequence definition, or the +­
definition; I denote its ordering by ~+. It plays an important role in Chapter 6. 

DEFINITION 1.4: Let 't be the complete truth of [f. For 'I' and <p E Prop([i), 'I' is as 
least as verisimilar as t:p iff Cn T ('I') 2 Cn T ( <p ). 

Notation: 'I' ~+ <p 

Observation 1.3: For all 'lf, <p and complete 't E Prop([i): 'I'~+ <p iff'l' I= <p v 't. 
Proof 'I' ~+ <p means Cn('l') 2 Cn(<p) n Cn('t); this equals Cn('l') 2 Cn(<p v 't) 
which means 'I' 1= <p v 't 181 

An important consequence of this proposal is that all contingent consequences, 
literals and complex formulae, are considered equally important; this holds for all 
content proposals. The content revise strategy has, among others, an epistemic 
underpinning. If only literals are considered relevant, as will be the case in likeness 
definitions, then we must assess consequences of a theory by their logical form, 
sorting out the literals and the complex formulae. lt is highly questionable whether 
this is relevant for assessment of empirical data in scientific practice. 

Observation 1.4: ~+ is a preordering on Prop([i). 
Proof Clearly, ~+ is reflexive. Since Cn('l') n Cn('t) 2 Cn(x.) n Cn('t) together 
with Cn(x.) n Cn('t) 2 Cn(<p) n Cn('t) implies Cn('l') n Cn('t) 2 Cn(<p) n Cn('t), 
it is also transitive. 181 

The ~+-ordering is not antisymmetric. Take, for instance, 't := p" q, 'I':= p and <p 
:= p 1\ ~q; then 'I' I= <p v 't and <p 1= 'I' v 't and 'I' ""' <p. Let - + designate the ~+­
equivalence on Prop([i) and Iet 'I' -, <p abbreviate 'I'~ ~<p I= 't. 

Observation 1.5: For all 'lf, <p E Prop([i): 'I'-+ <p <:::> 'I'-, <p. 
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Proof 'V - + <p equals 'V ~+ <p and <p ~+ \lf; and since 'V ~ <p v 't and <p ~ 'V v 't 

equals _,<p " 'V ~ 't and <p "_,'V ~ 't, 'V - + <p equals 'V B _,<p ~ 't. ll!l 

Figure 3 shows the Hasse-diagram of the ~+ -ordering of Prop(9! [p,q ])/-. The 
diagram clearly shows that the removal of the falsity clause brings about an 
ordering that sometimes favours a false theory to a true one. For instance, 
p" _,q ~p"qP v q. The ~+-definition is not "truth-value dependent"; a definition 
of this notion can be found in the last section. 

p ++., q, pvq -.q, p V., q ., P vq, "'P 

p ++ q, ., p 1\ .,q 

Fig. 3. The ~+-ordering ofProp(lE[p,q])/-. 

Another important implication of this revision is that the underlying intuition 
has changed since the truth-content has overruled the falsity-content as the falsity 
clause is totally left out of consideration. Instead of "more verities and fewer 
falsities" the underlying intuition changed into "more verities.'>44 In other words, 
this revision changes the third assumption at the end of subsection 1.2.5, p. 13. The 
consequence definition foreshadows a generat strategy of repair that resulted in 
content proposals. According to this way ofrevision, -p v _,q, the negation ofthe 
truth p 1\ q, is the worst empirical theory possible; it does not have true empirical 
consequences. The proposition -p 1\ -,q, is better than -p v _,q since it has many 
true empirical consequences; and as (relatively strong) true consequences are what 
scientists are after, they do not appreciate the latter theory. Needless to say that 
according to this revision strategy the literals represent highly abstract empirical 
laws and large disjunction ofthese literals represent empirical data (cf. subsection 
1.3.3). 

The second strategy of revision keeps the initial "more verities and fewer 
falsities" intuition behind the definition intact, but changes its interpretation in the 
Lindenbaum algebra. According to this revision the truth- and falsity-content of a 
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theory consists only of the implied literals (representing empirical data).45 This 

changes the fourth assumption at the end of subsection 1.2.5 (p. 13). Consequently, 

only the literals implied by a theory contribute to its distance to the truth. I shall 

abbreviate the new truth- and falsity-content of <p by 

Ct'~<p) := Cn(<p) 11 {(±)pil (±)pi is true} and 
Ct f{ <p) := Cn( <p) 11 { (±)pil (±)pi is false}, 

According to our reconstruction, the formal part of Popper's original definition 

remains the same. 

DEFINITION 1.5: According to our second revision strategy, 'I' is at least as close to 
the truth as <p iff 
Ct'~<p) ~ Ct'~'l') 

Ct f{ 'I') ~ Ct f{ <p) 
Notation: 'I' ~~ <p 

If the literals of the algebra are connected with Popperian basic statements, then, 

clearly, according to the second way ofrevising Popper's definition, -p 1\ ~q is the 

worst theory ofProp(Sl' [p,q]) if p 1\ q is the truth. No other statement disagrees with 

the truth on more literals. Statement -p v ~q is more cautious; it does not make 

false claims about the literals. Consequently, according to this Iitera! measure 

-p v ~q is much closer to the truth than -p 1\ ~q. lt is irrelevant that -p 1\ ~q has 

more true consequences than -p v ~q; since only the Iitera! consequences contrib­

ute to the distance to the truth. For the same reasons the Iitera! measure favours 

p 1\ ~q to-p 1\ ~q if p 1\ q is the truth. This rational reconstruction ofthe second 

revision ofPopper's explanation foreshadows the likeness proposals as presented 

in Chapter 3. Of course, according to this second revision strategy the literals 

represent empirical basic Statements and a theory is interpreted to be a !arge 

conjunction of literals (subsection 1.3.3). 
Historically, likeness projects have emerged in different settings than the one 

just given. Martin Hyland, however, proposed a moregenerat revision similar to 

our reconstruction,46 he suggested representing theories by their bases. A basis of 

the theory <p is a set of independent axioms that, taken together, can produce all the 

sentences produced by <p; the notion comes from Tarski. The "more verities fewer 

falsities" intuition becomes "more true and fewer false elements in the basis." 

Miller produced an argument claiming that the resulting ordering depends on the 

arbitrary choice ofthe bases. Hyland's proposal is a moregenerat approach than 

the one in which only the literals are considered. As Hyland's revision foreshad­
ows is similar to other likeness proposals, unsurprisingly Miller articulates similar 

objections to other likeness proposals. Weshall come to this objection in the last 

subsection 1.4.5. In Chapter 5, I present my solution to Miller's so-called "lan­

guage dependency" objection. 
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Table 1. Revisions ofPopper's Definition 

Content-revision 

Likeness-revision 

Definition 

I. Formal definition: delete 
falsity clause 
2. Truth-content more impor­
tant than falsity-content 

Application ofthe Lindenbaum 
Algebra 

I. Intuitiveinterpretation w.r.t. 
the Lindenbaum Algebra: all 
logical consequences are 
equally important 

I. Idea ofthe definition re- I. Intuitiveinterpretation w.r.t. 
mains the same. the Lindenbaum Algebra: only 
2. The truth- and falsity-con- literals count 
tent equally important 

To sum up, there are at least two ways to adjust Popper's original proposal such 
that it meets bis requirements without giving up monotonicity. The first adapts the 
underlying "more verities fewer falsities" intuition of improvement, and preserves 
the interpretation in the Lindenbaum algebra; the second chailges the interpretation 
of this algebra, and preserves the underlying improvement intuition. These two 
strategies result in two different sorts of orderings. The situation in which the 
Lindenbaum algebra is the mathematical application is sketched in Table 1. 

1.4.2. Intuitive Characterization ofLikeness and Content Definitions 

In the preceding subsection, we interpreted the difference between content and 
likeness definitions as different revision strategies ofPopper's original verisimili­
tude proposal. Here we depict the difference as it is articulated in the literature. 

Content definitions order theories using their logical content, i.e. the extent of 
the set of consequences, or logical strength, and their truth-values. In other words, 
the sets of consequences of a proposition and its truth-value fix its verisimilitude. 
Consequently, according to a content definition, if'l' implies q>, and q> and 'I' have 
the same truth value, then 'I' is at least as verisimilar as q>. Furthermore, according 
to a content definition the verisimilitude oftwo sentences with the same truth-value 
and logical strength, is uncomparable. Both, Popper's original strategy and its 
revision, are examples of content definitions. Miller's definition and Kuipers's 
naive approach, both revisions of Popper's original proposal, are the content 
proposals presented in Chapter 2.47 Oddie also uses the termprobability definition, 
whereas Miller uses the term algebraic proposals; Kuipers calls them naive 
definitions. 

Although Popper's intuitive characterizations ofhis verisimilitude idea uses the 
terms "likeness or similarity to truth", bis formal proposal does not use the likeness 



24 CHAPTER 1 

notion.48 The first likeness proposal was published in 1974. Tichy (1974) mentions 
a propositional example in which one false constituent is closer to the truth than 
another false constituent.49 As the two constituents have the same logical strength, 
this is not a content ordering. Afterwards, Oddie formulated the following ade­
quacy condition for likeness definitions: "equally strong theories may have 
different degrees oftruthlikeness."50 

Likeness definitions base their theory ordering on the similarity between the 
constituents (or possible worlds) ofthe language involved whereas logical strength 
only plays a subsidiary roJe. The idea is that within a conceptual framework, one 
(or more) model(s) modulo elementary equivalence completely represent the true 
theory -r; that is, all the consequences of -r are factually true, and within the 
conceptual framework there are no factually true statements that are no conse­
quence of -r. If there is a similarity ordering of the models, the models of one 
theory can be more similar to that of -r than the models of another theory. Of 
course, the similarity of structures depends on the conceptual framework under 
consideration. Hilpinen was the first who explicitly called attention to the differ­
ence between content definitionssuch asthat ofPopper' s and his own (qualitative) 
likeness definition. 51 The latter is based on a similarity relation between models, 
and is inspired by Lewis (1973). We will come to Hilpinen's proposal in Chapter 
3. Besides the proposals ofHilpinen, and Tichy and Oddie, I will also discuss the 
likeness proposals of Niiniluoto, Kuipers (his refined proposal), Heidema Brink 
and Burger. 

1.4.3. Formal Difference between Content and Likeness Ordering 

Despite its significant role, I have not encountered a formal characterization ofthe 
content-likeness distinction. In the present subsection I fill this gap. First, we 
consider the minimal prerequisites of an approach-to-the-truth ordering. Let the 
empirical truth -r of a formal language Si! be complete. A successful approach-to­
the-truth definition must at least be a preordering of EmProp(SJ!), the empirical 
propositions of SJ!-i.e. the ordering must be transitive and reflexive. If for any 'I' 
and q> 'I' ~. q> and q> ~.'I' both apply, then 'I' and q> have the same distance to the 
truth, and ~. induces equivalence classes [q>]"" in EmProp(SJ!), which is partially 
ordered by ~ ~. Further, all propositions must be worse than -r; therefore, -r has to 
be the unique, least element ofProp(Si!). Regarding a preordering ~. an element a 
is the least element of X if a E X, and for all x ( * a) E X a ~ x. The uniqueness 
requirement is necessary, as a preorder misses antisymmetry. All propositional 
verisimilitude orderings ofChapters 2-3, apart from a unique least element, also 
have a unique, greatest element. Regarding a preorder ~. an element b is the 
unique, greatest element of X if for b EX, and for all x ( * b) EX holds x ~ b and 
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b f, x. Generally, an approach-to-the-truth ordering yields a set of maximal ele­
ments in Prop(2:'), max(Prop(2:')) and need not to have a unique greatest element. 

To simplif)r the general formal characterization of the differences between 
content and likeness definitions, I introduce the notion of the complete falsehood 
of a language as the "inverse" ofthe complete truth. Tothat end I first introduce 
the notions of the "inverse" of a Iitera!/, -(/), and the inverse of a conjunction of 
literals - (A/j): 

(15) - l ·= { -p if l = p . 
( ) . p if l = -p ' 

DEFINITION 1.6: Let 1: be the complete truth of a propositionallanguage 2:'; then 
~ := def-(1:) is the completefalsehood of 2:' 

Regarding a finite propositionallanguage, the complete falsehood contradicts the 
truth on every Iitera!. It is a constituent. 52 Note that, as the completeness of the 
truth depends on the languages used, so does the completeness of its falsehood. 
Besides the negation of the truth the complete falsehood also implies numerous 
true propositions. Now that I have introduced the notion of a complete falsehood, 
I come to the formal criterium I use to distinguish content and likeness definitions. 

DEFINITION 1.7: Lets:, be an approach-to-the-truth ordering on EmProp(2:'), with 
least element 1: and complete falsehood ~· Then 
a. s:, is a content ordering if ~1: is the greatest element ofEmProp(2:'). 
b. s:, is a likeness ordering ifthe ~ is the greatest element ofEmProp(2:'), 

Obviously, according to a content ordering ~ <, ~1:, and according to a likeness 
ordering ~1: <, ~· Suppose :5: ~ and :5:~ designate a content and a likeness ordering, 
respectively. Then the following remark obtains: 

Remark 6: If ~1: * ~ ( or, in other words 1: is not a literal), then 
1. Vcp E EmProp(2:'): 1: S:l cp :5:~ ~1: 
2. Vq> E EmProp(2:'): 't s:, cp :5:~ ~ 
3. (EmProp(2:'), s:<;') * (EmProp(2:'), :5:~) 

Obviously, the three clauses of the remark trivially follow from the definition. 
Thus, regarding 2:[p,q,r] with 1: := p 1\ q 1\ r, if <~ and <~ are a content and a 
likeness ordering of EmProp(2:[p,q,r]), then the next inequalities represent the 
orderings of ~ and ~1: 

(16) -p 1\ ~q 1\ ~r <~ -p v ~q v ~r 
( 1 7) -p v ~q v ~r <~ -p 1\ ~q 1\ ~r 

In other words, according to likeness orderings in a finite propositionallanguage 
with a complete empirical truth, the worst theory is the most distant constituent; 
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and the worst theory according to a content ordering is the negation ofthe truth. In 
the last Chapter, I develop a new proposal to merge the likeness and content 
approaches. 

1.4.4. Child's Play and Language Dependency 

Since the publications of Tichy and Miller in 1974, two kinds of objections have 
emerged time and again in approach-to-the-truth discussions. Tichy, as a supporter 
of the likeness approach, introduced the first objection, currently called the 
"child's-play objection."53 He objects to the property of content definitions (def. 
1. 7) according to which every false antecedence of a false proposition <p is closer 
to the truth than <p itself.54 This property makes it child's play to approximate the 
truth according to content definitions. Add a plainly false proposition x-for 
instance, a fairy tale-to a falsified proposition <p, with <p ff x and X ff <p, and the 
conjunction <p 1\ x is closer to the truth than <p and X· Hilpinen (1976) also men­
tions this criticism. Miller (1978) deplores this consequence of his own content 
proposal. 55 Note that the objection has an epistemological flavour. It claims that 
when compared with real, scientific endeavours, approaching the truth according 
to a content definition is much too easy; it suffices to add false propositions.56 

The significance of Tichy's objection is qualified if the content definition 
receives a serious intuitive interpretation (subsection 1.3.3). In a propositional 
setting, the atomic sentences present highly abstract scientific hypotheses, which 
are only indirectly confirmable or falsifiable. Under these circumstances, adding a 
serious, abstract and independent hypothesis, which reckons with scientific 
background knowledge, might be a step in the right direction, although the hypoth­
esis is likely to be false. Adding arbitrary false statements to an existing falsified 
theory does not result in a serious hypothesis.57 Remernher that, according to the 
content approach, only the extent ofthe set oftrue consequences fixes the verisim­
ilitude of a hypothesis, and not its truth-value, as it is likely to be false. 

The second constantly recurring objection comes from the ranks ofthe content 
proponents and is called the "language dependency" argument. It originates from 
Miller (1974) and instead ofbeing epistemological, it isaformal argument. The 
argument runs thus: Apparently, -p 1\ q is more like p 1\ q than -p 1\ ~q; however, 
ifwe 'translate' p into h, and q into h 0 g, then -p 1\ q = ~h 1\ (h 0 g) = ~h 1\ ~g 

is closer to h 1\ g than -p 1\ ~q = ~h 1\ ~(h 0 g) = ~h 1\ g.58 I shall discuss this 
argument extensively in Chapter 5. For the moment, it is important to realize that 
a likeness interpretation of the propositions diminishes the impetus of the argu­
ment. The semantic relation between data and observational language is Straight­
forward if compared with the semantics of the abstract hypotheses in a content 
definition. Consequently, it is questionable whether an extensional substitution 
from one language to another, preserves the original meanings. In Chapter 5, I shall 
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show that this 'translation' represents a change ofthe relevant traits, and therefore 
a change of the cognitive prob lern. In practice, reformulating the empirical data 
will not cause any serious discussion about a change ofthe cognitive problem.59 

The problern is more complex if the paraphrase concems abstract hypotheses. 
In sum, supporters of likeness definitions reproach their content colleagues for 

defining verisimilitude suchthat it becomes a child's play to approach the truth; 
the content supporters, on their turn, blame their likeness companions for using 
definitions that are "language dependent." The importance of both objections 
decreases significantly when one takes the interpretation of the mathematical 
application seriously into account. 

1.4.5. Approach-to-the-Truth; Verisimilitude and Truthlikeness 

Wehaveseen that the "more merits and fewer drawbacks" intuition has produced 
two kinds of formal explications. Content proposals base their ordering on truth­
value and logical content, whereas according to likeness definitions the similarity 
between constituents (or possible worlds) fixes the truthlikeness of a theory. 
Consequently, alllikeness proposals are "language dependent," whereas all content 
definitions are vulnerable to the child's-play objection. Moreover, the likeness 
interpretation of atomic sentences as basic statements qualifies the child's-play 
objection; and the content interpretation of atomic sentences as abstract hypotheses 
qualifies the "language dependency" argument. It is only at the end of Chapter 3 
that I reveal the profound similarities between content proposals on the one hand, 
and of likeness explanations on the other. Nevertheless, here, I anticipate these 
conclusions, which are foreshadowed by the preceding arguments. Resembling the 
situation in which Camap distinguished between probability1 and probability2, the 
approach-to-the-truth Iiterature encompasses two different notions. I propose to use 
the term verisimilitude for "content proposals" and truthlikeness for the 'likeness 
proposals'. One might object that the former is the Latin translation of the latter, 
but I prefer a historically based terminology to a systematic one such as verisimili­
tude1 and verisimilitude2. It was Popper who introduced the technical term verisim­
ilitude, and Hilpinen who stressed that his explanation was a truthlikeness defini­
tion. Additionally, Niiniluoto's Truthlikeness has become a standard work in the 
field. Oddie called his contribution Likeness to Truth. I consider verisimilitude and 
truthlikeness both yield different contributions to the approach-to-the-truth project. 

Let me summarize Section 1.4. Content and likeness orderings can be recon­
structed as different strategies to revise Popper's original proposal. Beyond the 
intuitive description ofthe difference tobe found in the literature, I gave a formal 
characterization. According to a content ordering, the worst theory is the negation 
ofthe truth; according to a likeness definition the complete falsehood is the worst 
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theory. Additionally, content and likeness definitions must cope with the child's­
play and language dependency objections, respectively. 

1.5. MORE METATHEORETICAL PROPERTIES 

In this section, I enumerate several important properties of approach-to-the-truth 
definition that will be used in the evaluations of those definitions in the chapters 
that are to come. 

1. 5.1. Strength of Definitions 

In a generallogical context, the statement "<p is stronger than 'I'" means <p ~ 'I' and 
<p ~ \jl, that is Cn(<p) :::J Cn(\jl). Ifl use this expression to compare relations, it is 
likely to cause misunderstandings since 

( 18) "relation ~ is stronger than the relation ~' " 

is ambiguous. It is unclear whether (18) is about the meta-level or the object-level 
of the relations. I shall explain the situation using the difference of strength 
between the modal systems S4 and SS. It is common to call SS a stronger system 
than S4; the consequences ofthe SS axioms contain those of S4 axioms. Schemati­
cally 

SS => S4, or Cn(SS-Axioms) :::J Cn(S4-Axioms) 

I shall call this the meta-level reading of (18) as entire modal systems are com­
pared. Hence, on the object-level 

V'<p, \jl: <p 1- S4 'I' ~ <p 1- SS 'I', 

and all S4 consequences of a sentence <p, are also SS consequences of <p. I call this 
the object-level reading of(18), since the individual sentences are compared. The 
same situation obtains for relations in general. For instance, on the meta-level, we 
have 

If R is a partial ordering, then R is a preordering 

If, however, a property C(x,y) follows from the fact that x and y are in the Rpre 
relation, then C(x,y) follows a fortiori from the fact that x and y are in the Rpartial 
relation. 

V'Rpre [V'x,y (Rpre(x,y) ~ C(x,y))] => 
V'Rpartial [V'x,y (Rpartia/..x,y) ~ C(x,y))] 
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The difference between the meta- and object-level reading of (18) is common in 
logic, but it has caused some discussions in the approach-to-the-truth project. 
Using the object-level explanation, some call the ordering :s; stronger than :s;' if 

for all <p, '1': <p :s; 'V => <p :s;' 'V 

In other words, if the :s; pairs of sentences must fulfill stronger constraints than the 
:s;' pairs, then the former is the stronger ordering. Others, using the meta interpreta­
tion, have called :s; weak.er in exactly the same situation, since the :s;' axioms imply 
the :s; axioms or: 

Cn( :s; -Axioms) ~ Cn( :s; '-Axioms). 60 

This reading implies that some approach-to-the-truth definition is stronger than 
another one, if :s;' relates more pairs of sentences than :S;. To preclude any misun­
derstandings I explicitly formulate my choice: 

Convention: I use the expression "the :s;' ordering of propositions is stronger than 
the :s; ordering" in the meta-level sense-the way in which SS is stronger than 
S4. Consequently, the stronger ordering compares more pairs of sentences. 

According to this meta-level interpretation, the set :s;: Axioms is stronger than the 
set of :s; Axioms iff :s;' Axioms f- :s; Axioms. This choice implies on the object Ievel 
that all :s; pairs are also :s; ' pairs: 

Cn(:S;-Axioms) ~ Cn(:S;'-Axioms). 

This implies that for all <p, 'V ifthey are comparable by :s;, then they are comparable 
by the :s;' relation. lt is the latter circumstance that persuaded some authors to 
claim the opposite, viz. that in this situation :s; is stronger than :s; '. There is nothing 
utterly wrong with that choice, but when calling a relation strong ( or weak.), one is 
obliged tobe more explicit about the meaning ofthat expression. 

In sum, according to the object-level interpretation, the :s; ordering is stronger 
than :s; ', iffV'<p, '1': <p :s; 'V => <p :s;' 'I'· According to the meta-level interpretation, 
which I shall use in the sequel, in the same circumstances, :s; is weaker than :s; 1 , 

since :s;' handles more pairs of sentences than :S;; and hence Cn(:S;-Axioms) ~ 
Cn( :s; 1 -Axioms). 

1.5.2. Camparalive and Quantitative Definitions 

Approach-to-the-truth definitions have been classified in various ways, and I shall 
show that the content -likeness distinction is by far the most important one. Another 
important distinction, however, is the comparative-quantitative distinction. 
Characteristically comparative definitions claim that one theory is more ( or at least 
as) similar to the truth than a second theory. It is a comparative claim. Quantitative 
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definitions, however, assign numbers to theories conveying to what extent a theory 
resembles the truth. This might appear artificial at first sight, but in the natural 
sciences most claims are quantitative; and comparing sets of quantitative assertions 
easily results in a quantitative assessment. Quantitative definitions often yield 
reflexive, and therefore preorderings, and comparative proposals may be irreflexive 
resulting in strict partial orderings. 

The content-likeness distinction pertains to quantitative and to qualitative 
definitions. In other words, there are quantitative and qualitative content 
definitions-Popper elaborated both-and there are quantitative and qualitative 
likeness proposals such as those of Tichy or Niiniluoto at the one hand, and of 
Hilpinen at the other. The vast majority ofthe mature sciences use quantitative 
hypotheses and theories. A quantitative definition enormously sirnplifies the 
cornparison ofthese quantitative staternents. Another advantage ofusing a quanti­
tative truthlikeness definition is the increase of strength of cornparison. Generally, 
qualitative theory cornparison establishes partial orderings ( or even preorderings) 
arnong the formal Statements; this rneans that using the definition we cannot 
cornpare all sentences. A quantitative explanation however, gives a total ordering, 
and therefore all theories can be rnutually cornpared. An irnportant question about 
a quantitative proposal is, whether it provides a metric or some weaker distance 
function on the class of theories. I shall deal with the metric, semimetric, and 
pseudometric. First, we consider the definition of a metric: 

DEFINITION 1.8: Let X be some universe, then d: X x X~ R is a metric on X iff 
for all x, y, z EX hold 
1. d(x,y) ~ 0 
2. d(x,y)=O iffx=y 
3. d(x,y) = d(y, x) (symmetry condition) 
4. d(x, y) + d(y, z) ~ d(x, z) (the triangle inequality) 

Notation: (X d) is called a metric space. 

n 

E.g. the Euclidean rnetric on Rn is:61 d(x,y) = L (xi -yy, n EN 
i= I 

Instead of working with a rnetric, rnathematicians also use weaker notions. If 
clause 2. of definition 1.8 is weakened to d(x, x) = 0, then d is a pseudometric on 
X The second weaker alternative for the metric is the semimetric. Distance d is a 
(syrnrnetric) semirnetric ifit camplies with the first two (three) clauses of definition 
1.8. Niiniluoto remarks "In rnany cases, syrnrnetric semirnetrics are called distance 
functions even ifthey do not satisfy the triangle inequality."62 Thus, Niiniluoto's 
favourite distance function is not a metric. Miller rnaintains, however, that a 
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distance function must apply to the triangle inequality.63 Kuipers's refined quanti­
tative distance function is also an example of a symmetric semimetric. 

A disadvantage ofusing a quantitative proposal is the rather arbitrary choice of 
the measure. There are many measures that can Iead to an approach-to-the-truth 
definition avoiding the mistake of Popper's original proposai;64 but, if only 
intuitive arguments Iead to the preference of some particular metric, the verisimili­
tude notion becomes too subjective. This is an important reason for first establish­
ing a compelling, qualitative truthlikeness definition and subsequently extending 
the proposal towards a stronger one, which might ultimately result in an objective 
quantitative notion. 

Finally, I want to express my reservations about treating quantitative and 
qualitative expressions on the same footing. In subsection 1.3 .2 we saw that many 
definitions have quantitative and qualitative applications. In the subsection that 
followed however, we stressed the importance ofthe interpretations ofthe applica­
tions. Let for instance P9> ... , p 19 represent the atomic statements "Our sun has 
exactly nine planets", until "Our sun has exactly nineteen planets." Then,p19 may 
be the worst possible answer to the question "How many planets does the sun 
have?", and all the consequences of these atomic sentences are totally left out of 
the considerations. If, on the other hand, P9> ... , p 19 represent highly abstract 
theoretical laws, then the extent of the true and false consequences seems to be 
more important than the distances between the individual constituents. The 
conclusion reads that the similar treatment of quantitative and qualitative applica­
tions apparently needs good arguments. 

1.5.3. Truth-value Independence 

Quite surprisingly, until now, the subject ofthis subsection has received almost no 
attention. Intuitively, it seems plausible that, if two theories are roughly of the 
same logical strength, then a true theory is to be preferred to a false one. There are 
situations, however, where a false theory is by far tobe preferred to a true theory. 
If the true theory is genuinely weak (it is almost a tautology), then a strong, 
relevant, and almost true theory is certainly better than the very weak true theory. 
In other words, intuitively, afalse theory sometimes is closer to the truth a true 
one. 65 Let ~'t be an approach-to-the-truth ordering; then, I call an approach-to-the­
truth definition truth-value dependent iff no false theory is closer to the truth than 
a true one: 

Vcp, 'V E Prop(~): if "C 1= 'V and cp 1= __,'t, then cp ~ 'V 

An ordering is truth-value independent if it is not truth-value dependent. This 
property appears to be weak, but it abolishes the suppression offalse propositions. 
It is worth mentioning because all major qualitative, content and likeness orderings 
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are truth-value dependent. That is, according to allqualitative proposals available, 
no false sentence is closer to the truth than any true one. Of course, this is quite a 
shortcoming. My proposal given in Chapter 6 is the first published truth-value 
independent camparalive approach-to-the-truth definition. 

1. 5. 4. Specularity 

The fourth property of an approach-to-the-truth ordering <, I consider is the 
specularity. Let t be the complete truth of P. Then, if for all \jl and <p of Prop(.P) 

\jl <r<p <=> ~\jl <~r ~<p 

obtains, then the <,-ordering has the specularity property.66 Tobegin with, I show 
that no likeness ordering has the specularity property. 

PROPOSITION 1.7: A strict truthlikeness ordering <~ does not have the specularity 
property. 

Proof lf <~ is a strict likeness ordering, then for all <p E Prop(P) t <~ <p <~ ~ 
obtains with ~ "" ~t, and ~ ~ ~t (see subsection 1.4.3). If specularity obtained, 
this would Iead to a contradiction since then, ~t <~, ~<p <~, ~~, and ~t ~ ~ 
obtained, and this implies ~. = ~- 181 

Further, since most important content proposals we encounter have the specularity 
property, we consider specularity tobe an indication of content definitions. 

1.5.5. Language Dynamics 

The approach-to-the-truth debate also touches upon the question how definitions 
behave under expansion and reduction ofthe formallanguage (including theoreti­
cal terms).67 We call this the language-dynamic behaviour of the definitions. 
Language PI is an expansion of.P and P areduction ofP 1 , P ~ P 1 , ifthe nonlogi­

cal vocabulary of P is a subset ofthat of P 1 • 68 Regarding a propositionallanguage, 
P 1 is an expansion of .P if all atomic propositions of P are in the nonlogical 
vocabulary of seI: voc(.P) ~ voc(P 1). Suppose se is a formal language, with a 
(complete) empirical truth 't. Let, for all .P 1 with .P ~ P 1 and complete truth 't 1 , 

('t 1 ~ 't), <, and <,. be the orderings ofProp(P) and Prop(.P 1), respectively; and Iet 
cr( <p) be the P 1 -translation of <p-i.e. cr( <p) =!1· <p E Prop(P). 

DEFINITION 1.9: Ordering < is (weakly) context independent iff 
\i\jl, <p E Prop(.P), and cr(\j/), cr(<p) E Prop(P 1): \jl <, <p => ~(cr(<p) <,. cr(\j/)); 
it is strongly context independent iff 
\i\jl, <p E Prop(.P), and cr(\j/), cr(<p) E Prop(P 1): \jl <, <p => cr(\j/) <,. cr(<p). 
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Intuitively, an ordering is context independent if for no pair of propositions an 
expansion ofthe language reverses the ordering ofthat pair. It is strongly context 
independent if for all pairs of sentences the ordering in the originallanguage is 
preserved in any expansion ofthe language. In Chapter 2 I show that some content 
proposals fail to meet the latter requirement. Note that what we call "language 
dynamics" of approach-to-the-truth definitions has little to do with recent develop­
ments in "logical dynamics". In the latter the logic of changing information states 
and semantics in linguistics is studied. 69 

Alongside the expansion of the empirical vocabulary, the extension of the 
logical vocabulary is also part of the language dynamic behaviour of approach-to­
the-truth definitions. For example, questions as to how do orderings behave ifthe 
logical machinery of the language is extended or changed, need to be addressed. 
Apart from some occasional remarks, the study of this dynamic behaviour is 
beyond the scope of our investigation. We call an approach-to-the-truth ordering 
/ogically biassed if it fundamentally depends on the logical machinery of the 
language. 

1.5.6. (ln)complete Truth 

In Chapter 2-3 weshall see that most researchers assume that the truth is com­
plete. Kuipers is one ofthe few who departs from this well-trodden path. Using the 
structuralist approach he suggests that the true theory must be paraphrased by a set 
ofmodels instead ofone model (modulo elementary equivalence). Consequently, 
Kuipers pursues a definition ofwhat he calls ''theoretical truthlikeness."70 At the 
start, this difference of assumption complicates the mutual comparison of the 
proposals. Niiniluoto, however, gives two suggestionstobring Kuipers's point of 
view on a par with the other definitions, and leaves the details to the reader.71 In 
Chapter 2, I elaborate one ofthese suggestions. After all, it comesout that a modal 
version ofKuipers's approachalso assumes a complete truth. Underthose circum­
stances, hisnaive definition is equivalent to Miller's content proposal. Incomplete 
truth is a symptom of a semantically indeterminate or, in Niiniluoto's terms, 
indefinite conceptual framework. 72 

DEFINITION 1.10: Let~ be a formallanguage and 9 be the empirical interpretation 
of~ (voc(~) * 0). The interpreted language (~, 9) is semantically definite if 
all sentences of ~ are true or false. 

The definition implies that ~ is semantically definite ifthe empirical true theory of 
~ is complete; the language is indefinite if some sentences Iack a truth-value. 

The completeness of the truth is intimately connected with the language dy­
namic properties of a proposal. Regarding approach-to-the-truth definitions, we 
may assume the completeness of the truth. In epistemological contexts, however, 
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this assumption is unwarranted. The language in which the theories are formulated 
may include non-referring terms, and therefore contain sentences without adefinite 
truth-value. Suppose we are to assess a real-life scientific theory <p formulated in 
the language r:f <p" Further, I assume that r:f <p contains theoretical terms relative to 
theory <p. It follows that r:f <p can only be partially interpreted, and it is uncertain 
whether all its sentences are false or true. For instance, there were times in which 
it was unclear whether the statement 

"phlogiston has a negative weight" 

had a definite truth-value. According to our knowledge, the statement contains a 
non-referring term, and it is neither false nor true, but senseless. As long as it is 
unclear whether the theoretical terms refer to some aspects of reality, some 
sentences may Iack a truth-value. This is the reason for rejecting the assumption 
that the truth is complete in epistemological contexts. The task remains to investi­
gate the behaviour of the definitions under indefinite language extension. Thus, a 
relevant problern reads: "how do the definitions behave ifthe language is indefi­
nitely extended?" To answer this question, an approach-to-the-truth proposal must 
also order propositions in case some relevant sentences do not receive a definite 
truth-value. To sum up, when defining verisimilitude, we may assume that the truth 
is complete. This assumption, however, is only allowed as a first idealization; in 
the epistemological context, the assumption is unwarranted. 

1.6. CONCLUSIONS 

Let me enumerate the highlights of Chapter 1. 

1. According to Popper' s original verisimilitude definition a theory 'I' is at least 
as close to a theory <p iffCnF('I') ~ cnF(<p) and CnT('I') 2 cnT(<p). Conse­
quently, two different false 'I' and <p are uncomparable, because under the 
assumption of a monotone language, the non-empty subset ofjalse conse­
quences of a proposition varies with the subset of its true consequences. 

2. My diagnosis ofPopper's mistake reads: Popper used monotonic means to 
formalize his non-monotanie approach-to-the-truth intuitions. 

3. I will use propositionallanguages, in factfinite Lindenbaum algebras, to 
compare various proposals that improve Popper's definition. 

4. In the chapters that are to come, we will see that the paramount division in 
the approach-to-the-truth research is that between content and likeness 
definitions. 

5. Finally, the truth-value dependency, the child's play, invariance under ex­
tensional Substitutions, and the language dynamic behaviour in general are 
the important properties ofthe definitions studied in the following chapters. 



CHAPTER 2 

VERISIMILITUDE 

In Chapter 1, I introduced Popper' s comparative content definition, which is based 
on truth-value and logical strength, and showed how it excludes the comparison of 
two different false theories. After the publication of this peculiarity in 197 4,1 

Millerand Kuipers searched independently foranother way to formalize Popper's 
intuitions about verisimilitude. Their endeavours resulted in comparative content 
definitions (Kuipers calls his version the naive comparative definition). Miller 
formulates a distance function which has as its codomain the original Boolean 
algebra instead of the real numbers. Both definitions are almost identical to the 
consequence definitionalso hinted at in the first chapter (subsection 1.4.1). Here 
we examine Miller's and Kuipers's content proposals. 

In the present and next chapter, I shall present the content and lik:eness orderings 
of the elements of a finite Lindenbaum algebra. In Chapter 1, we saw that the 
definitions vary considerably regarding their applications and interpretations, and 
that each has its own Ievel of abstraction. This complicates the comparison. 
Without exception, however, the definitions can all be used to order propositions, 
and therefore, the Lindenbaum algebra provides good grounds for a thorough basic 
comparison. There are also other reasons for choosing a Boolean algebra as the 
basic application for the comparison. The Boolean algebra relates to the algebras 
of sets such as the Brouwerian algebra and the Stone space, which form more 
sophisticated interpretations. Another important extension concerns modal alge­
bras. Weshallencounter all ofthese in due course. As it will turn out, already with 
respect to Boolean Algebras, the various definitions will produce different order­
mgs. 

In Section 2.1, I introduce the notion ofa Lindenbaumalgebra which is central 
to my comparison. Miller's (1978) definition, and Kuipers's comparative content 
definition are introduced in the second and third section. Their proposals are very 
similar, and both turn outtobe weaker versions ofthe consequence definition. In 
Section 2.4, we discuss various ways to formulate the symmetric difference 
measure. The characteristics ofMiller's and Kuipers's proposals are the subject of 
Section 2.5; and finally, in Section 2.6, I reformulate Kuipers's content definition 
in modal terms, and end with a modal version of the consequence definition that 
fully restores the falsity clause. 

35 
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2.1. THE LINDENBAUM ALGEBRA 

Let us consider a language X which has as a vocabulary, voc(X), a (possibly 
infinite) set of atomic propositions. As explained in Chapter 1, a Lindenbaum 
(-Tarski) algebra 00 of X, is a Boolean algebra, the elements of which are equiva­
lence classes ofX sentences. For all practical purposes, we Iet one element ofsuch 
an equivalence class represent the entire class, suchthat the elements ofthe algebra 
are single sentences. In this Boolean algebra, the 0 and 1 represent the contradic­
tion and the tautology, respectively. Furthermore, the usual + and. represent the 
disjunction and the conjunction ofX; and the ~ sign refers to derivability in X. An 
element t is an atom in the Lindenbaum algebra ~ iff a = 0 obtains for all a such 
that a < t. A theory is complete if it renders all sentences of the language under 
consideration false or true. Thus, t is an atom in the algebra if and only if t is 
complete. Often, a Boolean algebra is isomorphic to an algebra of sets. Then, the 
~ sign represents the set inclusion, and the + and the . in ~ (the disjunction and 
conjunction of X) represent the union and intersection of the set algebra, respec­
tively. 

EXAMPLE: As an example we sketch the Lindenbaum algebra, ~ ofX[p, q]. This 
X is a propositionallanguage with descriptive vocabulary {p, q}. Recall that the 
elements of ~ are sets of equivalent sentences. In our representation, we Iet single 
sentences represent those equivalence classes; and the lower of two connected 
sentences implies the upper one. For instance p 1\ q implies ---p v q. 

T 

p 

.l 

Fig. I. Lindenbaumalgebra ~ of !l(p,q ]. 
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All the elements of the second layer are atoms of the algebra. They are the 
constituents of SR [p,q ]. Of course, if voc(SR) is finite, every theory of SR is 
axiomatizable; however, this is different if voc(SR) is infinite. Intuitively, this 
means that the atomic propositions Pi which are true according to the theory, can 
form such a haphazard set that it is impossible to enumerate all of them by any 
recursive method. With respect to a propositional language with an infinite 
vocabulary SR[p I• p2, ... ], the elements ofthe Lindenbaumalgebra only represent 
the axiomatizable theories. The infinite Lindenbaum algebra does not contain 
atoms since for all elements a in the algebra, there is an element b with 0 < b < a. 
Thus, ifthe truth ofSR[p I• p2, ... ] is complete, then it is not an atom ofthe algebra, 
although it might be axiomatizable. End Example 

2.2. MILLER'S CONTENT DEFINITION 

Miller's verisimilitude definition is tobe found in Miller (1978). Its main message 
isthat on a Boolean (set) algebra, the symmetric difference is the only normal, 
downward strictly monotone autometric (I shall explain these notions below), and 
therefore it is the most appropriate distance measure on the algebra. It establishes 
a verisimilitude ordering as the distance between theories is inversely proportional 
to their similarity. 

Miller' s ( 1978) publication consists of three parts. The first one concems the 
symmetric difference measure on a Lindenbaum algebra (the first and second 
section of Miller (1978)), and the second, an autometric on Brouwerian algebras, 
which represent richer languages than the propositional ones (his third section). 
Unfortunately, in contrast to Lindenbaum algebras, there is no autometric Operation 
on a Brouwerian algebra that is normal and downward strictly monotone. Then, in 
the third part (the fourth section), Miller proposes a second strategy to extend his 
Lindenbaum approach. This model theoretical approach uses the autometric on the 
Boolean set algebra of the Stone space of the SR-models modulo elementary 
equivalence. Miller shows that "this representation effectively allows us to forget 
about Brouwerian algebras altogether."2 The important results ofhis Brouwerian 
strategy, however, remain valid. Although I sketch the three parts ofthe paper, I 
shall take the model theoretic version of Miller' s proposal as the outcome of his 
considerations (the impatient reader may skip the sequel and pick up the thread at 
definition 2.1. (page 42). 3 

2.2.1. The Symmetrie Difference on the Lindenbaum Algebra 

Miller's point of departure is to take literally the idea that theories "can be close to 
or distant from one another."4 This distance function, which applies to theories, has 
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to fulfill the customary axioms of a metric. Such a distance function d(B.A) for 
theories must satisfy the customary conditions (subsection 1.5.2): 

d(A, B) = 0 if and only if A = B 
d(A, B) = d(B, A) 
d(A, C) ::;; d(A, B) + d(B, C) (the triangle inequality) 

Obviously, just as in the Euclidian space, there are lots of distance functions 
fulfilling these axioms. How can the number of distance functions be reduced? 
This can be achieved, by choosing the original Boolean algebra as the codomain 
for the function instead ofthe real numbers. Miller uses Ellis's (1951) claim that 
the symmetric difference of a and b, defined by 

~(a, b) := (a.-b) + (b.-a) 

fulfils the customary axioms of a distance function. Note that in a Boolean set 
algebra ~(a, b) designates (a-b) u (b-a) andin a Lindenbaum algebra, it means 
a ~ """'b. According to Ellis, a Boolean algebra 00 is autometrized ifthe codomain 
ofits metric is 00 itself. The symmetric difference fulfils this demand. Thus, Miller 
calls the distance function * on a Boolean algebra 00 with codomain 00 an automet­
ric. 

The symmetric difference is not the only possible autometric. Miller introduces 
two conditions that together are necessary and sufficient for an autometric to be 
equal to the symmetric difference. Following Ellis, he calls an autometric normal 
ifthere is an elementesuchthat for all a E 00: a * e = a. In a Lindenbaumalgebra 
e is the contradiction. Next, he calls an autometric operation downward strictly 
monotone iff 

c < b < a ~ b*a < c*a 

Miller proves subsequently that if * is a normal, downward strictly monotone 
autometric on the Boolean algebra 00, it is the symmetric difference. If being 
normal and downward strict monotonicity are necessary conditions for a verisimili­
tude definition, then Miller has found objective reasons to sort out the symmetric 
difference as the favourite metric on a Boolean algebra. Let t" be the complete truth 
of a propositional language; in other words, t" is an atom in the Lindenbaum 
algebra 00 (00 is finite). The theory 'I' is more verisimilar than rp ifits distance to 
the truth is smaller than the distance between <p and the truth t". In terms of the 
symmetric difference on 00 this definition reads: 

(1) 'I' ~ t" ::;; <p ~ t" (that is 'I' ~ """''t ~ <p ~ """'t", or <p ~ t" ~ 'I' ~ T; see 
Observation 2.2, p. 52) 
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If we assume, following Miller, the completeness of the truth, this definition has 
three consequences of which the first two are also consequences of Popper's 
definition:5 

(2) "the truth content of a false theory is closer to the truth than is the false 
theory itself," since the truth content of a false theory c:p is equal to 
c:pv-r,andc:pB't I= (c:pv-r)B-r 

(3) "the stronger of two comparable true theories is closer to the truth," 
since if -r 1= \jl and -r 1= c:p (t), then \jl B ~-. equals \jl 1\ ~-.. Therefore, 
definition (2.1) reduces to \jl 1\ ~-. 1= c:p, which with (t), equals \j/1= c:p 

(4) "the stronger oftwo comparable false theories is closer to the truth", 
since if \j/1= ~-.. then \jl B ~-. = \jl v -r. Thus definition (2.1) reduces to 
\j/1= c:p v -r; but as \jl I= 't it follows that \jl I= c:p (the child's-play objec­
tion). 

It is the last conclusion that Miller finds "altogether less amusing". After all, it 
means that for false theories, and all actual theories are strictly speaking false, the 
verisimilitude relation between theories is identical to the relation of logical 
deduction. 

In the next two subsections, we shall encounter Miller' s endeavour to extend 
his autometric proposal for propositions, c:p B -r 1= \jl B -r, to the case in which the 
truth in not finitely axiomatizable. First, he seeks an adequate autometric on the 
Brouwerian algebra in which every element is a consequence class. After the 
failure of this attempt, he successfully considers the autometric on Stone space of 
the models of P,. First, I introduce Miller's first attempt; next I shall present the 
autometric on the Stone space. 

2.2.2. No Symmetrie Difference Measure on Brouwerian Algebra 's 

In the second part (section three) ofMiller's paper, the answer to the question how 
theories should be ordered when couched in richer than finite propositional 
languages is formulated. Since, then, the set of all true propositions need not be 
finitely axiomatizable, Miller uses Tarski's calculus of deductive systems. A 
deductive system A is a set of sentences closed under logical deduction, A = Cn(A). 
In Tarski's calculus, the set inclusion partially orders the deductive systems, which 
form a lattice. Consequently, the greatest lower bound of A and Bis An B. The 
least upper bound is, contrary to one's first intuitions, not equal to A u B since 
Cn(A) u Cn(B) *- Cn(A u B). For instance, if A := Cn(c:p ~ \jl) and B := Cn(c:p), 
then \jl ~ Cn(A) u Cn(B) but \jl E Cn(A u B). The least upper bound is defined by 
Cn{a 1\ b I a E A, bEB}. The top ofthe algebra is equal to Sent(rf), the set ofall 
rf-sentences, and the bottom is the set oftautologies. Miller chooses to use the dual 
ofTarski's calculus to simplify the comparison with the Lindenbaumalgebra top 
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and bottom ofwhich are the tautology and the contradiction, respectively. It is the 
lattice in which ~.YI refers to the 2-relation instead ofs;:;;-relation. In this Brauweri­
on algebra .tl, the lowest upper bound of A and B, A v_,4 B, is A n B, whereas their 
greatest lower bound, A 1\.fJ B, is Cn {a 1\ b I a E A, bEB} .6 The top ofthe lattice, 
T. 11 , is the set oftautologies, and the bottom, l....t, is Sent(Se). In the Brouwerian 
algebra, nothing corresponds to the implication, and the strongest system C, such 
that B ~.,.,1 A v .Yl C, defines the difference B - .YIA: B -.7lA ~ ...t C iff B ~ ...t A V.Yi C. 
The symmetric difference between systems A and B is equal to (B -.YI A) v.7l (A -.4 
B).7 Finally, the system contrary toB, ~B. is the largest system X suchthat B V.7i 
X= T.4 .8 Thus --._4 B is the largest consequence class of .A that only shares the 
tautologies with B. 

Analogaus to the propositional case, Miller calls a function * an autometric iff 

A * B = l....t, iff A = B 
A*B=B*A 
A * c ~ (A * B) V...t (B * C) 

and again, an autometric * is normal ifthere is a l....t, suchthat for all A, A * l....t, = 
A. Adapting a proof of Nordhaus and Lapidus (1954), Miller shows that the 

symmetric difference defined above is an autometric operation. Further, he proves 
that if * is a normal autometric on .A, then A A ...t B ~ A * B ~ A v ..il B. The major 
difference with the propositional case, however, isthat Miller also proves that there 
is no autometric operation on .A which is normal and downward, strictly mono­
tone. 

Regarding the truth T, Miller assumes that it is complete but not jinitely 
axiomatizable (Tis a set ofsentences). This non-axiomatizability assumption has 
far-reaching consequences. In the first place, Miller proves that for all complete X 
that are not axiomatizable, the complement of X in the Brouwerian algebra, ~X, 
equals the set of all tautologies.9 For, Iet y be a non-tautological consequence of 
-:YIX, and Iet y not be a consequence of X Then, for all x E Cn(X), y v x E Cn(X). 
Thus, for any x E X, --:,gy ~ x and Xis, contrary to our assumption, axiomatizable; 
in one word, if Xis complete and not axiomatizable, then ~X= T.4 . Secondly, 
Miller proves that under his truth assumptions, for all axiomatizable A, A * T = 
A v T; in words: "The distancefrom the truth of an axiomatizable theory is equal 
to its truth content" or (B-...t T) v...t (T-...t B) reduces toB v...t T. 1° Furthermore, 
Miller shows that if A and B are axiomatizable, then B v T f- A v T iff B f- A. 11 

The only possible exception would be when A is false, Bis true, and B = A v..il T; 
but then B cannot be axiomatizable since no truth content of a false theory is 
axiomatizable when the truth is not axiomatizable. 12 Thus, the exception of the 
finite case disappears ifthe language is infinitely !arge. Miller's assumption that 
the truth is not axiomatizable, Ieads to the following conclusion: if A and B are 
axiomatizable, then 



VERISIMILITUDE 41 

(5) B * T < A * T if and only if B < A. (Miller 's objection) 

That is to say: If A and B are axiomatizable, then B is closer to the truth T (not 
axiomatizable) if and only if A is a subset of B; but A being a subset of B is not 
only necessary and sufficient for B tobe closer to the truth; it is also necessary and 
sufficient for B to be closer to every arbitrary, complete theory X that is not 
axiomatizable. The last observation leads to the conclusion that "approach to the 
truth via axiomatizable theories is quite independent of where the truth in truth 
is."13 In the fourth subsection, I will show yet another remarkable consequence of 
the assumption that the truth is not axiomatizable. 

The conclusion of this subsection reads: The symmetric difference <p 0 't I= 

'I' 0 't, is an appropriate comparative measure on axiomatizable theories, though 
it fails to be an appropriate autometric for consequence classes. This need not 
surprise us; Popper's original definition (p. 8) already failed for the axiomatizable 
case. 

2.2.3. The Stone Space Ordering 

After the failure of the Brouwerian algebra, Miller extends, in the fourth section, 
the Lindenbaumalgebraapproach into a model theoretic direction. We saw (p. 38) 
that 'I' 1:! 't ~00 <p 1:! 't designates 'I' 0 ....,'t I= <p 0 ..... 't, which, in the Lindenbaum 
algebrameans Mod('l') 1:! Mod(-r) ~ Mod(<p) 1:! Mod(-r). 14 This enables Miller to 
consider the Stone space ofthe Lindenbaumalgebra 00 ifthe truth is not axiomatiz­
able (A, B and T remain deductively closed sets of sentences that are possibly not 
axiomatizable). Instead of Sent(Sf), Miller now takes the models ojSf as starting­
point of his considerations. To be precise, Miller takes the quotient algebra 
Mod(Sf) modulo elementary equivalence, M*, as his new point of departure. One 
element of M* represents a set of elementary equivalent models. Two models are 
elementary equivalent if they verify ( and falsify) the same sentences. Regarding 
first order logic M* has the power of the continuum. A class K ~ M* of Sf -models 
is an elementary class iff there is an Sf-sentence cr suchthat K = Mod(cr). An 
intuitively plausible fact of mathematical logic reads that the elementary classes 
(EC) together form a Boolean algebra that is isomorphic to the Lindenbaum 
algebra ofSf. Furthermore, as an EC is closed under finite intersections (and all its 
elements can be extended to filters), it forms a base for a topology on M*. Under 
this topology, ifMod(A) ~ M* is closed, it corresponds to a deductively closed set 
of sentences (an intersection of elementary classes), and if Mod(A) is open, it 
corresponds to the union of elementary classes. An element of Al corresponds to 
a complete set of sentences, and only if Mod(A) is closed and open (clopen) it 
corresponds to a finitely axiomatizable system; that is a sentence (and Mod(A) is 
an elementary class). 
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F ~ ~ is ajilter in 00 if for all x, y in F, x 1\ y E F, and for all x E Fand y E 00, 
x v y E F. An ultrajilter is a filter that is maximal with respect to the inclusion 
relation. An extension of an ultrafilter is equal to ~- The Stone space S(~) of a 
Boolean algebra 00 is the power set algebra of the ultrafilters of fß, such that fß is 
a subalgebra of S(OO). There is an isomorphism between EC and the Lindenbaum 
algebra 00 on the one hand, and EC is a base for the topology of lf on the other. 
Consequently, M* is homeomorphic with the Stone space of the Lindenbaum 
algebra 00 (or EC). 15 Miller chooses &">(S(EC)) to represent the power set algebra of 
lf, and calls this power set rP. He identifies a system or theory A with Mod(A), 
and measures the distances between the subsets of lf by the downward strictly 
monotone autometric on rP. Miller already proved that if* isanormal downward 
strictly monotone autometric operation on a Boolean algebra, then B * A = A I!J. B. 
Thus, also in .P, Mod(A) * Mod(7) is equal to Mod(A) I!J. Mod(7). Finally, note 
that the Mod-function does not embed the Brouwerian algebra .!ll homeomorphi­
cally in !Ji. Although Mod(A v.YJ B) = Mod(A) Us Mod(B), and Mod(A 1\.YJ B) = 
Mod(A) ns Mod(B), recall that Mod(~.YJ7) = Mod(rt') which differs from Mod(rt') 
- {<m} = -sMod(7) where <m designates the complete and unaxiomatizable truth. 
Consequently, Mod(A I!J..YJ ---:.tB) * Mod(A) t1s Mod(B). Miller's Stone space 
approach suggests the following verisimilitude definition (lf := Mod(ri)/=). 

DEFINITION 2.1: Let Mod(A), Mod(B) ~ M* and Iet the truth be represented by 
Mod(7) = {<m}, <m E M*. Then, the theory B is closer to the truth T than A if 
and only if: Mod(B) I!J. {<lli} < Mod(A) I!J. {<lli} 

Notation: B <~ A 

In other words, the theory Bis closer to the truth than A if and only ifthe symmet­
ric difference of Band the truth is a subset ofthe symmetric difference of A and the 
truth. 

Although the Mod function embeds .!ll somewhat heteromorphously in rP, the 
limiting results (4) and (5) remain in place. As mentioned before, according to 
Miller the second result is the most disturbing one. It shows that for axiomatizable 
theories, approaching the truth is the same as approaching every arbitrary theory X 
that is not axiomatizable. He tries to make the latter result more acceptable by 
comparing approaching the truth with searching for some point T situated among 
other points X, Y, Z etc. not far from the north pole on a globe. The north pole 
represents the tautology. If someone wants to reach T, and he is not too close to the 
north pole, then it does not matter whether he goes towards X, Y, Z or T. Heading 
north is heading in the right direction. According to Miller, the fact that the 
searching starts far more to the south than at the location where X, Y, Z or T are 
situated, reflects the fact that, generally, axiomatizable theories are much weaker 
than complete theories. 16 At the end ofhis paper, Miller claims that although his 
definition may be too weak (according to our convention in subsection 1.5.1), in 
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his opinion, all other definitions are demonstrably too strong. Weshall come to 
Miller's reservations in Chapter 5. 

2.3. KUIPERS'S CONTENT DEFINITIONS 

Theo Kuipers started to think about verisimilitude in structuralist terms in 1980, 
and he proposed definitions in terms of Suppes-Sneed structures. I base this 
presentation ofKuipers's ideas mainly on his 1982, 1987, and 1992 publications. 17 

Kuipers distinguishes between content (naive) and refined definitions on the one 
hand, and comparative and quantitative ones on the other. The latter distinction is 
the usual one, and, regarding comparative definitions, the form er contrast is by and 
large the same as the difference between content and likeness definitions. The 
present section deals with Kuipers's content definition. In subsection 2.3.1, I 
explain how Kuipers paraphrases a theory in structuralist terms. In subsections 
2.3.2-2.3.3 weshall encounter Kuipers's comparative and quantitative proposals; 
Kuipers's refined definitionswill be introduced in Chapter 3. 

2. 3.1. Kuipers 's Theory Representation 

In this subsection, we start with the introduction of Kuipers's way to represent 
scientific theories. Next, weillustrate Kuipers's terminology using his own light 
bulb example, and we end with some remarks and observations. Kuipers 's intuitive 
and modal paraphrase of a theory is Straightforward and clear. Let some conceptual 
framework P, include all concepts relevant to some empirical problem. Then, a 
theory is a claim according to which some conceptual possibilities are physically 
possible while the others are physically impossible. Kuipers uses the Suppes-Sneed 
structuralism to formalize this basic point of departure conceming theories. In the 
structuralist framework, a theory representation is a two-tiered affair. It consists of 
a set theoretical predicate, on the one hand, and of the set of intended applications 
on the other. I call them the conceptual part and the application of a theory. The 
distinction is pivotal for Kuipers' s verisimilitude definitions. 

According to the structuralists, the first part is a universe of models or set 
theoretical structures MP. It comprises allrelevant conceptual possibilities. For our 
purposes, when comparing definitions using a Lindenbaum algebra, we may equate 
the structuralist MP and Mod(P-). 18 The second major part of the structuralist 
representation, is the set of intended applications I. The elements of I are ( descrip­
tions of) systems (that is, sets of objects or situations) in the real world that are the 
subject ofthe theory's claims. For example, the intended application ofthe simple 
balance mechanics is the set of all possible physical balances, or if the conceptual 
part consists of Newton mechanics, then I is the class of isolated sets of physical 
bodies. In another example, if MTJ is the set of logical possible situations for a 
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language about the weather conditions, I represents all places in the world that are 
subject to the meteorological theory. As for the distinction between theoretical and 
observational terms, I only consider the unstratified structuralist representation of 
scientific theories. The Ramsey technique used to formulate more sophisticated 
scientific claims, will be kept outside the discussion. It would only unnecessarily 
complicate our comparison. 

Whereas I is a class of systems in the world, Mp(J) is the conceptual representa­
tion ofthis class. It is the MP-related true theory, or shortly, the truth. Obviously, 
not every set of conceptual possibilities combined with every class of intended 
applications will generate an interesting true theory Mp(J). This is the reason for 
Kuipers to introduce the frame-hypothesis which claims that I in combination with 
MP has to generate "a unique, time-independent subset Mp(J) = T of all representa­
tions of the members of' I. 19 In other words, T is time independent. At least 
regarding the natural sciences this does not seem an unreasonable assumption. 
Technically speaking, this subset always exists, since the concepts of MP apply to 
the intended applications, and therefore extensions ofthese functions and relations 
make up the true theory. Whether this true theory is an interesting one depends, 
among other things, on the question whether the extension of some functions and 
relations are non-empty. For example, as far as we know, the true combustion 
theory formulated in terms of phlogiston claims that the extension ofthe phlogiston 
concept is empty. 

Kuipers differentiates between hypotheses and theories.20 The theory Xis 
paraphrased by a subset X of MP accompanied with the claim that X= T, whereas 
Y ~ MP accompanied with the claim that T ~ Y formalizes a hypothesis Y. Thus, 
the truth conditions for hypotheses are weaker than those for theories.21 "Theory 
Xis true or false when its claim 'T = A' is true or false, respectively ." ... "Hypoth­
esis Xis true or false when its claim 'T ~X' is true or false, respectively." Thus Y 
(~ Mp) is true as a hypothesis, iff all y !il!: Y: y !il!: T (y is empirically impossible), and 
X(~ MP) is true as a theory, iff Xis true as hypothesis and for all x EX: x E T (x is 
physically possible). In other words, a hypothesis is true if all the conceptual 
possibilities it excludes are physically impossible. A theory is true not only if its 
excluded conceptual possibilities are indeed physically impossible, but also all the 
admitted conceptual possibilities are physically possible. Consequently, there is 
only one true theory in MP, and there are many true hypotheses (laws) in MP. 
Furthermore, a true theory is also a true hypothesis, and a false hypothesis is also 
a false theory. Occasionally, I will call hypothetical truth and a theoretical truth, 
weak and a strong truth, respectively.22 

Kuipers not only distinguishes between strong and weak truth, he also separates 
descriptive from theoretical truth.23 If a proposition is correct about the actual 
state of affairs, then it is descriptively true. If it is correct about the set of all 
physically possible states, it is theoretically true. These concepts are related to 
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some language or conceptual framework P containing the concepts used to 
describe the relevant cognitive prob lern. Consequently, according to Kuipers, there 
is descriptive. and theoretical verisimilitude, and he will concentrate on theoretical 
verisimilitude as scientific theories try to capture all physical possibilities rather 
than only describe the actual state of affairs. 

Kuipers also uses some model theoretical terminology. By definition, Ywill be 
called a consequence of X iff all conceptual possibilities included by X are also 
included by Y, then, Xis a subset of Y. W e may also write Y E Q(X) in which Q(X) 
:= { Y I X~ Y ~ MP}, the set of all consequences of X.24 Reinterpreting Popper 
model theoretically, Kuipers identifies the empirical content of X by the set of 
conceptual possibilities that are excluded by X. This is of course X, the comple­
ment of X. Also in good Popperian spirit according to Kuipers X is at least as 
falsifiableas Yiff IMp -XI 2: IMp- Yl. This obtains whenXis strongerthan Y-that 
isX~ Y. 

According to Kuipers, x EX is a potential counterexample of the theory X. 25 He 
calls the elements of X n T = T -X the realizable counterexamples, and those 
elements in X n yc = X- T, the virtual counterexamples. The former are the 
physical possibilities wrongly excluded by X, and the latterthe conceptual possibil­
ities wrongly admitted by X. The set of all counterexamples, or falsifiers, of the 
claim X= T is (X- D u (T-X) which will be abbreviated by X~ T. The set of 
realizable examples is of course the intersection of X and T, X n T. The set of all 
virtual examples, X n yc, is the intersection of the complements of X and T. The 
next examples illustrate the terminology. 

EXAMPLE: (the electric light bulb). Kuipers often illustrates his terminology using 
an electric switching circuit. His light bulb example concems a switching circuit 
connecting a battery and a light bulb. 

q 

Fig. 2. A (simplified) circuit 

Figure 2 represents a simple version of such a circuit example?6 L is the light 
bulb, p and q are switches, and the object at the left is a battery. The switches are 
in a black box, and the light, battery, and connecting wires are visible. Let 
P [L, p, q] be a three propositionallanguage interpreted by the light bulb circuit. 
Then MP is equal to Mod(P[L,p, q ]), and it is immediately clear that ..,L 1\ ~ 1\ ..,q 
is the descriptive truth of the example. We also see that T = L ~ (p v q) is the 
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theoretically true theory, since Mod(7) = {(1,1,1), (1,1,0), (1,0,1), (0,0,0)} is the 
set of all physical possibilities (assuming that the battery is charged and the light 
bulb is intact). L ~ (p v q) is an example of a true hypothesis. It rightly excludes 
all conceptual possibilities of its complement. The following table displays Kui­
pers's use of all the other truth-values in this example.Z7 

Table 2. Kuipers's light bulb example 

Propositions 

Descriptively 
(complete) 

Theoretically 
(incomplete) 

weakly (almost usual) 

True: Cn(~L "-p" ~) 
Fa/se: An(L v p v q) 

True: Cn(L ~ (p v q)) 
Fa/se: Prop(P)-Cn(L ~ (p v q)) 

strongly (new) 

True: ~L " -p " ~ 
Fa/se: Prop(P) - (~L "-p" ~) 

True: L~(pvq) 
Fa/se: Prop(P)-(L ~ (p v q)) 

As to the falsifiers, it is easy to confirm that the weak-theoretical falsehood L B p 
has two potential falsifiers. ( 1 ,0, 1) is the only realizable falsifier, and (0,0, 1) is the 
only virtual one. Contrary to the claim of L B p, with p open and q closed, the 
light is on, and with those switch settings L cannot be off. Let us conclude the 
example by noting that the weak truth-values almost coincide with the usual 
valuations in logic. The only difference isthat ifthe truth -r is incomplete, the false 
propositions are those in An(---.-r) instead ofProp(SE)-Cn(-r). Ofcourse the strong 
truth-values are all new. End Examp/e 

EXAMPLE: (the co/oured raven). Let MP consists of the predicates Red, Black, 
Grey and Yellow, and Iet I x consist of all ravens. Moreover, Iet the true theory be 
that "all ravens are black or grey and there are black and grey ravens". Let the 
theory X claim that "all ravens are black or red, and there are ravens with such 
colour". Then, black ravens are realizable, and yellow ravens are virtual examples 
of the claim X= T. Grey ravens are realizable, and red ravens virtual counter 
examples oftbis claim. Finally, a yellow raven isapotential counter example of X, 
and a virtual example of the claim X= T. End Example 

In the preceding, I have introduced Kuipers's paraphrase oftheories and laws in 
structuralist terms, and illustrated his terminology using his light bulb example. In 
the next paragraphs I shall point to some consequences of Kuipers' s theory 
representation. The first consequence ofKuipers' s terminology is the possibility of 
a proposition q>, and his negation ---.q> to be both false in the weak sense. In the 
example, the proposition q> = L " p " q is false on the theoretical Ievel, since it 
erroneously excludes L "p 1\ ---.q; however, the negation of q>, ---.I v ---. p v ---.q, is 
also false in the weak sense, since it wrongly excludes L "P 1\ q. 
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Thus, the preceding taxonomy oftruth-values admits that <p and .....,<p are both 
false in the (weak) logical sense (and therefore in the strong sense). That <p, and .....,<p 

both can be (descriptively and theoretically) false in the strong sense is admissible, 
since it concems a newly introduced concept, but that this can occur in the weak 
sense is, to say the least, remarkable. 

The second remarkable implication of the preceding terminology concems the 
strength of theories. It turnsout that the conceptual strength is inversely propor­
tional to the empirical strength oftheories, and ifboth are equally important, the 
strengths of different theories cannot be compared. I have already mentioned that 
the structuralist theory representation is two-tiered. It consists of a theoretical 
predicate X, and a set of intentional applications I x· Conceptual strengthening of 
hypothesis X consists in restricting the set of logical models of X; therefore for a 
hypothesis X'that is conceptually stronger than X, it follows that X'~ X (t). 
Strengthening by application of X consists in extending lx. In terms of MP-ele­
ments, the second method results in extending Mp(/x); therefore Mp(lx) ~ Mp(Ix1 
(t). Since the empirical claim ofhypotheses reads Mp(lx) ~X, (t) and (t) may 
both apply. 

A problern arises, however, if X and X' are theories, and their claims read: 
X= Mp(lx), andX'= Mp(Ix1· Consequently, regarding theories, if(t) and (t) both 
apply, and the claims of X and X' are correct, then X= X~ Consequently, strictly 
speaking, according to the current theory representation, no theory is conceptually 
and applicatively stronger than X. Consider the light bulb example. There, X' 
= L ~ p implies X= L ~ (p v q), and X' is conceptually stronger than X. On the 
Ievel of the applications, however, the opposite obtains. Xis empirically stronger 
than X'; X takes more risks by allowing a larger set of physically possible situa­
tions.X(rightly) claims thatp may be closed while L gives light-that is (1,0,1) is 
physically possible. This physical possibility is (wrongly) excluded by X~ Thus, 
the empirical claims oftheories make their conceptual strength inversely propor­
tional to their empirical strength.28 

For the moment, I equate the strength of a theory with its logical strength, or the 
extent of the set of implied hypotheses. The set ofhypotheses that are true accord­
ing to the stronger theory includes the set ofhypotheses that are true according to 
the weaker one. As to the applications of theories, I postpone the discussion to 
Chapter 4, which is dedicated to the problern ofthe epistemological question about 
approach to the truth. 

A modal analysis of the foregoing shows that, even if MP is equal to Mod(9!) 
and X = Mod(x), we need to distinguish between the model theoretical claim 
"Mod(x) ~ Mod(9!) represents a theory" and the structuralist claim "X~ MP 
paraphrases a theory". Let 9! be a finite propositionallanguage, and Iet the constit­
uents C; represent its models. Then, the model theoretical claim that x is a theory 
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is tantamount to the claim that x is a disjunction of constituents (the second part is 
redundant) 

X:= V; {C;} ( 1\ [ 1\ j{~C)]). 

Here, C; describe the elements ofMod(x), and c1 the elements ofthe complement 
ofMod(x). The c1 need not be added as x is false on all models ofthe constituents 
not implying x; however, the structuralist claim thatXis a theory implies thatXis 
a conjunction of all physically possible constituents andphysically impossible ones 

X:=" i{ OCi} " "1{~0C) 

Again the Ci describe the elements of X, and c1 describes those of X:. Apart from 
the difference between being disjunctions and conjunctions, in contrast with the 
structuralist claim, the model theoretical one leaves no freedom of choice regarding 
the Ci" In a non-modal set-up the choice of Ci fixes the Cp 29 In due course, we shall 
see that the structuralist approach about physical (in)possibilities requires a modal 
approach. 

To sum up, within one specific context of relevant concepts MP, the unstratified 
structuralist representation (p. 44) ofthe theory X consists oftwo parts: 

1. The logical or conceptual part asserts that the conceptual possibilities 
excluded by X are physically impossible, and those that are included are 
physically possible. Strengthening the conceptual part of X means a de­
creaseofX 

2. The application part, delineating the intended applications ofthe theory X, 
lx. 

Strengthening the intended applications of X implies an increase of Mp(I x), and via 
the empirical claim, Mp(I x) =X, an increase of X. For the time being, I equate the 
strength of a theory with its conceptual or logical strength. 

2.3.2. Structuralist Verisimilitude 

Kuipers aims at a definition of theoretical approach to truth. Roughly speaking, 
Popper's intuitions about the theory Y being more verisimilar than X can be 
coinprised as follows, Y includes the true claims of X. and X includes the false 
claims of Y. Kuipers's paraphrase of Popper's intuitions reads, all the admitted 
conceptual mistak:es of Y are also conceptual mistak:es of X, Y-T ~ X-T, and all 
the rightly included physical possibilities of X are also included by Y, T-Y ~ T-X. 
Or in Kuipers's terms: "Yhas less (realizable and virtual) counterexamples thanX 
has". Consequently, Kuipers gives the following comparative verisimilitude 
definition. 30 
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DEFINITION 2.2: Let X, Y, T ~ MP. Then, the theory Y is at least as close to the 
truth T as the theory X, NTL(X, Y, T), if and only if: Y ll T ~ X ll T. 

Notation: Y :$:~X 

Or in terms of sets of models: 'I' :$:~ q> :=def Mod('!') ll Mod('t') ~ Mod(q>) ll 
Mod('t'). Note that Y :$:~X presupposes lx = Iy =I, and therefore that Mp(Ix) = 
Mp(I y) = MP(I) = T. In other words, two theories can only be competitors in the 
struggle for being the closest to the truth if the frame-hypothesis applies and the 
sets of intended applications are identical. 

Fig. 3. Kuipers's ~-definition 

Kuipers bifurcates definition 2.2 into two clauses. According to hismodal interpre­
tation the first clause says thatX excludes the physical possibilities that Yexcludes 
T- Y ~ T-X or Y n T 2 X n T. Kuipers calls this clause the instantial clause (Ni). 
It is equivalent to the constraint that (X n 1) - Y = 0. I call it the antecedence 
clause, the An-clause (Section 2.4). According to the modal interpretation, the 
second clause claims that all the conceptual failures of Y are also made by X; 
Y- T ~X- T. Kuipers calls the latter the explanatory clause (Nii). He reformulates 
it by Q(1) n Q(Y) 2 Q(1) n Q(X), and it is equal to the restriction Y- (Xu 1) 
= 0. The name of this clause alludes to the fact that Q(Y) is the set of all conse­
quences of Y. All the true hypotheses explained by X, are also explained by Y. I call 
(Nii) the consequence clause, the Cn-clause, as it concerns the logical implications 
ofthe theories. A deeper understanding ofthe relationbetween the Cn-clause and 
the An-clause will come about after the algebraic analysis of the symmetric 
difference measure in Chapter 6. 

Formally, Kuipers's definition is the same as Miller's definition 2.1 (page 42) 
which takes the Boolean algebra of the quotient space M* as point of departure. 
Regarding the finite case, the only difference is that Miller assumes that the truth 
is complete, which is equal to the assumption that the truth is an atom in the 
algebra. The modal interpretation claims, however, that when the truth is repre­
sented by a singleton, we are dealing with the problern of approach to the descrip­
tive truth whereas we ought to concentrate on theoretical truth. From the latter 
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point of view, the truth being a singleton is just a borderline case. Nonetheless, 
Y s {t} X is weil defined, and it suffers from the same drawbacks as Miller's 
definition. In the remaining text, ifthe completeness ofthe truth is irrelevant, I call 
it the Ll-definition, or the symmetric difference measure. 

Finally, it may be worthwhile toremarkthat the .Ll-definition treats all false but 
complete answers on the same footing. This is an important characteristic of 
content definitions. Ifthe truth is complete (and finitely axiomatizable), then there 
is no pair of other complete theories whose verisimilitude can mutually be com­
pared. This is due to the constraint that, regarding the similarity between formal 
propositions, content definitions only take the logical strength and the truth-value 
into account. Since the verisimilitude of constituents is uncomparable, Kuipers 
calls content definitions, naive definitions. 

Fig. 4. ~~-ordering ofProp(!ffp,q]) 

Figure 4 presents the Hasse-diagram of the st1-ordering of Prop(Sf[p,q]). The 
lowest element is the closest to the truth; if two elements are linked by a line, the 
subordinate is more verisimilar than the superior. The verisimilitude of elements 
that arenot connected is uncomparable. The diagram shows that the verisimilitude 
ofthe false constituents is uncomparable. The Cn-clause establishes the ordering 
along the continuous lines; it orders the false propositions (top-layer) and the true 
ones (lower-layer); the An-clause fixes the ordering along the dotted lines. Dia­
grams such as in Figure 4, will help us to understand the important differences 
between the various definitions presented in this study. 
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2. 3. 3. The Quantitative Content Definition 

Kuipers also gives a quantitative version of his verisimilitude definition. lt is 
brought about by substituting the symmetric difference measure by comparing the 
cardinalities of the symmetric differences. Thus, the content distance between X 
and Y equals the size ofthe symmetric difference between both sets: 

NTD(X,1) :=IX ß Tl= IX-Tl+ IT-XI 

The function NTD: MP x MP ~ R is a semimetric on MP (p. 30). Kuipers desig­
nates IX-TI, the distance from X to T, by NTD(X\1). Note that, as in the qualita­
tive situation, the size of X n T (relative to X u 1) does not contribute to this 
content measure of distance. Kuipers' s quantitative content definition now reads:31 

DEFINITION 2.3: Let X, Y and Tbe subsets of MP. The theory Y is quantitatively at 
least as verisimilar as X, iff NTD(Y,1) :s; NTD(.X,1) 

Notation: Y :s;q.n X 

P++..,q -.p 

pvq -.pvq 

p P++ q q 

Fig. 5. The ~f!'- ordering ofProp(:t'[p, q]). 

Trivially, for any pair X and Y, Y :s;~Ximplies Y :s;~n X. The quantitative content 
definition is stronger than the qualitative one; it relates more theories. F or instance, 
all false constituents receive the same distance to the truth. The relation between 
the two definitions is as follows. The qualitative definition claims that (Xn1)- Y 
and Y-(Xu1) are empty, whereas the quantitative definition only demands that 

I(Xn1)-YI + IY-(Xu1)1 :s; I(Yn1)-XI + IX-(Yu1)1 
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Figure 5 displays the quantitative content ordering of the Prop(~[p, q]). An 
element in the ordering is a set of propositions with the same distance top 1\ q. 

2.4. COMPARING THE CONTENT DEFINITIONS 

Although Miller and Kuipers disagree about the completeness of the truth, their 
formal definitions are equivalent. I designate the symmetric difference ordering by 
~~- While presenting Miller's definition, I mentioned the fact if the truth is 
axiomatizable, then the symmetric difference measure is an appropriate measure on 
propositions (Lindenbaum algebra) and models (Stone space). The next proposi­
tion gives four different descriptions of the ~-definition. Suppose ~ is a formal 
language with axiomatizable empirical truth 't. 

PROPOSITION 2.1: If <p, \jl, and 't be elements ofProp{~), Then 
Mod('l') ~ Mod('t) ~ Mod(<p) ~ Mod('t) ~ 
a. Cn(<p) n Cn('t) ~ Cn(\jl) and b. An(<p) r. An('t) ~ An('l') 

Proof Mod('l') ~ Mod('t) ~ Mod(<p) ~ Mod('t) ~ l.a Mod(\ji)-Mod('t) ~ 
Mod(<p) and b. Mod(T)-Mod(\jl) ~ Mod(T)-Mod(<p) ~ 2.a Mod(\jl) ~ Mod(<p) u 
Mod('t) and b. Mod(<p) n Mod('t) ~ Mod('l') ~ 3.a 'I' ( v 't) 1= <p v 't and b. 
<p 1\ 't I= \jl ( 1\ 't) (since Cn(<p v 'I')= Cn(<p) ~ n Cn(\jl), (t) and An(<p 1\ 'I')= 
An(<p) n An(\jl), (t)) ~ 4 a. Cn(<p) n Cn('t) ~ Cn(\jl) and b. An(<p) n An('t) ~ 
An(\jl). 1!!1 

The proofuses Kuipers's proposal to use the reflexive formulation and to distin­
guish between a. the explanatory clause and b. the instantial clause. Clearly, clause 
3.a and (t) together imply that a. is equivalent to the Cn-clause Cn(<p) n Cn('t) ~ 
Cn(\jl). Consequently, the ~-definition is strictly weaker than the consequence 
definition: for all propositions 'I' and <p: if\jl ~~ <p, then 'I'~+ <p.32 On the other 
hand, if 't = p 1\ q, \jl = p 1\ -.q, and <p = p v q, then 'I' ~+ <p and 'I' $,~ <p. Further, 
3.b and (t) together imply that An(<p) n An(T) ~ An(\jl), and that is the reason for 
calling b. the antecedence clause. In brief, the ~-definition replaced the falsity 
clause by the antecedence clause. Chapter 6 contains a moreextensive study into 
the relation between the ~~- and the ~+-ordering. The next observation gives the 
shortest syntactical expression ofthe ~-definition. 

Observation 2.2: For \jl, <p and 't e Prop(~), 'I' is at least as close to 't as <p, that is 
\jl ~~ <p, iff <p B 't I= \jl B 't 

Proof \jl ~~ <p ~ [ (t) \jl v 't I= <p v 't and (t) <p 1\ 't I= \jl 1\ 't] ~ 
((t) 't V (-,<p 1\ _,'t) I= 't V (-,\jl 1\ _,'t) and (t) _,'t V (<p 1\ 't) I= -,'t V (\jl 1\ 't)) ~ 
((t) _,<p V 't I= _,\jl V 't and (t) <p V _,'t I= \jl V _,'t) ~ 
[(t) <p --)- 't I= \jl-)o't, and (t) 't-)o<p I= 't--)- '1'1 1!!1 
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Until now, I have not presupposed the completeness of the empirical truth. The 
next observation, however, only obtains under this assumption. 

PROPOSITION 2.3: Let 't be the complete truth of Prop(SE). Then for all \jl, q> e 
Prop(SE): 'I' ~~ q> ~ [(( 't ~ 'I') A ('I' ~ q> )) v (('I' ~ q>) A ( q> ~ ...,'t)) v 
{('t ~ \jl) A (q> ~ ...,'t) A (\jl I= (q> V 't))}) 

Proof Let 'I' ~~ q>; since 't is complete, we need only consider four truth-value 
distributions for 'I' and q>. 1. Let q>, 'I' e Cn('t); then 3.a, b ofprop. 2.1 show that 
'I' ~~ q> reduces to 'I' I= q>. 2. Let q>, 'I' e An(...,'t); then l.a, b ofprop. 2.1 show that 
'I' ~~ q> also reduces to 'I' I= q>. 3. Let 'I' e Cn('t), q> e An(...,'t); then 3.a, b ofprop. 
2.1 showthat 'I'~~ q> reduces to 'I' I= q> v 't. 4. Let4. q> e Cn('t), 'I' e An(...,'t); then 
2.b of prop. 2.1 implies 'I' :1;;~ q>. This proves the proposition, as these are all 
possible situations. ll!l 

The preceding proposition gives a good intuition ofthe il-definition when the truth 
is complete. It shows that under that circumstance the il-definition equals the 
implication relation for propositions with the same truth-value; if 'I' and q> have 
different truth-values, then 'I' ~~ q> equals 'I' I= q> v 't. Thus, the verisimilitude of 
two propositions of the same logical strength and truth-value, is uncomparable. 
Another property of the il-definition is the preference of the contradiction to all 
consistent false propositions. 

Observation 2.4: 1. For all consistent false q> e Prop(SE): J. <~ q>; 2. for all consis-
tent true q> e Prop(SE): q> <~ T. 

Proof 1. If q> e An(...,'t), then Mod('t) L\ Mod(J.) = Mod('t) c Mod(q>) L\ Mod('t). 
2. If q> e Cn('t), then Mod(q>) L\ Mod('t) = Mod(q>)- Mod('t) c Mod(T); and 
q><~T. ll!l 

Discovering whether a theory is a contradiction ( or a tautology) is an a priori affair; 
as the contradiction and the tautology have no empirical content, we drop them as 
serious approach-to-the-truth candidates. Next we prove that using the Ll-content 
definition we cannot compare any q> with its negation if q> ,. 't. 

Observation 2.5: 'I' ~~ ...,'1' iff\jl = 't 
Proof <=: Trivially true. =>:Let 'I'~~ ...,\jl; then 'I' 1= ...,'1' v 't which implies 'I' I= 't. 
In addition ...,'1' A 't I= 'I' which implies 't I= 'I' therefore 'I' = 't. ll!l 

The preceding proposition claims that according to the il-definition the verisimili­
tude of an empirical theory cannot be compared with that of its negation; except if 
it is the truth. This is a remarkable feature ofthe L\-definition. For example, if p A q 
is the truth, p A q A r :1;;~ -p v ...,q v ...,r. It is the An-clause that is responsible for 
this truth-value feature since p A q A r ~~ -p v ...,q v ...,r; however the difference 
only matters ifthe compared theories have differenttruth-values. In practice, where 
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all theories are likely to be false, the difference is not relevant. Furthermore, as 
Miller's objection 5 (p. 41) shows, ifthe truth is complete but not axiomatizable, 
then the An-clause evaporates and only a !arger truth content suffices to be closer 
to the truth. Under these special circumstances, the .1.-definition is equivalent to the 
consequence definition, and they are both equivalent to the logical deduction 
relation. 

At the end of subsection 2.2.2, I referred to the next remarkable consequence of 
the .1.-definition in case the truth is not axiomatizable. Recall that Cnst( <p) is the set 
of all constituents that imply <p. 

PROPOSITION 2.6: If the truth is complete and not axiomatizable, then no true 
proposition is .1.-comparable with any false proposition. 

Proof Assurne that proposition \jl is true, proposition <p is false and \jl :$;6. <p. Then 
there is a true ß E Cnst(\jl) with ß Ii!: Cnst(<p). Since the truth is complete and not 
axiomatizable there is ap Ii!: voc(\jl) u voc(<p) such thatp or its negation is true. 
Assurne the truth ofp. Certainly, ß 1\ -p 1= 'I' and ß 1\ -p t:J: <p and since ß 1\ -p 
is false and not Contradietory there is a model CJ.R E Mod(ß 1\ -p) suchthat CJ.R E 

{Mod(\jl) L\ {QB}} and cm Ii!: {Mod(<p) L\ {QB}} (if -p were true Substitute p for 
-p). Hence, 'I' $6 <p, and a contradiction arises; therefore not 'I' :$; 6 <p. 181 

2.5. THE PROPERTIES OF THE CONTENT DEFINITIONS 

Metatheoretical properties of approach-to-the-truth definitions were introduced in 
Chapter 1 and these properties will be instrumental for the assessment ofthe three 
content definitions, viz. the consequence definition, and Miller's and Kuipers's 
versions of the .1.-definition. In this section, we assume that the complete truth of 
language SE is axiomatizable. 33 Before discussing the metatheoretical properties of 
the first chapter, we first mention the nature ofthe :$;D.-ordering. In subsection 1.4.1 
we saw that :$;+ preorders Prop(S/!) ( observ. 1.4, p. 20). Herewe show that Miller' s 
and Kuipers's addition ofthe An-clause makes :$; 6 a partial ordering. 

Observation 2. 7: :$; 6 is a (weak) partial ordering ofProp(SE). 
Proof The reflexivity and transitivity of :$; 6 immediately follows ftom Observation 
2.2 (p. 52). Now for the antisymmetry, assume that 'I':$;~ <p and <p :$;~ \jl; then, the 
same observation implies <p ~ -r = 'I' ~ -r; this implies <p ~ \jl and \jl ~ <p, and 
therefore 'I' = <p. 181 

PROPOSITION 2.8: For all 't E Prop(S/!) :$;~ is a lattice on Prop(S/!). 

Proof (together with Krabbe): Let for arbitrary \jl, <p and -r, Y := Mod(\jl), X:= 
Mod( <p) and T := Mod( -r). Since we know that :$; 6 is a (weak) partial ordering on 
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Prop(9!) we only need to show thatX and Yhave 1. a supremum, and 2. an infimum. 
1. Let us define the supremum of X and Y by X v"' Y := ( (Xu Y)-1) u (Xn Y 

n1) (the union of X and Y 'outside T' and intersection 'inside T'). Wehave to 
verify whether a. X ~~ X v"' Y, b. Y ~~ X v"' Y, and c. For all Z with X~~ Z 
and Y ~~ Z holds Xv"' Y ~~ Z. First notice that (Xv"'Y)!!. T= (T-(XnY)) u 
((XuY) -1). a. Since (T-X) u (X-1) ~ (T-(XnY)) u ((XuY)-1), X~~ Xv"' Y 
obtains. b. For reasons of symmetry Y ~~ X v"' Y also holds. c. Let X~~ Z and 
Y ~~ Z obtain for some Z; then (X !!.1) u (Y !!.1) ~ (Z !!.1), and therefore (T­
(XnY)) u ((XuY)-1) ~ (Z !!.1); thus (Xv"'Y)!!. T~ (Z !!.1). Let us turn to the 
argument conceming the infimum. 

2. Let us define the infimum ofX and Y by X A"'Y := ((XuY)n1)u((XnY)-1) 
(the intersection of X and Y 'outside T' and union 'inside T'). Then (X /\"' Y) !!. T 
= (T-(XvY)) u ((XnY)-1); therefore a. X/\"' Y ~~X since (T-(XvY)) u 
((XnY)-1) ~ (T-X) u (X-1); b. for reasons of symmetry X/\"' Y ~~ Yholds. 
Finally, iffor some Z, Z ~~ XandZ ~~ Yhold, then Z!!. T~ (X !!.1) n (Y !!.1) = 

(X/\"' Y) !!. T, which comesdown to Z ~~ X/\"' Y. Thus ~~ is a lattice on Prop(9!). 
llll 

2. 5.1. The .t1-definition and Popper 's revision are content definitions 

Irrespective ofthe completeness ofthe truth, according to the !l-definition and the 
+-definition, there is no theory worse than -.'t as for all cp e Prop(9!) applies: 
-.• B 't I= cp B 't. In Miller's model, in which all propositions are positioned on a 
globe, 't and -.. are antipodes. All other propositions scattered on the globe are 
between truth and falsehood. Consequently, the ll- and +-definition are content 
definitions. 

Proposition 2.3 (p. 53) shows why the two definitions are also subject to the 
child's-play objection. The first two disjuncts show that for two theories with the 
same truth-value, the !l-definition equals the +-definition. Thus, the two content 
definitions claim that, if 'I' implies a false cp, then it is closer to the truth than cp. 
Consequently, ifthe theory cp is false, then all theories cp 1\ :x. are closer to the truth 
than cp; even if :x. is a fairy tale. 

2.5.2. Truth-value dependency 

According to the ll-definition, no false theory is better than any true theory (see 
proposition 2.3). In terms ofSection 1.5 this means that ifthe truth 't is axiomatiz­
able, then the !l-definition is truth-value dependent, and the consequence definition 
is truth-value independent. The latter is obvious since, if cp e Cn(•), 'I' e An(-.'t), 
and 'I' I= cp, then, according to the consequence definition, 'I' is at least as close to 
the truth as cp. As mentioned before (p. 41), this difference between Popper's 
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revision and the Ll-definition disappears, if the truth is not axiomatizable, since 
then the truth-content of <p fails to be axiomatizable, and the two definitions are 
identical. 

2. 5. 3. Specularity 

At the end of Chapter 1, I defined specularity. A verisimilitude ordering <, has the 
specularity property iffor all 'I' and <p ofProp(P), 'I'<, <p <:::> ~'I'<~, ~<p. Strictly 
speaking only Kuipers's content definition is specular, and Miller's is not, since 
Miller assumes that the truth is complete. If we skip this condition we may con­
clude that the Ll-definition is specular. Let the truth of P be axiomatizable; then, 
for all 'I' and <p of Prop(P) 'I' ::;:;~ <p <:::> ~'I' ::;:;~, ~<p since, obviously, <p ~ • I= 

'I' ~ "t is necessary and sufficient for ~<p ~~.I= ~'I'~~ •. In these elementary 
circumstances, besides Millers assumption about the completeness ofthe truth, the 
consequence definition Iacks the specularity property foranother reason. 'I' I= <p v • 
(t) is not equivalent to ~'I' 1= ~<p v ~. (t). For example, consider the case in which 
<p and • are true and 'I' is false. Then, (t) is true, and (t) is false. It is the An-clause 
that makes the Ll-definition specular. 

2.5.4. Context dependence 

In this subsection, we consider the context dependence ofthe ::;:; 6 -ordering, andin 
Chapter 6 (subsection 6.3.4) we will focus on the context dependency of the +­
ordering. 

PROPOSITION 2.9: The ::;:; 6 -ordering is weakly context independent. 

Proof Let <p, 'I' E EmProp(P) and <p ;;!!; 'I' for some P with complete truth •· Let 
P' 2 P be some expansion ofP with complete truth •' and Iet 'I'<~ <p. Wehave to 
prove that (<p ~ •) 1= ('I'~ •) implies ('I'~ •') tf (<p ~ •') (1= is the deduction 
relation in P and in P '). Evidently, if 'I' is true and <p is false, the truth-value 
dependency of <~ excludes <p <~. 'I'. Consequently, we need only consider the case 
in which 'I'<~ <p equals 'I' I= <p, 'I' and <p having the same truth-value (see observ. 
2.2, p. 52). Since <p ;;!!; 'I' and 'I' 1= <p, 3 CJJ1 E Mod(P ') suchthat CJJ1 1= <p, CJJ1 I= ~'I' 
and since 'I'<~ <p, CJJ1 tf "t. As CJJ1 tf •' (•' 1= •), and CJJ1 tf \jl, 9)11= 'I'~ •' and 
CJJ1 tf <p ~ •'; therefore ('I'~ •') tf (<p ~ •'). 181 

EXAMPLE: In P[p],p is closerto p than -p:p :::;;~ -p. Afterall (-p ~ p) I= (p ~ p). 
In the expansion P '[p,q ], p and -p are uncomparable (~) according to the Ll­
definition: 

(p 1\ q) V (p 1\ ~q) ~~1\q (-p 1\ q) V (-p 1\ ~q) 
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since (1,0) E Mod(p) ß Mod(p "q) and (0,1) ~ Mod(-p) ß Mod(p" q). The same 
holds for the logical expansion of p ~ P -p into P- ss [p] which in modal constituents 
reads: 

(p 1\ 0-p) V (p 1\ -,0-p) ~~ A 0-p (-p 1\ Op) V (-p 1\ -,Op) 

EndExample 

Although the ß-definition is weakly context independent, the preceding example 
shows that the ß-definition is not strongly context independent; and the example 
is no coincidence. Generally, if'l' ~~ <p, and 'I' is true and <p false, then an expan­
sion of the language, and the completeness of the truth in the new language, 
tagether create a possibility for a new, false, constituent to imply 'I' but not to 
imply <p. For instance, although p ~NI ....,q in P-[p, q],p and ....,q are uncomparable 
regarding the truth p " q " r, p ~P A q Ar ....,q, in P- [p, q, r] since p " q 1\ ....,r implies 
both p and ....,q but is not a constituent of the truth. The same holds for modal 
expansions. An expansion ofthe logical vocabulary, however, will notreverse the 
original ~l\-ordering. 

2.5.5. Disappearance ofthefalsifity clause 

In the ß-definition, the Cn-clause is more important than the An-clause. First, 
proposition 2.3 (p. 53) shows that, if -r is complete, and 'I' and <p have the same 
truth-value, then the ß-definition is equivalent to Popper's revision; and ifthe truth 
is not axiomatizable, even these truth-value conditions can be cancelled. Differ­
ences between the Cn- and the ß-definition come about ifthe truth -r is incomplete; 
e.g. if <p I= 'I' 1= -r. Then, the An-clause manages to render <p less verisimilar than 'I' 
whereas according to the +-definition the verisimilitude of <p and 'I' is the same; <p 
and 'I' have the same set oftrue consequences. Further, the orderlog impact ofthe 
An-clause is on the truth-value ofthe theory, not on the truth-values ofits conse­
quences. It prohibits a false theory to be closer to the truth than a true one, even if 
the truth is complete, and <p is logically much stronger than 'I'· In short, the An­
clause is not the full-fledged falsity clause that Popper wanted his verisimilitude 
definition to possess. For all these reasons, it is more appropriate to consider the ß­
definition as a sophisticated version of The consequence definition than as a 
mature successor ofPopper's original proposal. In a way, accepting the ß-defini­
tion is tantamount to dropping Popper' s original demand that the better theory can 
exceed the merits ofits predecessor, and avoid some ofits drawbacks, ifthe latter 
has been paraphrased by false consequences. This conclusion fits weil to my non­
monotanie diagnosis in the first chapter. The combination ofthe Cn-clause with a 
full-fledged falsity clause requires a non-monotanie system. 
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2.5.6. Complete Truth Discussion 

In the approach-to-the-truth project, there is an apparent controversy about the 
complete truth assumption. The two representatives of the ß-definition disagree 
about the question whether the truth is complete. Kuipers explicitly claims that 
"empirical theories are not, and should not be, complete."34 Niiniluoto maintains 
that "this formulation is misleading. "35 Miller assumes that the truth is complete. 
To keep the account as simple as possible, again, I shall confine the discussion of 
the differences of opinion to the finite propositional case. In the sequel, complete­
ness will be used in the following sense. The theory -r is complete with regards to 
some language 9! iff: 

Vcp E Prop(9!) -r 1= <p or -r 1= --.cp 

or, which comes down to the same, all the models of -r are elementary equivalent. 
From Millerand Popper's point ofview, approach to the truth has tobe based on 
logical strength and truth-value. Thus, the verisimilitude of a proposition can only 
be fixed if it has adefinite truth-value. Kuipers's proposal showed that Miller's 
definition can also be applied ifthe truth is not complete; however, ifpropositions 
without adefinite truth-value are ordered using the symmetric difference defini­
tion, verisimilitude resembles many-valued logic. The paradigmatic examples of 
Kuipers's content definition are those in which Mod(X) n Mod(7) ::F- 0 and 
Mod(X) n Mod(7)c ::F- 0. Those theories X Iack adefinite truth-value. Conse­
quently, one can defend the claim that Kuipers's content definitionisavariant of 
(comparative) many-valued logic. It establishes a partial ordering oftruth-values. 
Popper and most other participants in the project want to avoid this "many-valued 
logic" character. Thus, when defining verisimilitude, they assume a complete truth, 
and use a classical and definite language. 

Kuipers' s argument in favour of an incomplete truth starts from another point of 
view. 36 His basic consideration isthat a scientific law has something to do with all 
physical/y possible states of affairs. He claims that the complete truth is identical 
to a complete description of the actual state of affairs. Consequently, approach-to­
the-truth definitions assuming a complete truth explicate approach to the descrip­
tive truth. Kuipers considers approach to the theoretical truth to be more relevant 
for science than descriptive truthlikeness, since science pursues knowledge about 
all physically possible states of affairs instead of only the actual one. 37 According 
to the structuralists, the truth is typically a set of structures, and the truth as a 
singleton is exceptional. Kuipers sometimes adds the following line of argument to 
illustrate his point of view. Scientific laws must be weak propositions, since they 
do not fix a particular state of affairs about some realistic system without adding 
initial conditions. For instance, Newton's laws do not forecast the exact orbit of 
Neptune without adding initial information about its mass, distance to the sun, and 
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so forth. It pinpoints descriptive information about particular systems only in 

combination with these initial conditions. 
Kuipers's argument in favour ofincompleteness ofthe truth contains a fallacy. 

Hisargument has the following scheme: 

1. the (theoretical) truth is physical realizability of P -structures 
2. more than one P -structures can be realized 
3. a complete theory is true only on one P-structure 
----------- [therefore] 
4. the truth is not complete 

In this paraphrase ofthe argument the notion "truth" is clearly ambiguous; there­
fore 4. does not follow from 1., 2. and 3. In reality, the truth of 1. is modal whereas 

the truth of 4. is not; in one modal model a number of possible structures may be 
accessible (compare the situation of the light bulb example). Consequently, we 
must distinguish between the truth of P, and the truth of some related modal 
language, for instance, P ss· The truth about the realizability (the P s5-truth) is 

complete in the sense that it fixes for all structures of P whether it is realizable or 

not. The truth of P ss is therefore complete in the language P SJ· The real scheme of 
Kuipers's argument, therefore reads: 

1 *. the truth of P ss is physical realizability of P -structures 
2. more than one P -structure can be realized, 
3*. a complete Psrtheory is true only on one Psrmodel 
----------- [therefore] 
4 *. the P srtruth is not complete 

There is no incompatibility between the statement that the truth of P ss is complete 
and that more than one P-structure is realizable according tothat complete S5-

truth. Consequently, 4* does not follow from 1 *, 2 and 3*. In the next section I 
shall formulate Kuipers's modal verisimilitude intuitions in a S5-language. Then, 
we shall see that the new modal formulation of the ~-definition manages to 

combine Miller and Kuipers 's point of view about the truth. 
Finally, Kuipers (1992) does not mention the incompleteness of the truth. In 

private conversation, however, Kuipers maintains that in his new approach all 
theories are "total" in the following sense. The theories assert about all conceptual 
possible worlds, whether it is physically possible or impossible. As we have seen 
in subsection 2.3.1 this means that no theory can be conceptually and applicatively 

stronger than another theory. Whatever the consequences of this last point of view 
might be, if MP is a universe of possible worlds, Kuipers maintains that the truth 
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must be represented by a subset of those possible worlds, whereas Miller claims 
that the truth is supposed to be a singleton. 

2.6. TWO MODAL PROPOSALS 

Now that the important content definitions have been presented, in this last section 

I propose two modal eontent definitions, whieh retain the merits of the existing 
eontent proposals and avoid some of their drawbaeks. In the first subseetion, I 
summarize some problems of ~-definition. Next, I shall introduee some formal 
preliminaries. In subseetion 2.6.4, I formulate Kuipers's ideas about an adequate 
eontent definition in modal terms. This results in the double symmetric difference 
definition, whieh solves the problems of Kuipers's formal eontent proposal, and 
does not suffer from the ehild's-play argument. In the fourth subseetion, I show 
that we ean add a full-blooded falsity clause to a modal reformulation of the +­
definition. This final modal proposal improves the double symmetrie differenee 
definition. 

2. 6.1. Difficulties 

As we saw in Seetion 2.5, the ~-definition has to eope with serious problems. The 
following three are the most important ones. First, regarding the ~-definition, it is 
a child 's play to improve a falsified theory. Every anteeedent of a false theory cp is 
closer to the truth than cp itself. Seeond, it is ineomprehensible that seientists 
propose highly abstraet theories sinee the latter are very likely to be false, and, due 
to the An-clause ofthe ~-definition, false theories are never closer to the truth than 
a true theory; the ~-proposal is truth-value dependent. Third, if the eompared 
propositions have the same truth-value, and the truth is eomplete, whieh is the 
normal situation, the LJ-definition reduces to the Cn-proposal, and therefore fails 

to explain Popper's emphasis on falsifieation. From a likeness point of view, we 
eould even add that the eontent definition does not eonsider the similarity between 
possible worlds. Miller, however, does not eonsider this a disadvantage sinee it 
Ieads to the "language dependent" approaeh to the truth. 

As Kuipers's and Miller's eontent proposals are formally the same, they suffer 
from the same drawbaeks. Kuipers, however, sketehes an interesting, intuitive 
modal interpretation of the symmetrie differenee definition. lnspired by the 
strueturalist approaeh, he reeognizes the importanee ofthe distinetion between the 
eoneeptual part, and the empirieal part of a theory. Although this intuitive deserip­
tion is an important eontribution, its formal presentation has two undesirable 
implieations. First, Kuipers paraphrases his modal intuitions using an incomp/ete 

truth (subseetion 2.5.6). Consequently, his proposal displays features of many­
valued logie. Kuipers uses at least two different notions oftruth and falsity, and 
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according ~o these truth-values, a proposition and its negation can be false (in the 
normal and strong sense). Second, the modal interpretation prohibits the compari­
son of the strength of empirical theories. As shown in subsection 2.3 .1, if the 
theory Xis logically stronger than the theory Y, X~ Y, then X cannot be empiri­
cally stronger than Y, Y ~ X. Thus, the formal definition fails to do justice to the 
intuitive appealing separation ofthe conceptual and empirical parts ofa theory. In 
the ideal situation, the conceptual and empirical parts are independent. 

We are not alone in criticizing Kuipers's use of structures. Niiniluoto also 
objects to Kuipers's use ofpossible worlds.38 He mentions two possible solutions 
to the problem. The first is to change Kuipers's paraphrase of a theory into 

(±)Oa.1 A ... "(±)Oa; " ... "(±)Oa.n 

in which <X; are constituents of some non-modal formallanguage fl. As it empha­
sizes the physical possibility of the structures, this proposal is inspired by the 
instantial clause. Niiniluoto' s second proposal is to replace the non-modal constitu­
ents in the original definition by nomic constituents, 

(6) A;Oa.;" a.1 " D(V;a;).39 

This is the way Niiniluoto incorporates the criticism of Cohen according to which 
science strives at (true) laws instead of sheer truth.40 

My modal proposals start with Niiniluoto's second suggestion. This enables us 
to combine ideas about physical (im)possibilities and the structuralist two-tiered 
representation oftheories. Additionally, we can restore both clauses ofPopper's 
original definition. Preserving the advantages ofthe preceding content definitions, 
the modal approach avoids most of the known content drawbacks. Moreover, it 
even explains some shortcomings of the A-definition. First, Iet us consider the 
modal preliminaries, which form the basis for both modal definitions. 

2. 6.2. The Modal Preliminaries 

The coming modal approach-to-the-truth definitions order the propositions of a 
finite modal propositionallanguage fl85 [p1, ... ,pn] 2 fl[p /> .•• ,pn], or fl85 in short. 
fl 85 is the consetvative modal extension of fl. Prop(fl 85) designates the set of all 
fl 85 sentences modulo logical equivalence. Semantically, the modal models offl 85, 

Mod(fl 85) are defined by CJJl := ( W, R, V) in which 

W is a set of possible worlds 
Re W x W; (in S5, R is an equivalence relation) 
V is an unambiguous valuation assignment for all P; e voc(fl) on all 
WE W 41 
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In the context offinite S5languages, V defines a bijection between the elements of 

Cnst(Sf) and W of any 9Jl. The possible worlds in Wmust be distinguished from the 

set ofthe modal fl5s-models. Thesemodelsare described by the modal constituents 

y E Cnst0 (Sf 55). The distinction between the set of possible worlds Wand the set 

of modal models Mod(Sf 55), plays an important roJe in the coming modal defini­

tions. Since in S5-languages R is an equivalence relation, it bifurcates Win a subset 

of accessible, and a subset of inaccessible worlds. For instance, in Si: 55 [p,q ], W = 
{(1,1), (10), (0,1), (0,0)}, and there are 42-1 possible non-empty R-relations, and 

Si: srconstituents. First, Iet us consider the modal constituents of Si: 55. An Si: sr 

constituent is an enumeration ofthe actual world, and all possible and impossible 

worlds. In principle, it has the following form: 

y := Oa I 1\ ... 1\ Oam-1 1\ am 1\ -.oam+ I 1\ ..• 1\ -.oan 

in which {a1 ... an}= Cnst(Sf) represents all possible worlds, the constituents of 

the corresponding language Sl:[p1, ... ,pn]. The Sf55-constituent consists of three 

parts. The first part, Oa1 1\ .•• 1\ Oam-l• fixes the possible 9:-constituents ofthe 

model. Second, am describes the actual world. Finally, -.oam+l 1\ .•• 1\ -.oan 

describes the words that are impossible. In other words, y claims for all possible 

worlds whether it is accessible. As -.Op equals 0-p, -.oam+l 1\ ... 1\ -.oan equals 

o-.am+ I 1\ ... 1\ o-.an' which equals D(...,am+ I 1\ ... 1\ ...,an). Hence an 9: sr 

constituent y may be paraphrased by 

(7) y :=DA. 1\ Oa1 1\ ... 1\ Oam-l 1\ am with A. := ...,am+l 1\ ... 1\ ...,an 

since y bifurcates Cnst(SE), a 1 v ... v am = A.. For incomplete \jf, however, 

a 1 v ... v am only implies A.. For example, D(p v q) 1\ (p 1\ q) 1\ 0(-p 1\ q) 1\ 

O(p 1\ ...,q) is a constituent in which A. = p v q; and 'V := D(p v q) 1\ 0(-p 1\ q) 1\ 

O(p 1\ ...,q) is an incomplete proposition where (...,p 1\ q) v (p 1\ ...,q) I= p v q. It 

claims that p 1\ ...,q and -p 1\ q, the "included worlds," are physically possible, and 

-p 1\ ...,q, the "excluded world," is physically impossible. Wrdi('l') refers to the set 

ofworlds excluded by \jf; and Wrde('l') designates the group of\jf-included worlds. 

Let me be somewhat more precise. Let voc(SE) = voc(9:55), and Iet W be the 

domain of 9Jl E Mod(SE 55), and finally Iet 'I' E Prop(SE 55). Then, the worlds 

included by "'' are defined by: Wrdi('l') := {w E W I w 1= a with a E Cnst(SE), and 
'I' 1- 0 a}; the worlds excluded by 'I', are defined by: Wrde( \jl) := { w E W I w I= a 

with a E Cnst(SE), and "' 1- -.oa}. 
Just as for the elements of Prop(SE), all propositions of 9:55 are equivalent to 

disjunctions of (modal) constituents y ;· Thus if \jl E Prop(SE 55), then 

I= \jf := V i y i" 

In principle, all S5-propositions may be interpreted to represent theories. Scientific 

theories, however, usually neglect the question which of the physically possible 



VERISIMILITUDE 63 

worlds is the actual one. Consequently, those elements ofProp(.Ps5[p,q]) that only 
convey information about which .P -constituents are physically possible, and which 
are not, represents empirical theories; \jl of the preceding paragraph is a typical 
example of such a theory. As information about the actual world is considered 
irrelevant, in what follows we are only interested in comparing scientific proposi­
tions represented by elements of SProp(.P s5). The latter is defined by an equiva­
lence relation on the modal constituents of .P SS• Cnst0 (.P s5). Let us say that for all 
Y; and Yj ofCnst0 (.Ps5), y.::::: Yj iffWldi(Y;) = Wldi(Y) and Wlde(y;) = Wlde(Yj). 
Clearly,::::: partitions Cnst6(.Ps5), and ~ := v ;Y; for all Y;E[y)"' is an element of 
Cnst0 (.P ss)/ :::::. This brings us to the definition of SProp(.P s5). 

DEFINITION 2.4: Let::::: partition the set ofall modal constituents of.P s5.Then, <p E 
SProp(.P ss) iff <p = v j~j and all ~j E Cnst0 (.P s5)/::::: 

Intuitively, SProp(.Ps5) equals Prop(.Ps5) modulo "information about the actual 
world". In the same way as y; is complete in Prop(.P s5), (Vcp E Prop(.P s5): Y; ~ <p 

or <p ~ --.y ;), ~ = v ;Y i• (with y; E [ yj]"') is complete in SProp(.P s5). I shall call ~j 
total in Prop(.P s5). 

Now that I explained the representation of a scientific theory, we come to the 
representation of the truth. In the modal definitions that are to come, in principal, 
the empirical truth 't is the strongest Tarskian true proposition in .P ss· Additionally, 
I assume that the language used is determinate, which means that 't is complete and 
allmodal propositions receive an empirical truth-value. In other words 't isamodal 
constituent, 't E Cnst0 (.P ss)· Scientists, however, are often interested in the truth 
"modulo the actual situation", [ 't] "'; therefore, in what follows, I shall consider 't to 
be total rather than complete in Prop(.P s5). The truth -r of Prop(.P s5), then, claims 
for all worlds (or .P-constituents) w, whether it is physically possible or not. For 
example, in .Ps5fp,q], -r can be equal to O(p v q) A O(p A q) A 0(-p A q) A 

O(p A --oq). 
Semantically, we may designate the complete empirical truth ofProp(.Ps5) by 

one modal model CJJl, modulo elementary equivalence, where Mod(-r) is equal to 
{CJJl}. The complete truth 't ofSProp(.P ss) may be represented by one modal model 
<m, modulo elementary equivalence and modulo actual world information. <m 
bifurcates the set of conceptual possible worlds w E W into a subset of physically 
possible worlds, Wldi(-r) = {weWI aRw}, a being the actual world, and a subset of 
physically impossible worlds Wlde(-r) = {weWI w falsifies -r}; if 't is total in 
SProp(.P ss) the union of these two subsets equals W. 

In brief, modal propositions represent empirical theories, and a modal constitu­
ent represents the empirical truth. Further, in what follows I neglect the question 
ofwhich ofthe possible worlds is the actual one. 
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2. 6. 3. Reformulation of Kuipers 's lntuitions; Double Symmetrie Difference 

The basic intuition ofKuipers's content proposal isthat the true theory indicates 
for all logically possible worlds whether it is physically possible or impossible. 
Arbitrary theories also make claims about the physical (im)possibility of logical 
possible situations. The extent of the set of mistakes regarding excluding and 
including possible worlds establishes the verisimilitude of the theory. Conse­
quently, regarding our modal reformulation of Kuipers's proposal only (±)Oa.i 
represent crucial empirical data. 

2. 6. 3.1 The 2 L1-definition 

Following Kuipers's intuitions, I distinguish two kinds of corroboration or confir­
mation ofthe theory 'I'· lt consists ofthe physical possibilities rightly predicted by 
the theory (II), and the impossibilities rightly excluded by the theory (IV) (the 
Roman capitals refer to areas in Figure 6). 

[]] Truth Content 

Fig. 6. Modal theory presentation 

Thus, I define the truth-content of the theory 'I' in terms of !1! -constituents that 
'I' rightly includes (II) and those it rightly excludes (IV): 

Ct~\jl) :=def {a. e Cnst(!l!)l 't I= Oa. and 'I' I= Oa., or 't I= ...,Oa. and 

"' I= .... oa.} 

On the contrary, falsification of 'I' consists in finding situations in which some true 
!1! -constituent a. ( 't I= a.) falsifies 'I' ( a. e 1). Moreover, 'I'' s included impossibilities 
are also part of 'I'' s falsity content ( a. e 111). I define the falsity-content of the 
theory 'I' in terms of !1!-constituents that 'I' wrongly excludes (I) and those it 
wrongly includes (III): 
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Ct~'lf) :=def{ a E Cnst(fe) I 't I= Oa and 'I' I= ~Oa, or 't 1= ~oa and 
'lfi=Oa} 

The truth-content and the falsity content ofthe theory 'I' is illustrated in Figure 6. 
Comparing Figure 3 (p. 49) with Figure 6 we clearly see the similarities and 
differences between Kuipers's classical proposal and our modal approach. An 
important difference concerns the logical strength ofa theory. Here, the S5-logical 
strength of 'I' is not the extent of Wrdi('lf), which is the set of fe-constituents 
included by \jl; nor is it Wrde('lf), the excluded fe-constituents. Here, the logical 
strength is inversely proportional to the extent of the set of fe -constituents the 
theory is indifferent about-that is Cnst(fe)- {Wrde('l')uWrdi('l')}. In Figure 6 this 
is the area without hatching. Another difference concerns the truth-value of the 
modal propositions. Here, 'I' is true iffWrdi( 'I') ~ Wrdi( 't) and Wrde( 'I') ~ Wrde( 't ); 
'I' is false if it is not true. Deliberately leaving out the intricacies regarding the truth 
of the actual world, I come to my modal reformulation of Kuipers's content 
definition: 

DEFINITION 2.5: Let q>, 'I' E Prop(fe85). Then, 'I' is at least as verisimilar as q> iff 
1. Ctr 'I') 2 Ct~ cp) 
2. CtpF(cp) 2 Ct~'lf) 

Notation: 'I' ~~& q> 

Fig. 7. 'I'~~ <p for false <p and 'I' 

Clause 1. of the definition claims II111u IV 111 2 II<i>uiV cp; and clause 2, claims 
I111uiii 111 ~ Icpuiiicp. Since for q> and 'lf, ~In IV= !?5 andIn II_I = 0 (*), ~I111 2 Ilcp 
and Illcp 2 III111, which is equal to Wrd1('t) 11 Wrd'(cp) ~ Wrd1('t) 11 Wrd'('lf), (t). 
Moreover, (*) implies IV 111 2 IV cp and Icp 2 1111, therefore Wrde('t) 11 Wrde('l') ~ 
Wrde('t) 11 Wrde(q>), (t). I abbreviate the conjunction of(t) and (t) by: 

Wrdi&e('t) 11 Wrdi&e('l') ~ Wrdi&e('t) 11 Wrdi&e('l') 

The double symmetric difference inclusion for two false propositions q> and 'I' is 
illustrated in Figure 7. 
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Let us summarize the proposal in this subsection. In our modal reformulation the 
elements of Cnst(~) represent situations in the world that confirm or falsify a 
theory. I use the S5-modal extension of ~ to paraphrase theories. Neglecting the 
truth about the actual world, a complete theory makes claims about all elements of 
CnstW) whether it is physically possible or not. The theory 'V is closer to the truth 
than q> if it better agrees with • about the (im)possibility of ~ -constituents than q> 
does. 

2.6.3.2 The Light Bulb Example under the 2LJ-definition 

Let me illustrate my modal representation ofKuipers's content approach using his 
paradigmatic light bulb example. 

L 

Pz 

Fig. 8. A (simplified) circuit 

Figure 8 represents the diagram of parallel switches, connecting a light bulb with 
a battery. Kuipers analyses the example using a classical propositionallanguage. 
In his analysis the theoretical truth is • = L B (p v q) and the truth is not 
complete.42 The descriptive truth is -.L 1\ -p 1\ ...... q. Our modal reformulation also 
distinguishes these two concepts. The complete truth • ofFigure 8 is: 

(8) L := D(L B (p V q)) 1\ 

-.L 1\ -p 1\ ...... q 1\ 

O(L 1\ p A q) 1\ O(L 1\ -p 1\ q) 1\ O(L Ap 1\ ...... q) 

(a) 
(b) 
(c) 

in which (b) is the descriptive truth. Kuipers rightly claims that the descriptive 
truth is not the major object of scientific investigations. Theories are concemed 
with physical (im)possibilities. The theoretical truth about the diagram is 

(9) • := D(L B p v q) 1\ (a) 
0(-.L A -p A ....,q) A O(L Ap A q) A O(L A -p A q) A O(L Ap 1\ ....,q) (c) 

which is an element ofProp(~ s5). The theoretical truth omits the information about 
the actual world (8. b ). In our presentation of the modal definition, the question, 
which of the physically possible worlds is the actual one, does not affect the 
ordering of the SProp(~ ss) elements, which represent the scientific theories. 
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Impossible States Possible States 

(1,0,0) 

(0 1 0) ····:··------. (1,1,1) 
' ' mt 

.------·---ißi .. W .. __ 

~. (~,0,0) )) (1,0,1) 

_ .. ·./\jlext 

.. ··· 
(0,0,1) 

.. ··· 
(1,1,0) 

· .. 

Fig. 9. No child's-play for 2ß-definition 

We show that, regarding to the child's play objection, andin cantrast to Kuipers's 
content definition, not all antecedences of a false theory <p are more verisimilar 
than <p itself. Let 'I' and <p be defined as follows (see Figure 9) 

'I':= D(~L) A O(~L A }JA ~q) A O(~L Ap A q) 
<p := D(~L V p) A O(~L Ap A q) 

As <p and 'V rightly exclude L A -p A ~q as physically possible and 'V also rightly 
includes ~L A -p A ~q, the truth-content of 'V comprises the truth-content of <p: 

Ct~<p) ={LA }JA ~q} c {~LA }JA ~q, LA }JA ~q} = Cty(\jl) 

Both propositions <p and 'V are false, 'V ~ <p, and they wrongly exclude L A -p A q 
and include ~L Ap A q. Regarding the falsity content, 'V is worse ofthan <p: 

Ct~<p)= {LA-pAq, ~LApAq,} c {~LApAq, LApAq,LA 
}J A q, L A p A ~ q} = Ct~\jl) 

The conclusion reads that theories <p and 'V are uncomparable according to the 
modal verisimilitude definition and not all false antecedences of <p are more 
verisimilar than <p. The theory <p has a smaller truth content and a smaller falsity 
content than the theory 'I'· The child's-play argument that botbered the previous 
content definitions, does not impair our modal proposal. Some antecedences of the 
false \jf, however, are more verisimilar than 'I'· Take for example 'I'' := D(~ v p) 
A O(~L A -p A ~q) A O(~L Ap A q). Moreover, this modal proposal does not fall 
victim to the Miller-Tichy argument. 
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2.6.3.3 The Consequences ofthe Modal Approach 

In this subsection I summarize the improvements of the modal formalization of 
Kuipers's comparative content proposal, which aredustered in three groups. First, 
we shalllook at some down-to-earth ordering properties of ~~6 . Then, we show 
that the double symmetric difference solves problems ofthe structuralist approach. 
Finally, we shall see that the modal approach solves some difficulties of the ll­
definition. 

The ~~6-ordering is a preorder of Prop(~85). Its reflexivity and transitivity 
follow directly from the definition. Since the ~~6-ordering discards information 
about the actual world, it cannot order two propositions that only disagree about 
the actual world; the ordering is not antisymmetric on Prop(~ 85). The minima and 
maxima ofthe truth- and falsity-contents are 0 and Cnst(~), respectively. Truth­
and falsity-content ofthe tautology and contradiction in ~85 are Ct~T) = Ct~T) 
= 0, Ct~.l.) = Cnst(~)nCnst('t), and Ct~.l.) = Cnst(~)-Cnst('t). The modal 
proposal inherits the relatively good performance ofthe contradiction from the ll­
definition, according to which the contradiction is the best false proposition. This 
is not a serious drawback as we already removed the contradiction and tautology 
from the Iist ofpropositions bearing similarity to the empirical truth. In addition to 
the relatively high verisimilitude of the contradiction, the modal !l-definition is 
truth-value dependent. As false propositions have a non-empty falsity-content, 
according to the present modal proposal, it cannot be more verisimilar than any 
true proposition with an empty falsity-content. Finally, we observe that according 
to the ~~6-proposal the modal constituent ~ with Wldi('t) = Wlde(~) and Wlde('t) = 

Wldi(~) is the worst element and not ..... 't. This likeness behaviour is due to the 
restriction of the consequences to those of the form (±)Oa.; ( a. e Cnst(~)). We 
encountered the same phenomenon in subsection 1.4.1 where we restricted the set 
of all consequences of a theory to the set of the implied literals. 

My modal paraphrase solves at least two major problems of the structuralist 
approach. In the first place, it ends the discussion about the incompleteness ofthe 
truth as described in subsection 2.5.6. According to my modal reformulation the 
empirical truth is complete in the sense that it indicates for every ~ -constituent 
whether it is physically possible or not; however, following Kuipers's intuitive 
descriptions, the present modal proposal marginalises the actual truth and focuses 
on the physical (im)possibilities. In the second place, the double symmetric 
definition gets around and even explains the difficulties conceming the strength of 
theories in the structuralist approach as explained in subsection 2.3 .1. Increase and 
decrease of sets of models cannot both represent increasing logical strength. Our 
modal presentation shows that increase of sets of possible ~ -constituents implied 
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by <p, Oai, and increase of sets of <p-implied impossible fl-constituents, ~oai, both 
contribute to the increase of <p's logical strength. 

The 2ß-definition solves, in addition to the specific problems for the structur­
alist approach, the generat problems ofthe ß-definition. Comparing the ß- and +­
definition in Section 2.4, we saw that the Cn-clause overruled the falsification 
clause. Popper dropped the second altogether; and the An-clause ofthe ß-defini­
tion is unable to explain the relevance of falsification. Our modal proposal restores 
the power of the falsity clause ofPopper' s original proposal. Without falling victim 
to Miller's and Tichy's argument, the truth-content and falsity clauses both 
independently exert their influences. In other words Ct~\jl);::, Ct~<p) does not 
exclude Ct~\jl) c Ct~<p). 

For example, Iet 't be defined by 't := D(p) 1\ O(p 1\ q) 1\ O(p 1\ ~q) and Iet \jl := 
D(~q) 1\ O(p 1\ ~q) and <p := D(-p v ~q) 1\ 0(--p 1\ ~q) 1\ O(p 1\ ~q) 1\ (-p 1\ q)}. 
Then Ct~\jl) = {p 1\ ~q, -p 1\ q} ;::, {p 1\ ~q} = Ct~ <p) and Ct~\jl) = {p 1\ q} c 
{p 1\ q, -p 1\ ~q, ~ 1\ q} = Ct~<p). Last but not least, the 2ß-proposal blocks 
Tichy's child's-play argument. Take, for instance, 't and <p of the preceding 
example. Then, the antecedence <p ofthe false <p' := 0(--p v ~q) 1\ O(p 1\ ~q) is 
less verisimilar than <p'. 

Summarizing the preceding observations, we may say that the modal paraphrase 
of the structuralist approach solves the problems of the latter conceming logical 
strength and incompleteness of the truth. Counterbalancing the importance of the 
mutually independent falsity- and truth-content of a theory, the modal paraphrase 
survives Millerand Tichy's argument that brought down Popper's original pro­
posal, and blocks Tichy's child's-play argument. These findings confirm the 
contention that, contrary to a modal language, a classical language does not 
provide enough structure to paraphrase Kuipers' s modal verisimilitude intuitions. 
Finally, honesty compels us to admit that the double symmetric difference has two 
drawbacks. First, the definition remains truth-value dependent; no false theory 
improves a true one, even ifthe latter is almost the tautology. Second, according to 
our first modal proposal the negation of the truth is not the worst proposition. In 
the next subsection, I propose an improved modal version of the ß-definition. 

2. 6. 4. The modal version of the consequence Definition 

According to the formal paraphrase ofKuipers' s content proposal of the preceding 
subsection, the verisimilitude of a modal proposition is based on the (in)correct 
inclusion and exclusion of possible worlds. This 2ß-definition inherits the truth­
value dependency of the standard ß-definition. To retain the advantages of the 
modal approach, and avoid truth-value dependency, I choose a slightly different 
foundation for my final modal proposal. Intuitively, the modal +-dejinition 
reformulates the consequence definition in modal terms, creating the opportunity 
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to add a full-blooded falsity clause based on non-modal possible worlds. Thus, 
instead of restricting ourselves only the non-modal constituents, here all modal 
consequences contribute to the truth-content of a theory, whereas the falsity 
content only pertains to non-modal constituents. In doing so, the proposal incorpo­
rates the difference of abstraction Ievel between the accepted laws and theories at 
the one hand, and falsifying instantiations at the other. 

Let us turn to the definition. First, just as in the preceding subsection, here, I 
paraphrase theories by modal propositions. Second, as the truth -r has to imply all 
relevant Tarskian-true propositions of a deterrninate language P, s5, and it is not 
falsified by any physically possible situation, -r is a (modal) constituent.43 Then, we 
may define the truth- and falsity-content of a modal proposition \jl as follows. The 
truth-content of the theory \jl is the set of all true modal consequences of \jl: 

et;<. \jl) := def { <p E Prop(P, s5) I \jl I= <p and -r I= <p} 

Clearly, the definition of the truth-content of \jl is the +-definition for modal 
languages. As the falsifying instances of accepted laws and theories have a 
different Ievel of abstraction than the laws or theories, they are represented by 
possible worlds. 

According the intuitive description about the truth, \jl is falsified, if we encoun­
ter an (accessible) world w ofthe ("true") world structure QB that falsifies 'l'· Note 
that this falsification takes into account only wand not the entire structure ojQB. 
Thus, \jl is falsifiable iff3w E QB: w E Wrde(\j/). In words, \jl is falsifiable ifthere 
is a physically possible world that falsifies 'l'· Consequently, thefalsity-content of 
the theory \jl is the set of accessible, or physically possible worlds that falsify \j/: 

c!J<'l') := def {w E QB I w E Wrde(\j/)} 

In one word, P, -constituents represent world-situations that may or may not occur, 
and which may confirrn or falsify a theory ( or law ), which is represented by an P, s5 

proposition 'l'· These truth- and falsity-contents suggest the next verisimilitude 
definition: 

DEFINITION 2.6: Let \j/, <p E Prop(P-s5). Then, according to the modal consequence 
definition, \jl is at least as verisimilar as <p iff 
1. Ct~'l') 2 Ct~<p) 
2. C~<p) 2 C~'l') 

Notation: \jl ~~ <p 

Thus \jl is at least as close to the truth -r as <p iff ( 1.) all true consequences ( or laws 
or predictions) of <p arealso true consequences of\j/, and (2.) all physical possible 
situations that falsify \j/, also falsify <p. Again, I call 1. the Cn-clause-it is the +­
definition in modal terrns-and clause 2. the falsity clause. I have already claimed 
that the two clauses act on different Ievels. The Cn-clause concems inclusions of 
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modal-models, whereas the falsity clause pertains to non-modal possible worlds, 
which are elements of the modal-models. Let us consider some consequences of 
the modal consequence or ES-definition. 

Tostart with, we examine some properties ofthe ::;;~-orderings relation. First, 
::;;~ isatransitive and reflexive on Prop(~85); it is a preordering; however, ::;;~ is 
not antisymmetric on Prop(~ 85) since it even fails to be antisymmetric on 
SProp(~ 85). Take, for instance, 't := D(p 1\ q), q> := O(p 1\ --q) and 'I' = 't v q>, then 
'I'::;;~ q>, cp ::;;~ "'' but 'I' oe cp; therefore ::;;~ is notapartial ordering ofSPropW85) 
(and a fortiori notapartial ordering ofProp(~85)). 

Let us consider the upper and lower bounds of the present truth- and falsity­
contents. Let q> be an element ofProp(~85[p1 , ... ,pn]); then 

{T} ~ Ct~{cp) ~ Cn(-r), and 
0 ~ cfj(cp) ~ {w E cm I a R w} = Wrdi('t), 

The tautology T and the negation of the truth ---r both have the minimal truth 
content: {T} = Ct;<T) = Ct;<---r). They also have the minimalfalsity content: 0 = 

Cfj(T) = cfj{---r). All theories with a larger falsity content, however, also have a 
larger truth content. Consequently, for all true \jfE Prop(~ 85): 'I' ::;;~ ---r or \jf ::;;~ T; 
using ::;;~ we cannot compare any false q> with Tor---r. 

As a result of the Cn-clause, all the modal constituents are uncomparable. The 
complete falsehood ~ and the contradiction .l, interpreted to be the sentence that 
excludes all possible worlds, have the maximalfalsity content:44 Wrdi( r) = Cfj{.l) 
= cfj(~). lt depends, however, on the true constituent whether other propositions 
also have the maximal falsity content. For instance, ifin ~85[p, q], the truth 't := 
D(p 1\ q) half of the modal constituents have the maximal falsity content. If, 
however, the truth is: D(p v q) 1\ O(p 1\ q) 1\ O(p 1\ --q) 1\ 0(-p 1\ q) none except 
for ~ := 0(-p 1\ --q) has the maximal falsity content. More generally, we may say 
that {yeCnst(~s5)1 'tw E cm: w E Wrde(y)} is the set ofmodal constituents with 
the largest falsity content; itcontains the complete falsehood~. Note, however, that 
constituents with maximal falsity-content need not be the worst theories of 
Prop(~ 85). Due to the Cn-clause, every disjunction of those constituents is worse; 
it has the same falsity-content but a smaller truth-content. This observation shows 
that the definition does not collapse under the Miller-Tichy argument as two 
different false propositions may be comparable. Let us now turn to the more 
specific properties ofthe ES-definition. 

Our first observation concems the independence ofthe consequence andfalsity 
clause; Ct;<\jf) :::> Ct;<cp) does not exclude a. Cfj('l') c Cfj(cp) nor b. Ct]i!('!') :::> 

Cfj{cp). Regarding the first combination consider 't := D(p 1\ q), cp := D--p, and 
'I' := 0(-p A --q) v D(p A q). Since 'I' 1= q> v -r and cp t:f 'I' the Cn-clause is fulfilled, 
Ct;< 'I') :::> er;< q> ), and all physically possible worlds falsify cp and confirm 'I'. This 
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means Cfj.( \jf) c Cfj.( <p ), and \jf ~~ <p. Regarding the second combination I define 
t, <p and \jf as follows: 

-r := O(p ~ q) 1\ O(p 1\ q) 1\ 0(-p 1\ ~q) 

\jf := 0(-p) 1\ 0(-p 1\ q) 1\ 0(-p 1\ ~q) 

<p := 0(-p V q) 1\ 0(-p 1\ q) 

Then \jf ~ <p, <p ~ \jf v -r and Ct~ \V) ~ Ct~ <p ). The physically possible world ( 1,1 ), 
however, falsifies \jf, since \jf rules out all worlds in whichp holds; however, (1,1) 
does not falsify <p, ( 1,1) ~ <p, and Cfj.( \jf) ~ Cfj.( <p ). Consequently, \jf ~ <p nor 
<p ~ \jf. 

As befits a genuine content definition, false modal constituents may be better 
than some oftheir false consequences. The reverse ofthis statement, however, is 
emphatically false; there are antecedences of a false theory \jf that arenot closer to 
the truth than \jf (see preceding example). Although <p is false-it claims that 
-p 1\ q is physically possible whereas it is not-\jf, an arbitrary antecedent of <p, 
is not as close to the truth as <p. In other words, just as the 2ß-proposal, my 83-
definition bloclcs Tichy's child's-play argument. On the other hand, the Cn-clause 
guarantees that if the truth-values of <p and \V are the same, then \jf ~~ <p implies 
\jf ~ <p. 

We embarked on the development of the 83-definition because of its alleged 
truth-value independency. lt is easy to show that according to the modal Cn­
proposal weak and true propositions can be less verisimilar than stronger false 
ones. Let 

-r := O(p 1\ q), \V := Op 1\ O(p 1\ q) 1\ O(p 1\ ~q), <p := Op 

Then, \jf is false and <p is not. Furthermore, the Cn-clause obtains, Ct~ \jf) ~ Ct~ <p ), 
since \jf ~ <p (and <p t:f \jf v -r). Finally, the falsity clause holds trivially as there is 
no w in Q\3 such that it is accessible and w falsifies \jf. 

Summarizing the preceding observations, we may say that the modal Cn­
proposal provides a preordering of the propositions of .P s5[p, q]; because of its 
minimal truth-content, there is no empirical proposition that is worse than the 
negation ofthe truth. Ifthe complete falsehood ~ is the sole constituent with the 
maximum of falsity content, then there is no empirical proposition that is worse 
than ~- The 83-definition withstands the Miller-Tichy argument. Finally, by taking 
falsification seriously it blocks the child's-play argument, and it is truth-value 
independent. 

2.7. SUMMARY 

Now that we have extensively considered Miller's and Kuipers's content defini­
tions and our modal proposals, Iet me summarize the present chapter. 
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1. Millerand Kuipers replace Popper's original definition by the !1-distance 
between sentences-that is 'I' is at least as close to the truth as q> iff 
Mod('l') t. Mod(-r) ~ Mod(q>) t. Mod(-r). 

2. The t.-proposal preserves Popper's Cn-clause, Cn('l') 2 Cn(q>) n Cn(-r), 
and replaces his falsity clause Cn( q>) 2 Cn('l')n An(~-r), by the anteced­
ence clause: An('l') 2 An(q>)r.An(-r). 

3. Replacement ofthe falsity clause by the An-clause makes the t.-definition 
a. truth-value dependent-that is, no false proposition is better than a true 

one 
b. suffer from the child 's-play argument--every antecedence of a false q> 

is closer to the truth than q>. 
4. The t.-proposal is a content definition as it is based on truth-value and 

logical strength. lt abstains from considering the likeness between the 
possible worlds; and the negation ofthe truth is the worst contingent propo­
sition ofthe language. 

5. Using modal intuitions, Kuipers argues in favour ofan incomplete truth. His 
proposal, however, Ieads to the uncomparability of logical strength of 
empirical theories. Kuipers's modal intuitions are better formalized using 
modallanguages than by the assumption that the truth is incomplete. 

6. I reformulated Kuipers's modal intuitions using an S5-language and a 
complete truth. This led to two modal content definitions. 
a. The 2!1-definition, which restores the falsity clause. It blocks the 

child's-play argument and solves the problems conceming the logical 
strength oftheories; however, it inherits the truth-value dependency of 
the t.-definition. 

b. The EE-definition preserves all advantages ofthe 2t.-definition and even 
solves the truth-value dependency problem. It prepares the way for 
combining my proposal presented in Chapter 6 with the modal ap­
proach. 
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TRUTHLIKENESS 

We encountered the distinction between verisimilitude and truthlikeness definitions 
in Chapter 1. Verisimilitude definitions define distance to the truth using truth­
value and logical strength, and were presented in Chapter 2. Truthlikeness defini­
tions establish distance to the truth using similarity between the possible worlds, 
and are the subject ofthe present chapter. 

Truthlikeness definitions originate from two different sources. The first root is 
Hilpinen's address to the Warsaw conference in 1974.1 In Section 3.1, weshall see 
how Hilpinen uses D. Lewis's (1973) counterfactuals to specify his ideas about an 
approximate logic and truthlikeness. 2 Subsequently, it was Niiniluoto who took up 
Hilpinen's comparative approach, and converted it into a quantitative truthlikeness 
proposal. His approach is the subject of Section 3.2. Kuipers published his first 
version of comparative truthlikeness in 1987. His refined comparative definition is 
the subject ofSection 3.5. 

Pavel Tichy's 1974 paper forms the second root ofthe truthlikeness strategy. In 
this publication, he revealed the major flaw of Popper's original proposal, and 
initiated a new truthlikeness approach based on Hintikka's constituents. Oddie 
adjusted and elaborated Tichy's quantitative method; this forms the subject ofthe 
Section 3.3.3 More recently, Heidema in cooperation with Brink and Burger have 
published qualitative truthlikeness definitions.4 They order the propositions of a 
two-propositional language (almost) in the same way as Tichyand Oddie. Hence, 
as the quantitative-comparative distinction seems tobe subsidiary, and I preferred 
a historicalline ofpresentation to the systematic one, I shall introduce the proposal 
ofHeidema and others in Section 3.4. The last section concerns the conclusions of 
this chapter. 

3 .1. HILPINEN 

Hilpinen's Approximate Truth and Truthlikeness includes the main ingredients of 
his address to the Warsaw conference in 1974. It is remarkable in two respects. In 
the first place, the conference was held before Tichy's and Miller's commentary on 
the flaw in Popper's definitionwas published and generally acknowledged. In the 
second place, it was the first publication that stressed the difference between 

74 
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likeness and content approaches, and introduced the truthlikeness notion. Our 
introduction summarizes Hilpinen (1976). 

3.1.1. The Definition 

Hilpinen fixes the similarity between theories, and more specifically the similarity 
between a theory and the truth, by setting up an approximate A -logic. This approxi­
mate logic is the standard propositional logic enriched with a new approximate 
operator A. The basic idea is that a statement 'P' is approximately true at world u, 
if and only if, Pis true in some world similar ( or close to) to u. U is the class of all 
possible worlds of the language. Suppose that Nu refers to the set of possible 
worlds close (or similar) to u, and Iet P be a proposition ofthe language, then, 

t= u AP if and only if t= v P for some v E Nu 

No Nu is empty since u E Nu, and the similarity relation is symmetric. The A-logic 
turnsouttobe at least as strong as the Brouwerian system ofmodallogic.5 

Next, Hilpinen chooses characteristics Ci fixing the mutual likeness of the 
possible worlds. It is important to note that Hilpinen is the only one who explicitly 
mentions the relation between the independently chosen characteristics C and the 
likeness between possible worlds. This will prove to be the most important part of 
the solution to the problern of alleged 'language-dependency' of likeness defini­
tions.6 Following David Lewis, Hilpinen defines a system ofnested spheres ..N! 
related to a world u E U and to a characteristic Ci. lt is a family of subsets of U 
suchthat 

For every K, L E ..k~, K ~ L or L ~ K (nesting), and 
u E K for all K E ._A·~ (weak centering). 

Consequently, u E U, K E P(U), and ..N! E P(P(U)). Hilpinen assumes that ..N! is 
closed under taking (nonempty) intersections and unions, and therefore that n..,ttr! 
is the smallest, and u..N! is the largest sphere around u. Mod(.<l) - u..N! * 0 if 
there are worlds not similar to u at all. To simplify the comparison with the other 
definitions, I assume that, in addition to being centering, ..N! is centered-i.e. {u} 
E ..,ttr!. Furthermore, from now on, I assume that Cis fixed, and shall drop the 
index i. Nevertheless, Hilpinen's truthlikeness definition remains depending on the 
independent choice ofthe specific set Ci of characteristics. 

Hilpinen' s truthlikeness proposal combines two elements. The first one has to 
do with the distance between the truth u and the most u-similar possible world of 
the theory. The second element concerns the amount ofinformation ofthe theory, 
or its 'verbosity'. Informally, the definition ofHilpinen says that the theory P has 
a higher degree oftruthlikeness than Q if and only ifthe minimum distance of P to 
the truth is smaller than the distance of Q to the truth, and P is more informative 
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about the truth than Q. Hilpinen uses the systems of nested spheres to give an exact 
definition of Eu(P), the distance between P and u, and of l(P), the amount of 
information of P. Hedefines Eu(P), by way ofthe set of elements of ,,tf u that do not 
contain models for P: 

(1) Eu(P) :=def {K I K E ~~tru andK n Mod(P) = 0} 

EJP) is the set ofspheres around u that do not intersect with Mod(P). Thus, Eu(P) 
is the set of spheres "between" nJV u and Mod(P) (see Figure 1 ). The definition of 
Eu(P) yields the following propositions. 

Eu(T) = 0 
Eu(..L) = ,A' u 
Eu(P v Q) = Eu(P) n EuCQ) 
Eu(P) ~ Eu(P " Q) 
Eu(P) = 0 or Eu(~P) = 0 

Hilpinen also uses his system of nested spheres to define the amount of information 
of hypothesis P. The more distant worlds P excludes, the more information P 
provides about the truth u. Formally, he defines: 

(2) lu(P) := def {K I K E ~1" u and 0 * Mod(P) ~ K} 

lfthe definition had allowed Mod(P) tobe empty, then P = .1 would have implied 
Iu(..L) = ~ u• and the contradiction would have been maximally informative about 
the truth. Hilpinen avoids this counter-intuitive consequence, with the constraint 
Mod(P) * 0; hence the contradiction is the worst element. lntuitively, Iu(P) is the 
set of spheres 'between' Mod(P) and the largest sphere u~ ~· Hilpinen"s definition 
implies the following propositions. 

/u(T) = 0 (in case there are uncomparable worlds) 
IJ..L) = 0 
ifMod(P) * 0 and Mod(Q) * 0, then: Iu(P v Q) = /u(P) n IJQ) 
ifMod(P 1\ Q) * 0, then: /u(P) ~ /(P 1\ Q) 
IuCP) = 0 or lu(~P) = 0 

Hilpinen defines truthlikeness by combing EJP) and lu(P). Let P and Q be 
propositions of an A -logic t;i, and Iet model u ( or-r) represent the true model. Then, 

DEFINITION 3.1: The truthlikeness of Q does not exceed that of P if and only if 
Eu(P) ~ Eu(Q) and lu(Q) ~ lu(P) 

Notation: P '!(.It Q (or 'V'!(.~ q>) 

Since '!(.It is reflexive and transitive, but not antisymmetric, it is a preordering of 
the t;l-propositions. lntuitively, definition 3.1 boils down to: Mod(P) is at least as 
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close to u as Mod(Q) is, and, by excluding more distant worlds, Mod(P) reveals at 
least as much information about u as Mod(Q). Figure 1 depicts this situation. 

Fig. I. The nested spheres N. 

Note that, strictly speaking Hilpinen orders sentences, such as P and Q, by their 
similarity to a possible world u. No other proposal presented here defines similarity 
between sentences on the one hand, and models on the other. In addition to 
definition 3.1, Hilpinen defines (I use my symbols): 

P <u Q := defp ::;;u Q and Q $u P, Pismore truthlike than Q 
P=u Q :=defp ::;;u Q and Q ::;;uP, P and Q are equal truthlike; 
P II Q :~ defp $u Q and Q $u P, P and Q are uncomparable regarding u 
(and C). 

Two theories P and Q are uncomparable if the distance factor and the information 
factor point in different directions. 7 This obtains if P is closer to the truth but Q is 
more informative, or the reverse is true: 

E(P) c(=>) E(Q) and l(P) c(=>) J(Q) 

Finally, we show how Hilpinen's approach fares in the bi propositional case. Let 
K 1 := {(1,1)}, K2 := {(1,1), (1,0}, (0,1)} and K3 := Mod(Sf) and J1ru := {K1, K 2, 

K3 }. Since P =p"q Q does not imply that P and Q are logically equivalent, we 
order sets of Si [p,q] propositions. 

Figure 2 shows the ::;;~"q-ordering ofthe sets of Sf[p,q]-propositions with the 
same truthlikeness (the truth is p 1\ q). It demonstrates, at least in this elementary 
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case, that Hilpinen's definition is truth-value dependent. There is even no false 
theory that is more similar top 1\ q than the tautology. Let us turn to some remarks 
regarding Hilpinen's proposals and examine how it fares regarding the meta­
theoretical properties mentioned in the first chapter. 

Fig. 2. Hilpinen's ordering ofProp(g?[p,q]) 

3.1.2. Remarks and Comments 

In the first part ofthis subsection, I shall characterize the difference between the 
content approach and Hilpinen's likeness strategy regarding propositional lan­
guages. In the second part, weshall discuss the metatheoretical properties ofthe 
approximate logic definition of truthlikeness. 

The following example illustrates the difference between Hilpinen's truthlike­
ness and Miller's content definition (the truth is complete in both cases). As Mil­
ler's definition is weaker than Hilpinen's proposal, the best way to compare them 
is to see under which conditions 'I' <~ cp does not imply 'I' ~~ cp. Suppose that 
'I'<~ cp; then there are four situationstobe considered in which Hilpinen's defini­
tion establishes a strict ordering (QB represents the relevant structure of our world): 

1. cp and 'I' are true; then Erm(cp) = Erm('l') = 0; (and/(cp) c /('1')) 
2. 'I' is true and cp is false; Erm(cp} ::> Erm('l'); (and/(cp) ~ /('1')) 
3. 'I' and cp are false and Erm( cp) = Erm('l'); (and /( cp) c /('I')) 
4. 'I' and cp are false and Erm(cp) c Erm('l'); (and /(cp) ~ /('1')) 
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The nested spheres around the constituent p 1\ q 1\ r of a language Sffp,q,r], and 
the four Situations just mentioned are depicted in Figure 3. Although in situations 
I, II and III, Miller's ordering implies the one of Hilpinen, situation IV blocks 
'V <~ <p => 'V 5:,~ q>. In case four, although E<m( <p) c E<m('V), Miller prefers the 
stronger false proposition 'V, since it has more true consequences. According to 
Hilpinen, <p is closer to the truth than \j/; regarding the minimal distances <p is 
closer to <m than 'V, and 'V <~ <p guarantees that the maximum distance between <m 
and <p is at least as large as that between <m and <p. Finally, if the maximum 
distance to <m of the weakest is also larger, the propositions are uncomparable 
regarding their truthlikeness. This example epitomizes the general case; if <p and 'V 
are false, Miller's and Hilpinen's proposals contradict if 'V I= <p and E<m('P) c 
E<m('V) and /( <p) = /(\j/). Thus, this most elementary case already shows the funda­
mental difference between the content and the likeness strategy. The former only 
regard logical strength and truth-value, whereas the latter is based on similarity 
between possible worlds. 

IV 

0= cp 

Fig. 3. cp<~ 'V and 'V ~~ q> 

The example also shows that Hilpinen's definition is a combination ofminimal and 
maximal distances rather than a combination of minimal distances and content. On 
the one hand, propositions with the same truthlikeness might differ regarding 
logical strength. For instance although, ((p 1\ q 1\ r) v (-p 1\ -.q 1\ -.r)) I= p ~ q v r 
and the inverse does not hold, according to Hilpinen's definition, the propositions 
are equally truthlike. On the other hand, 'V~ <p obtains if and only if I,( <p) =I,( \jl ), 
and E,(<p) = E,('V), which says that the maximal distances and the minimal 
distances between <p/\j/ and the truth are the same. 8 

Let us turn to the examination ofthe metatheoretical properties ofHilpinen's 
proposal. Hilpinen's definition is a comparative proposal, which does not use 
quantitative methods. It is truth-value dependent. False propositions cannot be 



80 CHAPTER3 

better than true ones, since for true propositions 'l', E /... 'l') is the empty set, whereas 
for false propositions cp, E.( cp) is nonempty.9 Furthermore, according to Hilpinen's 
definition, the complete falsehood is the least truthlike element of EmProp(SE [p I• 

···· PnD· 10 

PROPOSITION 3.1: The completefals~hood ~ (:= flJ:./' ·.::.." fln) is the grea~~~ 
element ofEmProp(SE[pi, ... , PnD tfordered by ~t' t .-PI 1\ ••• "Pn and C .-
(pi, ···• Pn). 

Proof To prove the proposition we have to show that for all 'JI E EmProp(SE [p I• ••. , 

PnD 'JI ~~ ~ with t := p I 1\ ••• 1\ Pn; observe that Et(~) := Mod(SE)- {(0, ... ,0)} and 
/t(~) = 0. Therefore, for all 'l' E EmProp(SE) we must prove (by definition) E/'JI) 
~ Mod(SE)- {(0, ... ,0)} and 0 ~ /t(cp). As the latter holds trivially, only if'JI = ..L 
or if 'JI = ~ the condition fails; therefore for all 'l' E EmProp(SE), 'JI ~~ ~- 1!!1 

As to specularity, it suffices to observe that Hilpinen's definition assumes that the 
truth is complete therefore specularity does not apply. Let us assume that a more 
elaborate version of the definition also covers the case in which the truth is not 
complete. Even then, because the minimal and maximal elements of the ~~­
ordering are of equal logical strength, it does not seem likely that an indefinite 
truth version ofthe definitionwill be specular. 

Let us turn to the language dynamics ofHilpinen' s definition. The next observa­
tion needs the notion of a conservative extension of the set of characteristic C. I 
shall say that C is conservatively extended to C' if independent and relevant 
characteristics C; are added to C. Let .Nt be a set ofnested spheres around Mod(t) 
in Mod(SE) and Iet .H t be based on the characteristics C. 

Observation 3.2: If C can be conservatively extended into C' then for the resulting 
.iYt' obtains: 'VK E .Nt: K E .A~"/. 

The reason is clear. Since all old characteristics remain in place, the extension of 
C can only result in a more fine grained subdivision of .H t" 

The next proposition about context independence (p. 32) uses the following 
terminology. SE is some language with complete truth t, and .Nt is a set ofnested 
spheres around Mod(t) the similarity ofwhich is based on the characteristics C. 
Let SE' be a conservative extension of SE with complete t' and Iet .H t' be the set of 
nested spheres of the models of SE' based on C '::J C. Let cr be the translation from 
SE to SE', such that for all SE -propositions cp, the SE' -translation cr( cp) has the same 
meaning as cp. 

PROPOSITION 3.3: <~ is strongly context independent. 

Proof Let 'JI, cp be propositions ofProp(SE) suchthat 'JI <~ cp, and Iet cr('JI) = 'JI', 
cr(cp) = cp' E Prop(SE') be their translations in SE'"2 SE. We must prove that 'JI <t cp 
implies 'JI' <t' cp'.Let us first assume that (*) Et('l') c Et(cp) and Jt('l') ::J Iicp). 
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Then, observation 3.2 shows that ,,1 ,. respects .;Ii, in Mod(<i? '). Thus, (*) implies, 
E,.('l'') c E,.(<p') and I;('l'):::) I;(<p). 181 

3.2. NIINILUOTO 

Niiniluoto' s Truthlikeness is the most comprehensive contribution to the approach­
to-the-truth research thus far. First, I shall summarize the book, which comprises 
more than five hundred pages ofhigh information density. The author compared 
his book with a 'tool box', since different cognitive problems ask for different 
solutions to the question about truthlikeness. Without thorough study, however, it 
is not obvious where to find the appropriate tools. 

The thirteen chapters ofthe book are divided into four groups. Chapters one to 
four deal with the logical and mathematical preliminaries needed to formulate the 
main proposals of the book. The second group of three chapters contains the top 
down presentation ofNiiniluoto's conception oftruthlikeness. The fifth chapter 
contains an intuitive and philosophical presentation of the main ideas about 
truthlikeness. The sixth chapter, is the most central and important one. Here, 
Niiniluoto gives a top down presentation ofhis definition culminating in a recom­
mendation of a min-sum-measure M~( which I shall explain in due course. The 
group oftop down chapters closes with chapter seven, which shows how Niiniluo­
to tackles the epistemological problern of approach to the truth. In his solution, 
which is the subject of Chapter 4, he applies Hintikka's 'A-o. system and uses 
truthlikeness as an epistemic utility. 

After the general introduction of his truthlikeness definition, in the third part, 
Niiniluoto elaborates special cases in which he applies his general definition. 
Chapters eight to ten are characterized by their bottom up approach. Chapter eight 
deals with 'singular Statements' covering state descriptions, structure descriptions, 
and quantitative singular Statements. Chapter nine deals with 'monadic generaliza­
tions'. In a way this is also an important chapter, since it illustrates how the general 
definition haudies the most elementary cases such as: the monadic constituents 
with and without identity, and the existential and universal generalisations. The 
third part closes with a chapter on polyadic theories. The last group of chapters is 
dedicated to the relation between Niiniluoto's approach and related projects such 
as L.J. Cohen's legisimilitude proposal in chapter eleven, and cognitive decision 
making as advocated by I. Levi. In the last chapter, Niiniluoto deals with all kinds 
of general objections to the truthlikeness project. Obviously, limitations of space 
force us to present only the barest outline of Truthlikeness. In subsection 3.2.1, I 
present Niiniluoto's general truthlikeness definition, and discuss Niiniluoto's 
ordering ofpropositions in subsection 3.2.2. 
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3.2.1. General Scheme 

In this subsection, I introduce Niiniluoto's general truthlikeness definition in six 
steps. Tobegin with, Niiniluoto puts up a general framework, or problem-set that 
copes with a variety of situations. This problern set, or P-set is related to the 
background knowledge b. 11 Ifthere is no relevant background information, bis the 
tautology. The elements of the problem-set are jointly exhaustive, mutually 
exclusive, and consistent relative to b. 

DEFINITION 3.2: Bis a P-set relativetob ifand only if 
B={hiliei} 
b I- Vie I hi 
b I- -.(hi 1\ hj ) for all i =1:- j, i,j e I 
not (b I- -.hi) for all i e I 

I is an index set ranging over all elements of B. A paradigmatic example 0f a 
problem-set is the set of all constituents of a finite language rl!. Constituents are 
jointly exhaustive, and mutually exclusive; and they are consistent relative to the 
tautology. Ifthe language rl! is determinate, one ofthe constituents is factually true, 
and all the others are false and the question: "which element of B is true?" has a 
definite and precise answer. Another important example concems the approxima­
tion ofthe value ofsome unknownparameter e. B fixes the upper and the lower 
bound ofthe possible values of e, and again, one value in Bis the true value 9*. e 
must have one value, and the background knowledge b is consistent with any 
determinate value of e. Niiniluoto gives many other possible instantiations of B, 
some of which can be found in Chapter 1. 

The second step of the general truthlikeness definition consists of setting up the 
class of disjunctive closures of B. Every hi e B is a complete potential answer to 
the question: "Which element ofB is true?"; however, not all answers to a question 
need to be complete. Incomplete or partial potential answers also are relevant for 
a cognitive problem, and subsets ofB-elements represent incomplete answers. To 
assess thesepartial answers, Niiniluoto defines the disjunctive closure D(B) ofB: 
D(B) :=def {Vie.J hil 0 * J ~ /}. Every partial answer g has aB-normal form: 
g := vjelg ht 

The third step is the specification ofthe requirements for the distancefimction 
~: B x B ~ IR on the problern space. This distance ~ij = ~(hi,h) between the 
elements hi and hj of B is at least a semimetric: 

~ij ~ 0 for all iJ e I 
~ij = 0 if and only if i = j 

Often, Niiniluoto uses a normalized distance function such that: ~ij ~ 1, and 
sometimes the distance function is even a metric; then, it camplies with 
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A. .. = A. .. for all iJ. e I 
I] Jl 

A.ij :5: A.;k + A.kj for all i,j, k e I 

Niiniluoto calls distance A.ij balanced if III-1 Ijo=AL1ij) = Y2 for all i e /. 
These constraints leave roorn for rnany distance functions on a problern space, 

and Niiniluoto studies a variety ofthern. For instance, ifE> ~ lR is an interval ofthe 
real nurnbers, then all e e 0 are cornplete potential answers to the cognitive 
problern "which e ofE> has the true value e*?" Then, Niiniluoto uses the rnetric, 

A.(x,y) := lx-yi for x, y e JR. 

Another exarnple concems constituents C; of a rnonadic language !I! t clairning that 
the set CT; ofCamapian Q-predicates is exernplified and its cornplernent is ernpty. 
Niiniluoto uses the cardinality ofthe symmetric difference between CT; and CTj 
as a distance function on a cognitive problern of constituents:12 

d(CT;, CT) := ICT; A. CT) 

He calls the normalized version ofthis function the Clifford measure: 13 

1 
dc(CT;, CTi) := -I CT;A. CTj I 

q 

in which q := number of possible constituents. lf k is the number of atornic predi­
cates in !I! t then K = zk is the number of Q-predicates and q = zK_ 1.14 

Now that the problern space B, the disjunctive closure D(B), and the distance A.ij 
on B are defined, the fourth step is providing the disjunctive closure with an 
extension A.: B x D(B) ~ lR ofthe distance function L1ij. This function has tobe 
a natural extension of the distance function A.ij on B. In other words, A. on B x 

D(B) rnust naturally reduce to the distance function A.ij on B. Niiniluoto calls this 
rneasure on the disjunctive closure the reductionfunction, red: 15 

A.(h;,g) = red((A.!il je lg)).16 

A natural adequacy condition for discrete problern spaces is that the reduction 
function should preserve the ordering ofthe problern space B. Assurne that Ig = {j} 
and lg,= {k}. Then this adequacy condition says A.(h;,g) :5: A.(h;,g' ifand only if 
A.ij::;; A.ik17. This condition is fulfilled ifthe A.-function value of h; e Band a {hj} 
e D(B) is equal to the distance between h; and h1 that is red((A.!i)) := A.if. 

Defining the truthlikeness of an answer in terms of closeness to the truth is the 
fifth step in our presentation. Let h* be the truth in sorne problern space B, Iet A.ij 
be the distance on B, and Iet A.(h* ,g) = red((A..jl j e Ig)). If A. is normalised, 
Niiniluoto defines the closeness of g e D(B) to the truth h * by: 

M(g,h*) :=defl- A.(h*,g) 
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Suppose B is a problern set, 11u is a distance function on B, and Li: B x D(B) ~ 
[0, 1] is based on 11u. Let the partial answers g: g E D(B), and h • E B and Iet 
M(g 1, h *) := 1-11(h *, g '). Then, Niiniluoto defines truthlikeness as follows. 18 

DEFINITION 3.3: g 1 is at least as close to the truth h * as g iff 
M(g: h*)?: M(g, h*) 

Notation: g' ~~~ g 

The irreflexive version ofthe definition reads: g 1 <~~ g iff M(g: h*) > M(g, h*). 
The last, and sixth step of our introduction is the presentation of specific 

reduction functions. The distance function on B can be extended in many ways to 
the reduction function ofthe disjunctive closure ofB. Ifthe problern space is finite, 
important options are: 19 

11min(h;, g) 

11max(h;, g) 

:= minJelg/1ii 

:= max1e1gl1;; 

1 
:=- I11. 

j lgj jelg 11 

L 11ij L 11ij 
:= ~ = -.--1.,-. e_,IK,___ 

L 11ii li lav(i,B) 
je I 

(y > 0, y' > 0) 

Figure 4 illustrates the mechanism of some reduction functions.20 lt shows a 
problern set B-or rather the index set of B-and all the hj at the same distance to 
h; encircle h;, which resides in the centre. Ig is the index set belonging to the partial 
potential answer g. The 11min(h;, g), and the 11max(h;, g) do not need further com­
ment. The arithmetical mean, 11av(h;,g), depends on the size of g and the minimal 
distant between g and h;; and the normalized sum, l15um(h;. g) reflects both the size 
of g and its location relative to h; ( j/j av(i, B) := Ljefl1iJ). Comparing Figure 3 with 
Figure 4, we see that Niiniluoto's definitionisaquantitative version ofHilpinen's 
comparative truthlikeness definition. Similar to Hilpinen' s proposal, improvement 
of g consists in getting rid of bad elements of g, or adding new elements to g that 
improve even the best of g. Of course, Niiniluoto's quantitative version allows 
more sophisticated refinements. For instance, it may avoid the truth-value depend­
ence ofHilpinen's definition. 
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Niiniluoto favours the min-sum measure M~{, which is a weighted sum of ßmin 
and ßsum· The first is the minimum distance between g and the truth. If ßmin(hi,g) 
is sufficiently small, g is almost true, or approximately true. Answergis true if the 
minimum distance is zero. The second factor, the sum-function ßsum• reflects the 
'size' of the answer g in relation to the average distance to the truth. Roughly, 
'small' and logically strong answers are better than 'large' and weak answersthat 
exclude fewer logical possibilities. Apparently, Niiniluoto's quantitative likeness 
approach also contains considerations of content. 

Fig. 4. Equidistant h, of 8, and set lx of g. 

The sum-function is an indicator ofverbiage, for answers with the same average 
distance to hi, lt adds all the distances between the g-members and the truth, and 
divides it by the sum ofthe distances between all elements ofß and the truth. Ifthe 
distance ß on Bis balanced, then the sum-function is equal to 2111-lLjeipß!i. 

An important difference between the min-sum reduction function ß~s and the 
other functions is that it uses parameters. These parameters y and y' are weights 
to be adjusted to conditions of a specific context. For instance, if, in particular 
circumstances, truth is more important than excluding falsity, y, the weight for the 
ßmin(hi,g), must be larger than y ', the weight of ß 5um(hi,g). Thus, Niiniluoto does 
not propose one truthlikeness definition. He proposes a truthlikeness scheme, 
which has tobe adjusted to the particularities ofthe circumstances ofthe formal 
application. 
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3.2.2. The Propositional Case 

In this subsection, we shall see how the definition orders the propositions of a 
finite propositional language. Let .P [p 1, ..• ,pnJ be a propositional language with 
vocabulary voc(.P) := {p 1, .•. ,pn}. A .P -constituent describes one .P -model; it has the 
following form: 

C; := (±)p I 1\ (±)p2 1\ ··· 1\ (±)p; 1\ ••• 1\ (±)pn 

in which (±)p; are literals. An arbitrary proposition of .P can be presented by a 
disjunction of several constituents (see Chapter 1). For all u e Prop(.P) holds 
1- u = V;610C;. lfl is the index set ofall constituents of.P then Iu~ I, is the index 
set of u. 

Niiniluoto' s Truthlikeness does not explicitly deal with propositionallanguages. 
I shall treat them as Niiniluoto (1987) treats singular Statements in bis chapter 
eight. There, the author proposes to take the mean character difference as distance 
function if the cognitive problern consists of singular statements.21 He also 
mentions Sokal's taxonomic distance, which is the square root ofthe mean charac­
ter distance.Z2 This does not affect our conclusions, but illustrates the absence of 
compelling arguments for preferring one distance function to another. 

As an alternative to the disjunctive normal form, a constituent can also be 
represented by an n-tuple of ones and zeros representing the affirmation and 
negation of corresponding atomic propositions. If we take Jf; to be a zero or one 
betonging to constituentj on place i, then the mean character difference is defined 
by: 

1 n . k 
-I ip/-P; I 
n i=t 

For example, for n = 4, S· := "fJJ "P2 1\ "f13 1\ "f14· and ck := "fJJ "P2 1\ "f13 1\ P4 

correspond to (0,1,0,0) and (0,1,0,1), respectively. Then, 11(0, Ck) = Y4 and the 
likeness of Ck to 0 is Y4. Note that, ifwe Iet Q-predicates correspond with literals, 
the mean character difference is equivalent to the Clifford measure mentioned in 
the preceding subsection. The next observation claims that the mean character 
difference 111k on the set of .P -constituents is balanced. 

Observation 3.4: - 1- L 11jk = Yz 
111 kel 

for allj e I 

Proof The sum of all distances of all constituents Ck to some arbitrary constituent 

c1 is equal to 'L7=I (7) ;/n, where n is the number ofatomic propositions, and i the 

number of atornic propositions on which the constituents disagree. Consequently, 
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I ~ =In (n)i/ Now "n n!; i; ="n (n-1)!; =In cn-1) kel jk i=l i n" '~i=l i!(n-i)! n ~i=l (i-l)!(n-i)! i=l i-1 

= Ij~Ö cn;l) = 2n-1 and thus I;IIIIkel~jk = Tn.2n-l = 1,12 1!!1 

The set of constituents forms a problern set B, because they are mutually exclusive 
andjointly exhaustive. Additionally, to apply Niiniluoto's truthlikeness definition, 
I choose ~~{ (h;,g) as a reduction function. The combination of the Clifford 
measure and the min-sum reduction function results in the following formula fixing 
the distance between an arbitrary proposition g of IJ,, and the true IJ, -constituent 
(min(g) is a constituent with the minimal distance between g and h*): 

Yy ' 1 n · (g) 1 [ 1 n ·] (5) ~ms(h*,g) := y- I ip/-ptm I+-_ Y 1 I -I lp/-P/1 
n;=i 2ni Jeign;=! 

Finally, g 1 is as least as close to h * as g iff ~~{ (h*, g 1) ::;; ~~{<h*, g) and elemen­
tary substitutions give us the result ofNiiniluoto's truthlikeness definition regard­
ing finite propositionallanguages. 

Without comparing the results of a concrete example, the outcome of the 
preceding calculation remains opaque. I elaborated the formula for <;f[p,q], I 
calculated the distances between all propositions and the truth p A q, and put the 
results in Table 1. Obviously, these distances depend on the values of the parame­
ters y and y 1 , and this raised the question of how the table must be organized. lt 
proved to be convenient to put the true propositions at the left-hand side, and the 
false at the right-hand side. The distances ofthe former only depend on Y1 , as was 
to be expected, and those of the latter on y and y 1 • The rows of the table only 
indirectly suggest the distance to the truth p A q. If a proposition 'I' appears above 
proposition <p in the table, then 'I' is at least as similar top A q as <p. 

Tab/e 1. The min-sum distances of Sl![p, q]. 

~(p A q,g) Trueg False g ~(p A q,g) 

0 pAq 

lf.tyl p,q 

1;2yl pvq,pBq -pAq,pA-,q 'l2y+lf.ty' 

V4yl p~q.q~p -pBq 'l2y+'l2y' 

-p,-,q 'l2y+V4y' 
yl T -p A -,q y+'l2y' 

-p V -,q Yly+y' 

Table 1 gives rise to two observations. If y < y ', -p A _,q is closer to the truth than 
-p v _,q. This is a characteristic of content definitions similar to those ofPopper, 
Millerand Kuipers. If, y > y', then, in this two-propositional case, the min-sum 
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definition yields that -p v ~q is closer to the truth than -p 1\ ~q. This agrees with 
the likeness definitions ofHilpinen, and, as weshall see, ofTichy and Oddie, and 
Brink and Heidema. Thus, in specific cases, y and y 1 determine the question 
whether the definition yield a content or likeness ordering. For example, if3y :::::: y 1 , 

'V<~ <p implies 'V ::::::~ <p. The parameters y and Y1 also determine the truth-value 
dependency of the definitions. If y >> y 1 , the true propositions are all closer to the 
truth than the false. If y = 1;2y 1 , --p 1\ ~q is closer to the truth then -p v ~q, and 
some false propositions are closer to the truth than some true propositions. The true 
and false theories are totally mixed up if y << y 1 • Then again, 'V <~ <p implies 
'V ::::::~ <p. The tables, which reveal these facts can be found in the Appendix. 

The significant impact of y and y 1 goes beyond the finite propositional lan­
guage application. We can easily extrapolate the finite propositional case into more 
sophisticated situations such as Carnap's Q-predicates, and Hintikka's monadic 
constituents. Regarding Carnap's monadic language ~~. the M-predicates, Q­
predicates, and the Q-normal form ofpure predicates have the samemutual relation 
as atomic propositions, constituents and propositions in the propositional case. 
Regarding Hintikka's monadic constituents, the Q-predicates, constituents, and 
(consistent) generalisations also entertain this mutual relation. Consequently, for 
all applications, the parameters used decide whether the definition yields a likeness 
or a content ordering. 

3.2.3. Remarks and Comments 

We saw that Niiniluoto's approach is a strong, quantitative version ofHilpinen's 
possible world approach, and therefore I introduced it as a likeness definition. 
Niiniluoto' s favourite measure, however, contains two parameters y and y 1 that can 
be adjusted to the particularities ofthe circumstances. Tobe precise, Niiniluoto's 
proposal is rather a truthlikeness scheme or a "two dimensional continuum of 
truthlikeness measures" than a definition. The two-propositional example shows 
that the parameters may cause the measure to display content behaviour. There is 
a price to pay for this versatility, since the introduction of the parameters might 
impinge on the objectivity ofthe proposal. In other words, how are we to decide 
which parameters are appropriate in a particular situation? It seems likely that, in 
an epistemological context, the adversaries for two competing theories will tune 
the parameters in favour of their own theory. 

The min-sum-measures fulfill a Iist of thirteen adequacy conditions.23 The 
following conditions concern our analysis. 

M3. Niiniluoto's proposal avoids Popper's flaw; 
M4. an antecedent of a true proposition <p is more truthlike than <p 
MS. lt avoids the child's-play argument 
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M8. Adding hi to g improves g iff f..*i < f..min(h *, g) 
M10. It may avoid truth-value dependence. 

89 

There aremorerelevant properties than the thirteen mentioned by Niiniluoto. For 
example, all measures studied by Niiniluoto arevulnerable to extensional Substitu­
tion. As I shall argue in Chapter 5, this is not a drawback. Further, Niiniluoto's 
measures fail to be metrics on the disjunctive closure of the problern space. They 
are no distance functions as they arenot symmetric. Even the symmetric variant of 
the min-sum measure, ö~~~(g1 , g2), is not a metric; as the next example shows, it 
fails to have the triangle property. The measure reduces to M~{Ch 1, g2) if g1 is a 
complete answer, Bis balanced and y = a./l/1 and y' = a'/2. It is defined by:24 

EXAMPLE: Assurne that a = a' such that we may forget a/ I 11. Suppose that g 1 := 
{i E NI 1 ~ i ~ 10 }, g2 := { 11, 100}, g3 :={jE NI 101 ~j ~ 110 }. Then 
li(gl, g2) = (10 + 9 + ... + 1) + 90 + 1 = 146 = li(g2, g3), li(gl, g3) = 2(100 + 99 + ... 
+ 91) = 1910, and therefore li(g1, g2) + li(g2, g3) < li(g1, g3). The measure violates 
the triangle inequality. For every choice of a and a' such an example can be 
found. End Example 

Let us consider the language dynamics of Niiniluoto's proposal. According to 
Niiniluoto, in the paradigmatic circumstances, the truth is complete, but using ( 6), 
he also defines the distances between statements and the distance from the indefi­
nite truth. 25 As mentioned before, if B is balanced and y = a/ I /I and y' = a '/2, 
ö~~~(h1 ,g2) = M~{Ch1,g2). Consequently, ifthe cognitive problern consists ofthe 
constituents of a language P, a conservative extension of the descriptive vocabu­
lary of P does not change the resulting ordering of the theories. To be more 
precise, Iet P[p1, .. ,pm] be some determinate language and Iet P'fp1, .. ,pm, q1, .. ,qn] 
be the indeterminate extension of P. The equivalence of the ö and M measure 
implies for all <p, \jl E Prop(P) and their translations <p ', \lf' E Prop(P ') 

f..YY('! '") < f..YY('! m) ~ Öaa'('!' tlt') < Öaa'('!' m') ms ' 'I' ms ' 't' nms ' Y nms ' 't' 

Since Niiniluoto distinguishes between the general idea ofthe cognitive problern 
and the specific applications ofthe definitions, the language dynamic behaviour of 
his proposal regarding the logical vocabulary is a point of controversy. Niiniluoto' s 
truthlikeness definition (scheme) is a paradigmatic example of a definition that is 
logically biased. In his own terminology, Niiniluoto maintains that his definition 
depends on the logical depth ofthe analysis. The following example shows what 
is at issue here. 
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EXAMPLE: Consider a box partitioned in four equally sized compartments Q I ... 

Q4, and two indistinguishable balls. These four compartments have the following 
names: F(x) AG(x), F(x) A -.G(x), -.F(x) A G(x), and -.F(x) A -.G(x). Logically, 
there are at least three different syntactic systems for which this box provides 
models. We can distinguish: 1. the ftamework of state descriptions of monadic 
predicate language [~!~ with atomic predicates F(x) and G(x); 2. the system of 
constituents of [~!~; 3. the system of a propositionallanguage [l!ffi,f2, gi, g2]. Let 
the balls be in compartment F(x) A G(x), which is the true theory 't. Let us compare 
the 'theory' <p claiming that the two balls are in -.F(x) A -.G(x), and the theory 'V 
claiming that one ball is in -.F(x) A G(x), and the other in -.F(x) A -.G(x). Then, the 
choice ofthe formal system establishes the ordering ofthe theories. Forthose who 
will object that the balls are indistinguishable, notice that we can call one ball a I 
and the other a 2 if we whish to do so. The table reveals that the ordering of the 
theories depends on whether they are formulated as state descriptions, monadic 
constituents, or as propositional constituents.26 Since the theories are all complete, 
we do not need the reduction function, thanks to the adequacy condition red( (f!..if)) 
:= f!.if. Niiniluoto chooses the Euclidian distance function between state descrip­
tions. It is the (square root of the normalized) sum over all individuals aj of the 
distances between the real Q;-predicates and the alleged Q;-predicates.27 Since w's 
claim about ai improves that of <p (-.F(x) A G(x) is closer to F(x) A G(x) than 
-.F(x) A -.G(x)), and they agree about a2, according to the state description order­
ing, 'V is closer to 't than <p. Regarding constituents of monadic predicates, how­
ever, Niiniluoto chooses the Clifford measure. Since the symmetric difference of 
the sets of Q;-predicates ofw and 't includes the symmetric difference ofthe Qr 
predicates of <p and 't, <p is closer to the truth 't than 'I'· End Example 

Table 2. Qrpredicate, and Consistuents 

State Descriptions Hintik. Constituents Prop. Constituents 

t Q1(a1) A Qj(a2) 3xQ1(x)" V'xQ1(x) jj "gl "h "g2 

"' Q3(a1)" Qia2) 3x(Q3) " 3x(Q4) " --1J "gl " -1i" ~g2 
V'x(Q3(x)v Qix)) 

<p QiaJ)" Qia2) 3xQix) A V'xQix) --1J " ~gl " -1i" ~g2 
ordering "'<, <p (8.2) <p <,"' (9.1) "'<, <p 

Niiniluoto admits that his proposal depends on the logical machinery of a lan­
guage. He pointsout that the distance between the target h* and the statement g 
determines the truthlikeness of g. The target oftruthlikeness is "the most informa­
tive true description of the world (his italics )", and therefore it depends on the 
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logical depth and the descriptive vocabulary of the language Si. For instance, 
regarding a monadic language Si, state descriptions reveal more structural informa­
tion than monadic constituents, which have more logical depth than propositional 
constituents. According to Niiniluoto, there are no a priori arguments to prefer one 
Ievel to another, and the choice ofthe appropriate Ievel oflogical strength depends 
on pragmatical considerations. As the logical depth might vary, his approach yields 
"different concepts of truthlikeness", and generates a "multiplicity of notions of 
truthlikeness-although they are all treated by the same method. "28 

It is difficult to accept, however, that the comparison ofthe claims regarding the 
box with compartments and the two balls depends on the logical representation. 
Let there be only one ball a, in the in the situation ofthe preceding example. Then, 
it is Niiniluoto's use ofthe Clifford measure rather than the depth ofthe logical 
analysis that causes the discrepancy between the state descriptions approach and 
that of constituents. Let the truth be 

pAq which corresponds with 
3xQ1(x) 1\ VxQ1(x) (in which p := F(a), and q := G(a)) 

Then, it is the choice of the logical means that determines the worst theory. In 
accordance with most other truthlikeness definitions, for appropriate y and y' the 
worst theory ofProp(Si[p,q]) is 

-p 1\ _,q 
3xQix) 1\ VxQix), 

which is true in this model iff 
(_,F(a 1) 1\ -.G(a 1)) 

According to the Clifford measure, however, the worst theory in Si~ is 

-p v _,q corresponding to 
[3xQ2(x) 1\ VxQix)] v [3xQix) 1\ VxQix)] v [3xQix) 1\ VxQix)] 

If we leave out the propositions of Si~ that do not make sense in the model, such as 
those constituents claiming that there are more than one object in the domain, then 
the languages distinguish exactly four meaningful constituents. They yield the 
same meaningful propositions, and it is the Clifford measure rather than the depth 
of logical analyses that causes the difference in the resulting orderings. 

As is clear from the preceding examples, the normalized symmetric difference 
or Clifford measure has a content character.29 According to some researchers, this 
is the reason it cannot be used to measure the distance between monadic constitu­
ents. This measure induces a discrepancy between the comparison of finite state 
descriptions, and the case in which there are monadic constituents with infinite 
individuals. The state description ordering differs significantly from that of the 
monadic one; the second is not the limiting case ofthe first, no matter the seize of 
the domain ofindividuals. In sum, forregular y and y', Niiniluoto's overalllike­
ness definition is based on a content measure for distances between constituents. 
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We will see that Tichy and Oddie in addition to their use of a likeness measure to 
compare sets of constituents, apply a likeness measure to fix distances between 
individual constituents. 

3.3. TICHY AND ODDIE 

In 1974 Pavel Tichy was the first (with David Miller) to publish on the flaw in 
Popper's original verisimilitude definition. In the same publication, he proposed 
measuring the distance between two constituents using the mean character 
difference (p. 86) ( although he did not use this name ). In the same issue of the 
British Journal, David Miller objected to this proposal, since, according to Miller, 
it yields a 'language dependent' definition. This claim is the subject ofChapter 5 
of the present book. Later, Tichy started to cooperate with Graham Oddie, who 
supported an adapted version of Tichy 's original proposal. In 1986, Oddie pub­
lished Likeness to Truth, the second comprehensive book on truthlikeness, andin 
it he elaborates Tichy's proposals and discusses the differences with Niiniluoto's 
approach. Oddie maintains that an adequate truthlikeness definition must be able 
to handle various applications. First it must be able to cope with quantitative 
applications like "there are exactly twenty planets" is closer to the truth than "there 
are more than thirty planets." Secondly, it mustorder propositional applications 
such as "~h "r" w" is closer to "h" r" w" than "-.h "~r "-.w"; Third, it must 
handle monadic constituents and propositions, such as the proverbially fatness, 
hairiness and tallness example. Finally, it mustorder first order structures in which 
even the importance of the different properties and relations might be weighted. 
Oddie (1986) is an elaborate treatise on truthlikeness. My introduction will follow 
(parts of) Oddie (1987a), summarizing the Tichy-Oddie proposal. 

3.3.1. The Propositional Definition 

Throughout their publications, Tichy and Oddie base their proposals on the mean 
character difference. Regarding two propositional constituents, this measure 
counts the differences between the literals ofthe constituents. This only fixes the 
likeness between (propositional) constituents, and does not provide a likeness 
definition for weaker propositions of the language. This task requires an answer to 
the question how to compare sets of constituents with different cardinalities. As we 
saw, Niiniluoto introduced his reduction function red( (t1ij I jE lg)) to this end. The 
averaging methods of Tichy and Oddie 

" ... measure closeness of fit between two sets of constituents by the breadth of minimal, 
absolutely fair, linkages: the greater the breadth, the further apart are the two sets."30 
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This section is dedicated to Tichy and Oddies explanation of the preceding 
quotation. To begin with, I shall explain that the "the breadth of the minimal 
linkage" fixes the distance between propositions that have the same number of 
constituents. The intuition underlying this idea is manifest in the left part ofTable 
3; in it proposition pairs of fe[h, r, w] with the same number of constituents are 
listed and ordered by increasing mutual distance. 

Table 3. Tichy and Oddie Distaoces 

q> "' number D(q>, 'I') Likeness 
const ( q>, 'I') 

(h v rvw) (~h v rvw) 7 1/21 
20/ 

21 

(h v rvw) (~h v ~rv w) 7 2'21 19/21 

(h v rv w) (~h v ~rv~) 7 3/21 18/ 
21 

(h) (~h) 4 1/ 
3 

2/ 
3 

(h Ar) (~h A ~r) 2 2/ 
3 

1/ 
3 

(h ArA w) (~h A ~rA ~) 0 

What does Tichy mean when he says that the distance between q> and 'I' is equal to 
the linkage between q> and 'I' with the minimal breadth? According to Tichy, the 
linkage between sets of constituents is defined by a surjection between those two 
sets. If q> and 'I' have the same number of constituents this surjection is a bijection. 
Next, the breadth of the linkage is the sum of the differences between the related 
constituents normalised by the total of all possible differences of the linkage. The 
distance D( q>, 'II) between q> and 'II, then, is the minimum of the breadths of all 
possible distances, and their likeness equals 1 - D( q>,\jf). The right part ofTable 3. 
surveys the normalized distances and likeness of fe -propositions pairs. Let us 
illustrate these concepts by an example. 

EXAMPLE: In fe[p,q,r], D((h 1\ r),(-,h Ä. -,r)) = 2/3, since (h 1\ r) = {(h 1\ r 1\ w), 
( h 1\ r " -,w)}, and ( -.h " -,r) = { ( -,h 1\ -.r 1\ w ), ( -,h 1\ -.r 1\ -,w)}, and their minimal 
linkage is { ((h 1\ r 1\ w), (-,h 1\ -.r 1\ w)), ((h 1\ r 1\ -,w), (-.h 1\ -.r 1\ -,w)) }, since the 
other pairing gives more dissimilarities. The maximal number of dissimilarity is the 
number of elements in the linkage (2), times the number of elements in one 
constituent (3) which makes 6. The number of dissimilarities in the minimal 
linkage is 2 + 2; therefore the distance between (h "r) and (-.h 1\ -.r) is 4/ 6. The 
previous diagram illustrates the example. In the same vein, D((h v r),(-,h v -,r)) = 
4/ 18 and therefore D((h 1\ r),(-.h 1\ -,r)) > D((h v r),(-.h v -,r)). Ifthe disjunctive 
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normal form of <p and 'I' have the same number of constituents, the breadth of the 
minimallinking is the distance between the two propositions. End Example 

2 differences 

2 differences 

Fig. 5. Example ofa linkage 

The propositions compared by the minimal breadth definition need not be of the 
same logical strength. In a propositional context, Tichy (1978) proposes the 
following. Let <p and 'I' be disjunctions of constituents, and Iet I Cnst( <p) I = a, 
ICnst('!')l = b, and Iet a > b. Then, every surjection from Cnst(<p) to Cnst('!') is a 
linkage. The breadth ofthat linkage is equal to the sum ofthe differences occurring 
in each pair of constituents; this is normalised by the sum of all possible differ­
ences of the linkage. The distance between two sets of constituents is the breadth 
oftheir minimallinkage. In other words, every constituent of <p is paired ofwith a 
constituent ofw that is most similar to the constituent in question. For example if 
<p := {(h ArA w), (h "r" -w), (...,h "r" w), (...,h "...,r A ...,w)} and 'I' := {(h" 
r A w ), (_,h " _,r A -w)} then their distance, the linkage of minimum breadth is 
l+I;3x4, and the likeness between <p and 'I' is 5/6. The following diagram illustrates 
this minimallinkage. 

hAri\W 
hArA ...,w 
...,hArAW 
-.hA ...,rA ...,w 

Fig. 6. Minimal Linkage 

hAri\W 

The minimal breadth definition yields a truthlikeness ordering in the two proposi­
tional case if the true theory is complete. Let rf be a propositionallanguage with 
voc(rf) := {p, q}, and Iet the true theory be p" q. 

The ordering of the minimal breadth definition is given in Table 4, which 
displays the symmetry regarding the form of the propositions and the negation 
sign; the fourth row is an axis of symmetry in the table. For example, if the 
negation signs are interchanged, the formula on the third row is equal tothat on the 
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fifth row, those ofthe second to those on row six, and so on. The disjunction and 
the conjunction do not participate in this scheme of substitution. The ordering is 
coarsely grained. Halfthe propositions receive the same distance to the truth. The 
table also shows that the minimal breadth definition is a likeness definition. If 
p 1\ q is the truth, then the absolute falsehood, -p 1\ --.q, is the worst element of 
Prop(.<i [p ,q ]). 

Table 4. Tichy and Oddies two-propositional ordering 

ffJ D(p 1\ q, ffJ) 

pAq 0 

2 p,q 1; 
4 

3 pvq 1; 
3 

4 p ~ q,p--+ q, q--+ p,T, 1; 
2 

jJAq,pA ~' Jl ~q 

5 -pv-,q 2; 
3 

6 -p.~ 3; 
4 

7 jJ/\~ 

The next step of our summary is to explain the absolute fairness of the linkage 
mentioned in the quotation. Since Tichy's minimal breadth definition does not put 
constraints on the surjection, it may distribute the constituents of the larger set 
unequally over those ofthe smaller one. Oddie calls such a surjection ''unfair". In 
the previous example, one element of Cnst('l') is linked to three elements of 
Cnst( q> ), whereas the other element of Cnst( 'I') only has one counterpart. Oddie 
proposes to adjust the foregoing definition such that it avoids unfaimess. He 
constrained the definition by reducing the set of allowed surjections, and proposed 
to allow only fair surjections. He defines a fair surjection as follows. Let 
ICnst(q>)l = a > ICnst('l') I= b, and Iet c:::;; 0 /b:::;; c+l (c is an integer). Then, a 
surjection from Cnst( q>) to Cnst('l') is fair if each element of Cnst('l') occurs only 
c or c+ 1 times. This surjection is an improvement, but it still allows for some 
unfaimess. Oddie showed that the fair surjection definition does not provide a 
metric on the power set of all constituents. 

To give a truthlikeness definition that renders a metric on the power set of 
constituents, Oddie introduces the absolute fair linkage. Again Iet I Cnst( q>) I = a > 
I Cnst('l') I = b, and Iet c be equal to the lowest common multiple (l.c.m.) of a and 
b. Then, according to Oddie there is an absolutely fair linkage between q> and 'I' if 
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all members of <p are c;a times linked to members of'l', and members 'I' are linked 
c;b times to members of<p. For example, regarding Si[p,q], D(-p v -.q, -p) = 5/ 12. 

The l.c.m. of a = 3 and b = 2 is 6, and the Iinkage connects all three constituents of 
-p v -.q to the two constituents of -p. The number of possible mismatches is 
twelve and the number of actual mismatches is five, therefore, the distance is 5 I 12. 

Similarly, we obtain the result that D(-p v -.q, p v q) = 1/ 3. Now that I have 
explained all ingredients ofthe quotation at the startoftbis subsection, we are able 
to understand Tichy and Oddies truthlikeness definition regarding propositional 
languages. 31 Let Si be finite propositionallanguage, and Iet D( <p, •) be the breadth 
ofthe minimal, absolutely fair, linkage between <p and •· 

DEFINITION 3.4: Suppose q>, 'I' and • are elements ofProp(Si); then, according to 
Tichy and Oddie, 'I' is at least as truthlike as <p iff 1-D(\11, •) ~ 1-D( <p, •) 

Notation: 'I' ::;; ~&o <p 

3.3.2. Questionsand Remarks 

This second subsection consists of two parts. The first concems more general 
issues related to the Tichy and Oddie proposal; in the second, I examine the 
metatheoretical properties of the definition mentioned in Chapter 1. 

Tichy was the first victim of Miller's aversion to "language dependent" 
approach-to-the-truth definitions. He defended his approach by supplying the 
language used with intensional semantics. According to Tichy and Oddie, a 
syntactic truthlikeness definition only makes sense ifthe formallanguage on which 
the definition is based has an explicit interpretation. This is a reasonable condition. 
If the definition hinges on mere symbol manipulation, it would be difficult to 
explain how it could contribute to the judgement about closeness to the truth of an 
empirical theory. To substantiate the claim that syntactic definitions can be used to 
assess the truthlikeness of an empirical theory, Oddie relates his definition to a 
Wittgensteinian picture theory of meaning. 32 He claims that propositional constitu­
ents contribute to the idea that propositions picture states of affairs. Consequently, 
similarity between states of affairs is related to similarity between constituents. He 
connects ideas of logical atomism with the intuition that similarity between two 
theories concems closeness of fit between possible worlds. Oddies colleagues in 
the truthlikeness program do not bring in logical atomism to support their defini­
tions. They agree, however, that the approach of similarity between constituents 
only make sense if equipped with an appropriate interpretation (see subsection 
5.2.3, p. 173). 

Less commonly shared is Tichy and Oddies emphasis on the intensional 
character of this interpretation. The drawback of an extensional interpretation of 
property terms is that the meaning of the term changes with a change of its 
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extension. According to Oddie, there exists a language independent attribute red 
that provides words such as 'red', 'rot', 'rouge', 'rood' ... with meaning, and that 
does not change when the set of red things changes. More generally, Tichy and 
Oddie define a conceptual framework consisting of a domain of objects, and of a 
collection of language independent traits, the intensional basis. A complete 
distribution of these traits is called a possible world, and the collection of all 
possible worlds produced by the framework is a logical space. Aproposition, then, 
is a set of possible worlds; it is a dichotomy of the logical space. In this frame of 
thought, the intension al interpretation induces an "assignment of propositions to 
sentences.'m Tichy and Oddie use the classical notion of a proposition: a proposi­
tion isthat what is expressed by a sentence. We shall see that Tichy and Oddies use 
of intensional frameworks forms an important part of their reply to Miller's 
accusation of'language dependency'. 

Tichy and Oddie do not recoil from logical complexity. Apart from their 
intensional frameworks, they do not stick to frrst-order logic, and apply higher­
order frameworks. According to Oddie, the "universalability of causal connec­
tions" suggests that ''the primary relation (here: causation) holds not between 
individual events, but rather between the properfies ofthe individuals involved."34 

In the same vain, L.J. Cohen has argued that scientists are looking for better laws 
rather than truth, and proposed to investigate legisimilitude instead of verisimili­
tude.35 According to Tichy and Oddie their verisimilitude definition provides a 
definition of legisimilitude as far as the compared propositions make causal 
claims. Consequently, as they interpret causal claimstobe higher order traits, their 
definition must reckon with higher order logic. Tichy and Oddie's treatment of 
"frameworks with higher-order traits in the intensional basis." falls beyond the 
scope ofthis book.36 

Now, we come to the second partoftbis subsection, where weshall discuss the 
metatheoretical propetlies of the definition. Tichy and Oddies propose a strong, 
quantitative truthlikeness definition, which is truth-value independent ((p I " 

P2 "P3) v (-pi "-p2 " -p3) <~&o 7'I Ap2 Ap3). Moreover, it is not specular. 
If'r := p" q, then p <~&o -p" -.q, and, as we saw, D(-p v -.q, -p) = 5/12, and 
D(-p v -.q,p v q) = 1/3, therefore -p ~~~&o p v q. 

As Popper already noted, Tichy's definition is not upward strictly monotone (p. 
3 8). The disjunction of a false constituent hi and a true proposition g is closer to the 
truth than g, if hi is closer to the truth than the average distance between the g­
constituents and the truth. For instance: (p I "p2 "p3) v (-p I "-p2 " -p3) v 
(p I 1\ P2 1\ -p3) <~&O (p I 1\ p2 1\ p3) V (-p I 1\ -p2 1\ -p3). Tichy's proposal 
violates Niiniluoto's M4 and M8. This Iack of strict monotonicity is the reason for 
Popper, Millerand Niiniluoto to reject Tichy's definition. 

As to the language dynamics of the language, Miller showed that Tichy's 
original proposal is context independent. 31 A comparison in a conservative 
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extension of a language does not contradict the ordering in the originallanguage. 
Moreover, Tichy avoids the discrepancy between a propositional analysis and an 
analysis using monadic constituents, such as allowed by the 'logical depth' 
analysis of Niiniluoto. He treats the propositional, monadic, and first order depth 
d constituents in the same way. At least as far as these applications are concemed, 
the approach is logically unbiased-that is the change of logical machinery does 
not change the ordering. 

Regarding the quantitative behaviour of the definition, Oddie claims the 
following. "[I]f a domain has a metric on it, satisfying the triangular inequality, 
then the distance function between sets of objects in that domain, obtained by 
using minimal breadths of absolutely fair linkages, is also a metric satisfying the 
triangular inequality."38 In other words, the Tichy-Oddie approach projects the 
metric from the Ievel of individuals to the Ievel of sets. Finally, the preceding 
introduction clearly shows that their proposal does not suppose the completeness 
of the truth. 

In the first chapter, I promised to avoid as much as possible the discussion about 
differences of opinions and intuitions. Here, we cannot evade it. The breadth-of­
the-linkage approach treats state descriptions and monadic constituents similarly. 
Recall the S1:~-example in subsection 3.2.3 where Q1 •.• , Q4 are F(x) 1\ G(x), 
F(x) "~G(x), ~F(x) 1\ G(x), and ~F(x) 1\ ~G(x), respectively. Now, consider the 
constituents C1 := 3x(Q1)" VxQj(x), C4 := 3x(Q4)" VxQix), C15 := 3x(Q2)" 

3x(Q3) 1\ 3x(Q4) 1\ Vx(Qix) v Q3(x) v Qix)). According to the Clifford (~) 
measure (p. 83) C 4 <Cl C 15, whereas the breadth of the linkage measure yields 
C15 <c1 C4 (I substitute Q; for p;). Niiniluoto formulates the difference of opinion 
between him and Tichy thus: "general principle underlying Tichy'sjudgement ... 
seems tobe this: in measuring the distance between monadic constituents, attention 
should be paid to the ... number of M;'s and non-M;'s, rather than to the cells 
Q;'s."39 This is the reason that Tichy's approach avoids the discrepancy between 
the ( overall) propositional analysis and a monadic constituent refinement. The 
M,{a)'s and ~M,{b)'s, or in our terms the F(a)'s and G(a)'s, correspond to the 
propositions in a propositional approach. The Q;-constituents correspond indirectly 
with those propositions. Consequently, my conclusion reads that, contrary to the 
Niiniluoto's truthlikeness definition, the Tichy-Oddie proposal is an overall 
likeness approach supplemented with likeness rejinements. 

3.4. BRINK, BURGER AND HEIDEMA 

In 1987 C. Brink and J. Heidema proposed a truthlikeness definition for proposi­
tional languages based on Brink's ideas about power relations. Their definition 
imposed a preordering on the propositions of a propositional language. lt is not 
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antisymmetric as \jf s, <p and <p s, \jf, does not imply \jf = <p. In 1994, in coopera­
tion with I. Burger, Heidema changed the 1987 definition into a weaker 
antisymmetric version; the new version imposed a partial ordering on the proposi­
tions. This section is based on Brink and Heidema (1987), and Burger and Hei­
dema (1994). 

3.4.1. Brink and Heidema 

The Brink and Heidema definition is based on the power relation. Intuitively, a 
power relation R+ of a (binary) relation R on set A is the result of transposing R to 
the powerset of A. 

DEFINITION 3.5: SupposeA is some set and letR be some relation onA and letX, 
Y E I?(A). Then, the power relation R+ relates X and Y if and only if 
1. (\fxEX)(3yeY)[xRy] and 
2. (\fyeY)(3xEX)[xRy] 

Notation: XR+ Y 

The following example illustrates the idea underlying definition 3.5. LetA be the 
set {1,2,3,4,5,6,7,8,9}, and letR be the usual s-relation. Then, {1,2,3,4} :=X s+ Y 
:= {2,3,4} obtains. In other words, regarding s, 'Y reaches at least as high as X', in 
accordance with the first clause of the definition. In the same way 'Xis below Y' 
or 'X reaches lower than Y' according to the second clause. Note that all elements 
of X are comparable with the elements of Y. Generally, R+ is a preordering since R+ 
is reflexive and transitive if R is; however, X R+ Y and Y R+ X do not imply X= Y 
sinceR+ is not antisymmetric. For example, {3,5} R+ {3,4,5} and {3,4,5} R+ {3,5}, 
but{3,4,5} * {3,5}. The power relation can also be applied to a set ofsets ordered 
by the inclusion relation ~- Let A be a set. Then, the usual inclusion relation ~ 
partially orders I?(A), and ~+ preorders I?(I?(A)). Brink and Heidema introduce a 
new symbol for the power ordering. 

DEFINITION 3.6: Let ~ order the set I?(A). Then, the power ordering of ~+ on 
I?(I?(A)) relates subsets X and Y of I?(A) if and only if 
1. (\fxEX)(3yeY)[x ~ y] (X== Y) 
2. (\fyeY)(3xEX)[x ~y] (X~ Y) 

Notation: X*""' Y(X .. Y :=X*""' Y and Y *'="X) 
Brink and Heidema propose a truthlikeness definition that combines the idea of 

a power ordering and the fact that every proposition in a propositional language 
corresponds with an element of l?(l?(voc(~))). The intuition underlying the 
definition is the following. First, the literals of~[p 1, .• . ,pn] are renamed suchthat 
all atomic propositions are true. Then, PC+(Ci) ~ voc(~) is the set of atomic 
propositions implied by a constituent Ci. Second, as all propositions have a 



100 CHAPTER3 

disjunctive normal form, every P-proposition corresponds with a set ofPC\CJs. 

The inclusion relation orders the subsets of voc(P) representing the constituents, 

and the power ordering ofthis inclusion relation orders all propositions ofP. Brink 

and Heidema consider the truth to be the singleton containing only the constituent 

that affirms all atomic propositions. Let P be a finite propositionallanguage, and 

Iet the truth -r of P be the constituent affirming all atomic propositions of P, and 

finally, Iet Ci E \jl abbreviate Ci E Cnst( \jl ). Then, the Brink and Heidema truthlike­

ness definition reads as follows. 

DEFINITION 3. 7: Let \jl, <p E Prop(P); \jl is at least as close to the truth ras <p, iff 

1. (VCi E <p)(3C,· E \j/)[PC\Ci) ~ PC\C)] and 
2. (VCi E \j/)(3Ci E <p)[PC+(C) ~ PC\C)] 

Notation: \jl ::::;; <p (Brink and Heidema's notation: <p *= \jl) 

Regarding the two atomic propositions p and q, Brink and Heidema's definition 

results in the following ordering. Let the set of atomic propositions ofP, voc(P) be 

{p, q}. Then the four subsets ofvoc(P) are: 0, {p}, {q}, {p, q}. Those subsets 

correspond to the constituents JJ "..,q,p "..,q, JJ "q andp" q, respectively. In 

the subsequent explanation I shall use the expression "constituent Ci contains C/' 
ifPC+(C) ~ PC+(C). Moreover, a "maximal constituent C; ofproposition <p" is 

that constituent of <p that is not contained by any other constituent of <p; a "minimal 

constituent Ci of a proposition" contains no other constituent of the proposition. 

According to Brink and Heidema, constituent p " ..,q is more similar top " q 
than JJ "..,q since 0 c {p} c {p, q} and {p} CX. 0. Using the power ordering of 

the inclusion relation, the definition puts the proposition p closer to the truth p" q 

than JJ. The proposition JJ is logically identical to ((JJ "..,q) v (JJ "q)), and p 

is identical to ((p" ..,q) v (p" q)). Thus, (p" q), which is an element of p, con­
tains all constituents ofJJ, and JJ "..,q, an element of}J, is contained in all the 

constituents of p. Consequently, p is at least as similar top "q than is JJ, but since 

the reverse does not hold, p is closer to the truth than JJ. The preordering that the 

definition puts on Prop(P [p,q]) is shown in Figure 7, which is based on Figure 6 on 

page 540 ofBrink and Heidema (1986). 
Using their definition, Brink and Heidema cannot compare all pairs ofproposi­

tions. For example, although (p " ..,q) v (JJ " q) is a logical consequence of 

p " ..,q, they cannot be compared using the Brink and Heidema proposal. The 

constituent p " ..,q does not contain JJ " q, and p " ..,q of (p 1\ ..,q) v ( }J " q) is 
not contained in JJ "q. The definition blocks the comparison in two directions. In 
cantrast to Brink and Heidema's likeness definition, using an content definition we 

can compare any propositions with its consequences and antecedences. 
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Fig. 7. ~';" -ordering ofProp( .\e[p,q]) 

3.4.2. Burger and Heidema 

In 1994, Heidema and I. C. Burger extended the previous definition from a pre­
ordering into a partial ordering ofProp(P). For example, according to the power 
ordering definition, p ~ q is as close to the truth as p B q since they contain the 
truth,p 1\ q, and the absolute falsehood, -p 1\ -.q, and p ~ q ** p Bq. Intuitively, 
Burger and Heidema extend the power ordering definition as follows. lf the 
maximal and minimal constituents of two propositions coincide, then the logical 
strongest of the two is closer to the truth. If there is no logical consequence relation 
between the two propositions, their truthlikeness is uncomparable. 

First, Burger and Heidema define the positive and the negative content of a set 
X of possible worlds (the 1994-paper uses 'possible world', where the 1987 -paper 
used 'constituent'; for finite propositionallanguages, 'model', 'constituent', and 
'possible world' can be mutually substituted). The positive content ofXis defined 
by 

tX:=def{w E Wj 3x eX: w ~ x} 

where ~ designates the mean character di.fference (subsection 3.2.2 p. 86). The 
positive content of Xis the set of possible worlds that improve some model of X. 
Obviously, it contains the truth. Additionally, Burger and Heidema define the 
negative content of X: 
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vX:=def {w E Wl 3x EX: w ~ x}. 

vX is the set of structures improved by an arbitrary model of X. Burger and Heide­

ma's next step towards the partial ordering is the definition ofthe convex content 

of X, and the non-convex content of X: 

OX:=deft:Xn 'VX, and o"X:=def(W-OX)uX,respectively. 

The latter equals (OX-X)c. Intuitively, the convex content ofa propositionX is the 

set of models between the bestand the worst models of X. Xis convex if X= OX. 

The non-convex content of Xis the complement ofthe set ofworlds that have tobe 

added toXto make it convex. Finally, Iet 9! be a finite propositionallanguage and 

W = Cnst(9!). then, Burger and Heidema propose: 

DEFINITION 3.8: Let A, B <;:; W. Then, Bis at least as close to the truth as A iff 

1. B ~~ A, and 
2. if A ~·; B then d'A 2 d'B 

Notation: B ~~ A 

Burger and Heidema show that their definition also can be formulated in terms of 

the positive and negative content of two theories. They prove that B ~~ A <=> 
[ v A <;:; v B and LlA 2 LlB]. The latter is intuitively plausible. After all, v A <;:; "'B 
states that B reaches at least as high as A. In other words, the set of constituents 

contained by some constituent of A is in the set of constituents also contained by 

some constituent of B. LlA 2 LlB says that all constituents containing an element of 

B are contained in the set of constituents containing an element of A. In other 

words, A reaches at least as low as B. Furthermore, Burger and Heidema show that 

OA =OB equals B ~~ A and A ~~ B since then, vA = vB and LlA = LlB. In words 

this relation between A and B holds if and only if the maximal and minimal 

constituents of A coincide which the maximal and minimal of B, respectively. 

How do Burger and Heidema turn their 1987 preordering into a partial truthlike­

ness ordering relation? The power ordering definition is similar to the Burger and 

Heidema definition as long as OA :;e OB. They diverge when the convex content of 

theories are the same. Then, the new clause d'A =2 d'B differentiates between the 

truthlikeness of A andB. Since d'A =2 d'B equals (OA-A)c =2 (OB-B)c, which equals 

OA-A <;:; OB-B, the extra claim boils down to the following condition: The set of 

constituents that has tobe added to make A convex has tobe a subset ofthe set of 

constituents that has to be added to B to make B convex. Then, all B-constituents 

are A-constituents, and A is a logical consequence of B. The result is that if, 

according to the power ordering definition, two propositions have the same 

distance to the truth, the logically stronger is closer to the truth. Note that if 

OA =OB, d'A 2 d'B, and d'B =2 d'A, thenA =B, and ifOA =OB, and d'A 1J d'B, and 

d'B ~ d'A, the truthlikeness of A and B remain the same. 
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Fig. 8. Burger and Heidema's ordering ofProp(~[p.q]) 
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Finally, it is interesting to see how the Burger Heidema definition copes with 
the two atomic propositions example. As an illustration, I shall elaborate the 
comparison of p ~ q = {-p "-oq,p" q}, andp ~ q = {-p" -oq,p" --q,p" q}. 
The negative content ofp ~ q and p ~ q are: vp ~ q = vp ~ q = {-p" --q, 
p " --q, -p " q, p " q} = T, and the positive contents of p ~ q and p ~ q are: 
t.p ~ q = 6. p ~ q = T. Consequently, the convex contents of the theories are 
identical: Op ~ q = 0 p ~ q = T, yieldingp ~ q ** p ~ q. The non-convex 
content ofp ~ q equals p ~ q, because d'p ~ q = (W-Op ~ q) u (p ~ q) = 
0 u (p ~ q) = p ~ q, and the same holds for p ~ q: d' p ~ q = p ~ q. 
Consequently, the Burger and Heidema definition applies the convex content 
clause. This clause yields that d'p ~ q ;;:2 d'p ~ q since {-p "--q, -p 1\ q,p "q} 
;;:2 { -p " --q, p " q}. This shows that where the power ordering definition equalizes 
the truthlikeness of p ~ q and p ~ q, the positive and negative content defmition 
favours the logical stronger to the logical weaker one, and: p ~ q ~~ p ~ q. The 
remainder ofthe two propositional ordering is presented in Figure 8 copied from 
Burger and Heidema (1994) page 626. 

3.4.3. Remarlcs and Comments 

In his review paper about the power ordering definition, Oddie compares the Brink 
and Heidema proposal with the 'mixed approach'.40 This is Hilpinen's definition 
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supplemented with tlre mean character difference measuring the similarity between 
possible worlds. We used the mixed approach to elaborate Hilpinen's ordering of 

the Prop(.<f [p,q]) example. Oddie adequately observes that for both approaches the 
maximal and minimal constituents of propositions determine their truthlikeness. 

Burger and Heidemadefine truthlikeness in terms of positive and negative content. 

If, however, max(X) refers to {x E XI lly EX: x < y} and min(X) denotes {x E XI 
lly EX: y <x}, then it is easy to prove that t:X= {w E Wl 3x E min(X): w;;:: x} and 

vX := {w E Wl 3x E max(X): w :$; x} .41 Consequently, Burger and Heidema base 
their definition on the maximal and minimal constituents of propositions, and it is 

more similar to Hilpinen 's approach than to that of Tichy and Oddie. The latter 
uses the minimal breadth 'averaging method' instead ofthe maximal and minimal 

method. Although Oddie's general assessment is adequate, his claim "that the 
power relation proposal and the mixed proposa/ yield exactly the same judgements 

(his italics)" is false.42 A quick Iook at Figure 2 (p. 78), Figure 7 (p. 101) and 
Table 4 (p. 95) suffices to falsify Oddies claim. For example, regarding p and 

p v q and • := p" q, 

p V q :$;~ p, p <; p V q and p <~&O p V q 

Without plunging into discussions about priorities of intuitions, we may claim that 
intuitively, regarding the two propositional example, the minimallinkage ordering 

is at least as similar to the power relation ordering as Hilpinen's ordering.43 Ifthe 

vocabulary of the language extends, then the power ordering definition and the 
minimallinkage definition give different preference orderings, since the second is 
not truth-value dependent. For example, for .<f[h,r, w] with • := {h "r 1\ w} if 

'I':= (h 1\ r 1\ w) v (h /1 ~r /1 ~w) v (~h /1 ~r /1 ~w), and 

<p := (h 1\ r 1\ ~w) v (h "~r 1\ w) v (~h 1\ r 1\ w) v (~h 1\ ~r 1\ ~w) 

D(\jl, •) = 519 and D(<p, 't) = 1/2, and the false proposition is closer to the truth: 
<p <~&o 'I'. As 'I' "reaches higher" than <p-\jl is true-and 'I' reaches as low as <p, 
according to the power ordering definition, it is closer to the truth than <p: 'I'<~ <p. 

In the remainder of this subsection, I discuss the other metatheoretical properties 
of Heidema's definitions. The power ordering and its positive-and-negative­
contents weakening are both comparative truthlikeness orderings since nothing 
reaches lower than, and all other propositions reach at least as high as, the com­
plete falsehood. Both, the power ordering and its weakening are truth-value 

dependent. Let 'I' be a true proposition and <p a false one then, <p $~ 'I'. The reason 
isthat if't I= \jf, and <p 1= ~., then the true constituent • is in Cnst('l') and for all c1 
in Cnst(<p), PC\•) ~ PC+(C)- This falsifies the first clause of <p :$;~ \jl, and 

therefore <p ~ \jl; this also proves the truth-value dependency ofthe Burger and 
Heidema definition. 
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As both Heidema's definitions presuppose the completeness of the truth 
specularity does not apply. It is unclear how they must be adjusted to the case in 
which the truth is incomplete. The following proposition concems the language 
dynamic behaviour of the power ordering. 

PROPOSITION 3.5: The power ordering definition is strongly context independent. 

Proof By induction on n, the number of atomic propositions. Let I voc(.P) I = 1. 
Then the four propositions are ordered as follows: -p *= T *= p and .l is not 
connected. Figure 7 shows that adding a new atomic proposition q does not change 
this ordering. Thus, the claim obtains for n = 1. If I voc(.P) I = n, and 'l' <; <p we 
shall show that cr( 'l') <';, cr( <p) obtains for the translations cr( 'l') and cr( <p) in .P' with 
I voc(.P ')I = n + 1. By definition 'l' <~ <p means 'v'Cq>,3C [PC+( Cq>) ~ PC\ CIJI)] 
and 'v'CIJI,3Cq>,[PC\Cq>) ~ PC\CIJI)]. Let voc(.P') = voc(~) u {s}. Since <p does 
not claim anything about s, <p = C1 v ... v Cn iff cr(<p) = (C1 1\ s) v (C1 1\ _,s) v ... 
v (Cn 1\ s) v (C'1- 1\ -,s). Thu\ 'v'Ccr(q>)'3Ccr(IJI)[PC+~cr(q>)) ~ PC+(Ccr(w))] and 
3Ccr(cp)''v'Ccr(IJI)[PC (Ccr(cp)) ~ PC (Ccr(w))], and cr('l') <:;. cr(<p). 181 

The Burger and Heidema ordering weakens the power ordering as the additional 
constraint renders some pairs of propositions uncomparable whereas according to 
the power ordering their truthlikeness was equal; for instance p ~ q and q ~ p. As 
logical implications are preserved under conservative extensions ofthe language, 
the foregoing proposition also obtains for the Burger and Heidema definition. 
Finally, we conclude that, despite the title oftheir paper, the Burger and Heidema 
approach Ieads to an overalllikeness definition with local content refinements. 

3. 4. 4. Kuipers 's Truthlikeness 

Kuipers considers his truthlikeness definitions as refinements of his content 
proposals. The ~-definition, introduced in the preceding chapter, has the benefit of 
agreeing with common sense. W e prefer solution Y to X if it shares X' s advantages, 
and avoids its drawbacks. The problern of the content definition, however, is its 
weakness; it will be hard to find applications ofthe content proposal in the history 
of science Kuipers conceives his naive definition as an elementary starting point 
for further refinement, and shows under what conditions his refined definition is 
equivalent to his content definition. In the first subsection, Kuipers's comparative 
truthlikeness definition is introduced, and in the next, we shall discuss his refined 
quantitative proposal. The last subsection concems remarks, problems and conclu­
sions. 



106 CHAPTER3 

3.4.5. The Comparative Version 

In 1987 Kuipers published the first version ofhis refined definition, and, five years 
later he changed the definition due to criticism from van Benthem.44 After the 
alleged quantitative counter examples ofKieseppä, Kuipers changed his definition 
again. Regarding the comparative applications, however, this corrected version 
suffers important drawbacks, which weshall encounter shortly. I regard the newest 
versiontobe a step backwards; therefore, I shall base my presentation on Kuipers' s 
1992 paper. 

The basic structuralist starting point ofKuipers's refined comparative definition 
equals that ofhis naive definition. Recall that MP represents the class of alllogical 
possibilities produced by the conceptual framework ofthe physical theory, and that 
a subset of MP represents a theory. The assertion that all empirical (im)possibilities 
belong to X (.XC) embodies the empirical claim of the theory X. Then, the naive 
definition asserts that Y is at least as close to T as X iff Y !l T ~X !l T. According 
to the ll-definition, improvement of a theory only occurs if either some impossible 
structure has been removed or a physically possible has been added. Since this way 
of improvement in scientific practice will be rare, Kuipers proposes to refine the 
definition. Scientific progress consists not only of replacing impossible structures 
by a possible ones; substitution of an inadequate structure by a better one also 
provides progress. 

How does Kuipers formalize this intuition? First, like Hilpinen, he introduces a 
basic notion of similarity between structures. Let the structures x, y and t be 
elements of MP; then, s(x,y,t) says that y is at least as similar to t as x. According 
to Kuipers, this notion of structural similarity cannot be defined, since different 
types of structures need different definitions of structural similarity. If s(x,y,t) 
obtains, Kuipers calls y an intermediate of x and t; in other words, y lies between 
x and t. Secondly, the notion of relatedness is introduced. Two structures x and z 
are related, connected, or comparable, r(x, z), ifthere is a y e MP suchthat s(x,y,z). 
Thus, the meaning of relatedness and similarity depends on the context of their 
application. Kuipers assumes that the similarity relation s underlying his refined 
truthlikeness definition meets the following minimal s-conditions: 1. s is centered: 
for all x, s(x,x,x). 2. s is centering: s(x,y,x) implies x = y. 3. s is conditionally left 
reflexive: s(x,y,z) implies s(x,x,y), s(x,x,z), and s(y,y,z); and it is right reflexive: 
s(x,y,z) implies s(x,y,y), s(x,z,z), and s(x,z,z). Note that the centeredness of s 
implies r(x,x). 

Furthermore, Kuipers distinguishes between symmetric and antisymmetric 
similarity relations. If s(x,y,z) implies s(z,y,x), it is symmetric, and if s(x,y,z) and 
s(z,y,x) tagether imply x = y = z, it is antisymmetric. Consequently, the comparabil­
ity relation need not be symmetric. Let { (x, y, z)} define s(x,y,z) in {x, y, z}. Then, 
r(x, z) obtains and r(z, x) does not. Hence, if s is not symmetric, it defines a 
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directed r-relation. Furthennore, we must be aware that r need not be transitive. 
For example, consider x := (0,0), y := (2,0), z := (3,0) and a := (0,1) in a two­
dimensional Euclidian space where s(p,q,r) means the distance between q and r is 
smaller than the distance between p and r; then, r(x,z) and r(z,a) do not imply 
r(x,a ). Thus, Kuipers' s comparability relation need not be transitive nor symmetric. 
Among Kuipers's examples of symmetric similarity relations are: propositional 
structures, first order structures and real number structures. The structurallikeness 
triads, generated by concretization, provide important examples of antisymmetric 
similarity. 45 Convexity is the third notion in Kuipers' s approach. SetXis convex 
regarding s if for all x and z EX, and for all y e Mp, s(x,y,z) implies y e X Kui­
pers's generat truthlikeness definition does not assume theories tobe convex. 

In Chapter 2, we found that the structuralist content definition has two clauses. 
The refined definitionalso consists oftwo clauses. The naive instantial clause was 
equivalent to the condition that (X n T)- Y = 0. Strengthening this condition, the 
refined instantial clause reads: 

(Ri) For all x in X and t in T if r(x,t), then there is a y in Y such that 
s(xJI,t). Notation: RTLin(X, Y, T) 

Intuitively, (Ri) claims that if X contains a relevant failure, then there is a y e Y that 
is more similar to the physical possible structure t than x. Note that y need nottobe 
an element ofT. The naive explanatory clause claims that Y- (X u T) = 0. 
Weakening this clause, the refined explanatory clause reads:46 

(Rii) F or all y in Y - (X u T) there are x in X- T, and t in T such that 
s(XJ',I). Notation: RTL ex(X, Y, T) 

According to (Rii), and in contrast to the Cn-clause, Y may contain physically 
impossible structures that arenot in X The (Rii)-clause demands that these y's are 
relevant for some t in T and must improve an x in X- T that is also relevant for that 
t. In other words (Rii) requires that the explanatory mistakes of Y arenot worse 
than the explanatory mistakes of X- T. Finally, Iet MP be some universe of models, 
then 

DEFINITION 3.9: Let X, Y, T s; ~; according to Kuipers' s camparalive truthlike­
ness definition Y is at least as close to T as X, RTL(X, Y, T}, iff 
1. RTLin(X, Y, T) and 
2. RTUX(X, Y, T). 

Notation: Y ~~r X (Y <~r X:= Y ~~r X and X '!,~r Y) 

Figure 9 epitomizes the comparative likeness definition where all MP-elements are 
related by the directed r-relation and all theories are convex. Then, the horizontal 
line represents the linear ordering of MP, and line segments represent the theories. 



108 CHAPTER3 

In these circumstances, the maximal and minimal elements of X and Y determine 
the ::;;~r-relation. Note that, in contrast to the naive definition, Y- (Xvn * 0. 

X 
y T 

Fig. 9. Kuipers' refined likeness definition 

If the comparability relation partially orders MP, and the theories are convex, 
the picture is more complex (see Figure I 0). First we must represent MP by a 
Hasse-diagram (Figure 10 presents the Hasse-diagram ofCnst(Sl(p,q,r)). Then, if 
X and T are (convex) subsets of MP, the question reads "what Y improves X?" 
Intuitively the answer contains three parts. First, for all (x,t)-pairs in XxT there 
must be a path from x to t that contains a y e Y that "screens x from t"; second, all 
y e Y must be "squeezed in" between some x e X and t e T; and finally Y must be 
convex-that is, all the intermediates between the "extremes of Y'' must be 
elements of Y. In Figure 10, Y ::;;~r X and Y $.~r X' obtain. 

I have already referred to the fact that the logical deduction relation connects the 
naive and refined clauses in different directions. Regarding the instantial clauses, 
the refined clause implies the naive one. The refined clause is logically stronger 
than the naive clause since (Ri) implies (Xnn- Y = 0. As to the explanatory side, 
the deduction relation obtains in the opposite direction. The naive clause implies 
the refined one, and it is logically stronger than the refined one; Y- (Xvn = 0 
implies (Rii). Consequently, naive and refined structuralist definitions are not 
deductively related. Y ::;;~r X does not imply Y ::;;~ X, nor does the implication 
obtain in the opposite direction. Refinement of the naive definition is due to the 
underlying similarity notion, and the worst theory is the complete falsehood. It is 
a full-blooded truthlikeness definition. 

y 

Fig. 10. RTL(X,Y,T) for partially ordered MP 
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In the preceding subsection, we saw that Oddie compared the Brink and Heide­
ma approach with Hilpinen' s proposal, since the first can be reformulated in terms 
ofthebestand worst elements of a theory. The same obtains for Kuipers's refined 
proposal for convex theories. The setofthebest and the set ofthe worst elements 
of X may be defined as follows: 

maxs,r(X) :=def(X n T) u {x EX-Tl ilx 1 EX: x * x 1 and :Jt E Twith 
s(x, x: t)}, 
mins,r(X) := def {x EX- Tl ilx 1 EX: x * x 1 and :Jt E Twith s(x: x, t)} 

Thesesets enable us to give a transparent paraphrase ofKuipers's likeness defini­
tion in case the truth is convex. "Y is at least as close to T as X'' iff 

maxs,r<:Y) = maxs,r(XuY) (instantial clause) 
mins r(X) = mins r(XuY) (explanatori clause) 

' ' 

The instantial clause implies (XnT) - Y = 0, and the explanatory clause is 
implied by Y- (XuT) = 0. In other words, forthebest elements of X, the theory 
Yhas one element that is at least as good; for all the worst elements of Y, Xhas an 
element that is at least as worse. The paraphrase illustrates the intuitions behind 
Figure 9. lt illustrates that Kuipers's likeness definition depends only on the best 
and worst elements ofthe theories.47 

Oddies observation suggests a general comparative truthlikeness definition. 
Suppose :Sem orders Mod(SE) towards <m, which represents the truth. 

DEFINITION 3.10: 'I' is at least as truthlike as <p iff 
1. VOO E Mod(<p), 3.A E Mod(\jl): .A :Sem 00 
2. V9Jl E Mod(\jf), 39? E Mod(<p): 9Jl :Sem 9l 

Notation: 'I' ::;; em <p 

The preceding definition may also be formulated in termsofthebest models, Mod­
(<p) := def {9Jl E Mod(<p) I 9Jl = min(Mod(<p) w.r.t. :Sem }, and and the worst models 
defined by Mod+(<p) := def {9Jl E Mod(<p) I 9Jl = max(Mod(<p) w.r.t. :Sem } . 

PROPOSITION 3.6: \jl :S:em <p iff 1.\/00 E Mod-(<p), 3.A E Mod-(\jl): .A :Sem 00 and 
2. V9Jl E Mod+('l'), 39? E Mod\<p): 9Jl :Sem 9?. 

Proof ~: ifVOO E Mod(<p), 3.A E Mod(\jl): .A :Sem 00, then VOO E Mod-(<p), 3.A E 
Mod(\jl): .A :Sem 00. Suppose that .A ~ Mod-(\jf), then there is an .A- 1 E Mod-('1') 
suchthat .A- 1 :Sem .A. Hence\/00 EMod-(<p), :J.A EMod(\jl): .A :Sem 00. ~= Suppose 
VOO E Mod-(<p), 3.A E Mod-('1'): .A :Sem 00; then a fortiori VOO E Mod-(<p), 3.A E 
Mod(\jl): .!11 :Sem 00. Take an arbitrary 00 E Mod(<p); if 00 E Mod-(<p) then the 
implication obtains. IfOO ~ Mod-( <p) then the definition ofMod-( <p) guarantees that 
there is a 00 1 E Mod( <p) such that 00 1 :Sem 00, and the implication holds again. 
Clause 2. is analogous. llll 
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Furthermore, the general truthlikeness definition provides a preordering. More 
specifically, the next proposition shows that the set ofpropositions that are all true 
on all worst and all best models ofthe language have the same truthlikeness. More 
specifically, in a finite propositionallanguage all the elements of Cn('r v ~) are 
equally truthlike ('r is the complete truth and recall that ~ is the most distant 
constituent). This is the reason for the Burger and Heidema weakening. 

constituents 

Fig. 11. Kuipers's 1992 ordering oflefp,q] 

PROPOSITION 3.7: Let Mod(<p) := Mod-(.~) U Mod+(~); then, for all <p' e Cn(<p): 
<p' -cm <p -cm T 

Proof Let Mod(<p) := Mod-(~) u Mod+(~). If <p' e Cn(<p), then Mod(<p) ~ 
Mod(<p'). Consequently, Mod-(<p') = Mod-(<p) and Mod+(<p') = Mod\<p), and <p' 

Finally, we turn to the question of how the refined definition fares in the 
two-atomic propositions example based on the mean character difference. To make 
the comparison easier I include non-convex theories; otherwise we have to dismiss 
p ~ q, p ~ """'q, and even p ---+ q, since they are non-convex. If we neglect the 
convexity constraint, the Hasse-diagram shows that, except for p ~ """'q, the 
ordering of Kuipers' s refined definition is similar to the one of Burger and Hei­
dema (cf. Figure 8, p. 103, and Figure 11). 
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3.4.6. The Quantitative Version 

In Chapter 2, I introduced Kuipers's naive quantitative definition, where the 
distances between the theories were defined on &'(Mp). Here, the basic idea is to 
base the distances between theories on the distances between the elements of the 
theories. To that end, Kuipers assumes a symmetric semimetric ( see p. 31) on MP' 
d:MP x MP --t JR, which determines the distances between individual structures of 
MP. This distance function replaces the similarity triad ofthe preceding subsection 
suchthat the quantified similarity triad sd(x, y, t) equals d(y, t) ~ d(x, t) and d(x, y) 
~ d(x, t). Kuipers defines the distance between subsets of MP in two steps. 

Distance ofthe instantial problems = Lrermin{d(t, x)ixEX} = D(TIX) 

Lxdflin{d(x, t)i t E T} = D(X/1) = Distance ofthe explanatory problems 

Fig. 12. The distance betweenX and T 

First, d: MP x &'(Mp) --t lR fixes the distance between an element of MP and a 
subset of MP. lt is the shortest distance between x and Y: d(x, Y) := def min { d(x,y) I 
y e Y } . Consequently, the distance from a set to one of its elements is zero: 
d(x,Y) = 0. Second, Kuipers defines the distance D: &'(Mp) x &'(Mp) --t lR from X 
to Y, D(X\Y):48 

D(X\Y) :=def LXEX d(x,Y) 

D(X\Y) is asymmetric since, generally, D(X\Y) will differ from D(Y\X). The 
elements of Xthat are in the intersection of X and Y do not contribute to D(X\Y) 
because it is based on d(x,Y), and d(y,Y) = 0. Consequently, 

D(X\Y) = D(XuYIY) = D(X- YIY). 

Figure 12 shows that the distance between the theory X and the true theory T 
consists oftwo parts: the explanatory distance D(X\n and the instantial distance 
D(T\X). The name ofthe second stems from the fact thatD(T\X.) = D(T-X\X), and, 
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according to Kuipers, T-X represents the instantial problems of X. It contains 
empirical possibilities that X excludes. D(X\1) derives its name from the fact that 
D(X\1) = D(X- T\1), and X- T represents the explanatory problems of X. The set 
X- T comprises the logical possibilities that X instantiates, butthat are empirically 
impossible. Using D(XIY), Kuipers defines the distance function D(X,Y): (})(MP) x 

(})(MP) ~ JR:49 

DEFINITION 3.11: The distance between X, Y ~ MP is equal to 
D(Y\X) + D(XIY) 

Notation: D(X, Y) 

D(X,Y) is an example of a symmetric semimetric. For all X, Y ~ MP, it trivially 
fulfils: D(X,Y) = 0 <:::::> X= Yand D(X,Y) = D(Y ,x). Nevertheless, D(X,Y) does not 
guarantee the triangle inequality. Let MP = {1, 2, ... 20}, Iet X= { 1, 2}, Y = {2, 11} 
and Z= {11, 12}. Then D(X,Y) = D(Y,Z) = 10 and D(X, Z) = (10 + 9) + (9 + 10) = 
38, and D(X,Y) + D(Y,Z) < D(X,Z); however D(X,Y) suggests a quantitative 
truthlikeness definition:50 

DEFINITION 3.12: Suppose X, Y, T ~ MP and Iet d: MP x MP ~ lR be a symmetric 
semimetric on MP. Then Y is quantitatively at least as close to the truth as X iff 
D(Y,T) ~ D(X,T) 

Notation: Y ~~X 

Under Special conditions, Kuiper's naive quantitative definition equals his refined 
definition. The trivial metric, tfl: MP x MP ~ lR is the naive distance on MP iff: 
tfl(x, y) = 0 if x = y, and tfl(x, y) = 1 if x i: y.51 Kuipers's proves that, Y ~~X 
equals Y ~~n X iffthe first is based on tfl. 

The comparative refined proposal is not a limiting case of the refined quantita­
tive one. For false theories, an increase oflogical strength may cause an increase 
of the refined comparative truthlikeness, but a decrease of refined quantitative 
truthlikeness. This makes Kuipers sceptical about the use value of the refined 
quantitative approach. Since his comparative definition fails to imply the quantita­
tive version in all situations, the second will not account for idealization 
concretization examples ordered by the comparative definition. 

3.4. 7. Remarks and Comments 

This subsection consists of four parts. In the first one we consider the metatheoreti­
cal properties of Kuipers's comparative and quantitative proposals, and in the 
second, I present Kuipers's Reduction Theorem. In the third subsection, we will 
examine the latest version ofthe comparative refined definition; andin the fourth 
subsection I shall explain why the comparative likeness definition does not relate 
to the quantitative one. 
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3.4. 7.1 The metatheoretical properfies 

The structuralist comparative refined proposal is a paradigmatic example of a 
truthlikeness definition. All propositions of a propositionallanguage, the negation 
ofthe truth included, are better than the complete falsehood ~. and the ordering is 
likely to change under extensional Substitutions, the alleged 'language depend­
ency' property. The quantitative version, however, has a content character, since 
there is no theory worse than the negation ofthe truth. Moreover, according to the 
quantitative refined version, the weaker theory is less similar to the truth, i.e. it is 
subject to the child's-play objection. The reason for this behaviour is obvious. 
Kuipers' s measure adds all the differences between a theory and the truth, and does 
not take the average ofthese distances. In the next chapter, weshall see that the 
refined quantitative definition transforms into a likeness definition if its measure 
is based on the average distance between the elements of a theory and the truth. 
Niiniluoto (1986a) also proposes this content definition. 52 The content and likeness 
character ofthe various structuralist proposals are displayed in Table 5. 

Kuipers's quantitative truthlikeness definition is stronger than bis comparative 
one. A voiding overall restriction, the first relates more theories than the second. 
The comparative one requires that for all the best elements x ofthe worst theory, 
there must be elements of the better theory that improve, or are equally good as, 
x. Moreover, all the worst elements y ofthebest theory must be worsened by, or be 
equally good as,elements ofthe worst theory, and because of a different averaging 
method, the quantitative version avoids such absolute restrictions. 

Tab/e 5. Kuipers's Taxonomy 

Definition Comparative Quantitative 

Naive Content Content 

Refined Likeness Content 

PROPOSITION 3.8: Kuipers's comparative truthlikeness definition is truth-value 
dependent. 

Proof We must show that if <p is true and 'I' is false, then 'I' '};,~' <p. Let <p be true, 
that is: Mod('t) ~ Mod(<p), and let 'I' be false suchthat 3t e Mod('t): t ~ Mod('lf). 
Regarding that t, :tlbe Mod('lf): s(t,b,t). Therefore (Ri) is falsified and 'I' '};,~' <p. 1&1 

PROPOSITION 3.9: Neither the comparative (1) nor the quantitative (2) structuralist 
truthlikeness definition is specular. 
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Proof Two counter examples do the job. (1). Let MP := {x, y, z} suchthat s(x,y,z). 
If X:= {x}, Y := {x, y}, and T := {z}, then Y <~r X The negations of the theories 
are the complements in MP and therefore -.y 1.~~ -,x. (2). Suppose MP := 
{1, ... , 10},X:= {10}, Y:= {6, ... , 9}, T:= {1, ... , 5}. Then D(X,1) = 40 > D(Y,1) 
= 25; however, regarding their complements D(--,x,-.1) = 16 < D(-.f,-.1) = 21 
obtains. ll!l 

PROPOSITION 3.10: In propositional context, Kuipers's comparative truthlikeness 
definition is strongly context independent. 

Proof The proofby induction is analogaus to the proof of proposition 3.5 (p.l 05), 
and is left to the reader. llll 

Finally, Kuipers's assumes the truth tobe incomplete. In the preceding chapter, 
however, I showed that the structuralist intuitions about this incompleteness must 
be formalized using a modallanguage. The modal formulations may incorporate 
the likeness considerations of the current section. 

3.4. 7.2 Kuipers 's Reduction Theorem 

Kuipers proved a reduction theorem linking his naive and refined definition. Let 
t(x, y, z) be the trivial similarity relation defined by t(x, y, z) := defx = y = z, and Iet 
Y ::;:;;~'X mean that Y :::;~r X obtains on the basis of the trivial similarity relation. 

PROPOSITION 3.11: F or all X, Y, Tc MP: Y <~X iff Y <~1 X 

Proof "=>" Instantial: Let xeX, zeT; then, if r(x, z) then x = z EX n T, and x E Y 
and for this y = x E fholds t(x, y, z). Explanatory: Generally, for all s(x,y,z), (Nii) 
implies (Rii), t(x, y, z) is no exception. "<=" Instantial: Generally, for all s(x,y,z), 
(Ri) implies (X n Y)- T= 0, and t(x,y, z) is no exception. Explanatory: For ally 
in Y- (X u 1) there are x in X- T, and z in T such that t(x, y, z) therefore y EX n 
Y n T, and Y- (Xu1) = 0. ll!l 

The most important difference between the naive and refined definition is that the 
second does not exclude Y- (Xu1) * 0. Intuitively, proposition 3.11 shows that 
ifthe similarity relation is the identity relation, the elements of Y- (Xu1) must be 
"in between elements of X- T and elements ofT; consequently Y-(Xu1) must be 
empty. 

Although the preceding proposition is straightforward, it is open to an interpre­
tative mistake. To avoid this error one must read the proposition "from the naive 
side to the refined side." In other words, one can interpret a naive theory compari­
son as a refined comparison based on the trivial similarity relation. Reading the 
proposition in the other direction, viz. "from the refined to naive," makes no sense 
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as substituting s by the trivial ordering t considerably changes the theories and the 
cognitive problem. Consider domain MP := {x, y, z} ordered alphabetically by s. 
The truth T, and theories YandX are defined by {z}, {x,y}, and {x}, respectively. 
According to the refined definition Y is better than X: Y <~r X and not X <~r Y. The 
naive definition obtains in opposite direction: X<~ Y and not Y <~ X, and the 
naive ordering contradicts the refined ordering. Changing the alphabetic order s 
into the trivial ordert, however, implies x = y = z, andX= Y= T; consequently, the 
naive and refined ordering are the same. The example shows that the proposition 
must be read from naive to refined: X<~ Y equals X <~1 Y if we impose the trivial 
similarity relation on MP suchthat s(x,y,z) means x = y = z. Then indeed, X <~1 Y 
and not Y <~1 X Let us call s(x,y,t) empty in MP ifthere is no (x,y,t) ~ MP suchthat 
x ~ y * t ~ x and s(x,y,t); then, proposition 3.11 gives rise to the following 
generalisation: 

PROPOSITION 3.12: For all X, Y, Tin MP, Y <~X equals Y <~r X iff s(x,y,z) is 
empty in MP. 

Proof =>: Let a non-empty s(x,y,z) obtain in MP. Then the x; Y, T from the 
preceding example show that the <~n- and <~r -ordering are not identical. <=: see 
the proof of proposition 3 .11. 181 

Whether the term 'reduction theorem' for proposition 3.11 is a misnomer is a 
matter of taste. The Iemma says that ~~r is equivalent to ~'\ if the similarity s 
relation for ~~r is the empty relation on MP. In our example, the ~~r-ordering has 
virtually nothing to do with the ~~1-ordering; and the ~6-ordering is certainly not 
a "borderline case" ofthe ~~r-ordering suchthat Y ~~X => Y ~~r X, and Y ~~r 
X => (Y ~ 6 X or Y ~6 .x). In this sense, for all X, Ythe ~-definition implies The 
consequence definition, and the preordering ofBrink and Heidema implies the one 
of Burger and Heidema. 

The conclusion oftbis subsection reads that Kuipers's "reduction theorem" does 
not qualify the fundamental difference between Iikeness and content approaches. 
The ~6- and ~~1-relation are identical, and differ from ~~r-relation. The naive 
ordering is preserved under extensional Substitutions, it is open to the child's-play 
objection, and it considers the negation of the truth to be the worst possible 
proposition. The ~~r-ordering avoids the child's-play objection, it renders the 
absolute falsehood as the worst proposition, and it may alter under extensional 
Substitutions (Section 5.2.4, p. 175). 

3.4. 7.3 Convexity and the Flaw ofthe 1997-Version. 

The convexity constraint plays an important roJe in Kuipers's Iikeness approach; 
and it provoked some hard criticism. Kuipers admits that " ... the restriction to 
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convex theories is certainly not unproblematic."53 Kieseppä (1995) criticises the 
convexity assumption. Although his motivation is correct-drop the convexity 
assumption-his examples are, to say the least, far-fetched. Very generally, the 
examples concern competing theories, or rather guesses, about the amount of 
energy of a specific vibrating harmonic oscillator. Although, the oscillator bounces 
smoothly through space, Kieseppä shows that ifwe plot in one diagram its velocity 
and the position as function of time, we get an ellipse. Consequently, given a 
suitable similarity function s, estimations about the kinetic or potential energy in 
the oscillator produce non-convex graphs; and Kuipers's comparative likeness 
definition allegedly produces counter intuitive results. 

Although the oscillator example does not conceal formal errors, one may 
seriously doubt whether it respects the principle of charity. The phenomenon can 
hardly be held against the structuralist. He cannot prohibit that an arbitrary combi­
nation of system variables, combined with a suitable similarity function, results in 
a non-convex graph. The velocity of a harmonic oscillator is not a function of its 
position, nor does the reverse ofthis statement hold. Both are functions oftime and 
are only indirectly related. After all, there is no jump or non-convexity in the 
empirical possibilities ofthe positions and velocities of a harmonic oscillator. The 
example only shows that not every reformulation of essentially convex, time 
dependent properties is again convex. Guessing the energy in a classical harmonic 
oscillator, however, seems to be an example of a convex cognitive problem. A 
correct example of a non-convex system would be an oscillator with quantized 
energy as in Planck's solution for the ultraviolet catastrophe. 

In response to the alleged counter examples of Kieseppä, in 1997 Kuipers 
altered his refined definition.54 Confronted with this example, he decided to keep 
the instantial clause, and change the explanatory clause into: 

(Rii') For allyin Y- (Xu1) there arex in X- T, andtin T-Xsuch that 
s(x,y,t). 

Thus, whereas according to (Rii), t has tobe an element ofT, (Rii ') wants it tobe 
a member ofT-X. This adaptation ofthe definition has a serious drawback, witness 
the following example. Suppose x, y and t are members of MP such that: 1. x '* y '* 
t '* x and 2. s(x,y,t). For example, x := -p" -.q,y := p "-.q, and t := p" q. Further­
more, Iet the theories be X:= p ~ q, Y := p, and T := p "q. According to all the 
likeness orderings in this chapter, Y is at least as close to the truth T as X. Kuipers 
(1992) truthlikeness definition also produces this outcome. The first clause is 
fulfilled, since the similarity relation on structures is reflexive, and the elements of 
MP are comparable. X, Y, and T also fulfill (Rii) of the original definition, since 
s(x,y,t) obtains fort E T. (Rii'), however, does not obtain since T-X= 0, and there 
is not suchthat s(x,y,t). As the second clause is not fulfilled, according to the new 
definition, Yis not closer to Tthan X. Kuipers, however, retains his latest version, 
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arguing that although it fails to produce the right answer it does not produce a 
wrong one. 

X T 

y 

Indicates that s(x, y, t) 

Fig. 13. Counterexample RTL-1993 

More generally, the rnodified definition orders true X and Y only if Y-(Xv1) = 0, 
or if X is a logical consequence of Y. At the outset, the rnain reason for introducing 
the refined definitionwas that replacing false answers of a theory by still false, but 
better answers rnust irnprove the original theory (see also Figure 9, p. 108 ). The 
latest version of the structuralist proposal fails to establish this feature for true 
propositions. 

Kieseppä agrees that the convexity of theories is not an absolute but a context 
dependent affair. 55 Guesses about the arnount of energy of a harrnonic oscillator are 
not convex if forrnulated as functions of velocity and place. They are convex if 
forrnulated straightforwardly in terrns of energy, and they do not cause troubles for 
Kuipers' s ( 1992) refined definition. The drawback ofKuipers' s 1992-version does 
not counterbalance the rnore irnportant flaw ofthe 1997-version. 

3.4. 7.4 Problems with Quantitative Proposals 

A considerable arnount oftirne and energy has been spent to answer the question 

(*) "whether or under what further conditions qualitative truthlikeness is compatible with 
quantitative truthlikeness"56 

This problern is not only of systernatical interest; it expands the possibility to apply 
the structuralist truthlikeness definition. Kuipers accepted the challenge ofLaudan. 
In Chapter 5, weshall see that at least in the cornparative naive case, theories that 
are closer to the truth are bound to have rnore ernpirical success. The irnportant 
exarnples of scientific progress, however, concern quantitative theories and 
evidence, and as long as the distances arnong individual structures are deterrnined 
in an ad hoc rnanner, the procedure Ieads to rather arbitrary outcomes. A link 
between the quantitative and qualitative refined definition would contribute to a 
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structuralist proposition about evidence predominance ofthe theory that is ( quanti­
tatively) refined closer to the truth. 

Despite all efforts, I did not manage to come up with a satisfactory answer to 
question (*), and, considering the verisimilitude and truthlikeness distinction, it 
seems very unlikely that such an answer exists. Moreover, considerations about the 
"averaging methods" of the quantitative and comparative versions also add to the 
improbability of a positive answer. In the first place, Table 5 (p. 113) shows an 
important difference between the comparative and quantitative truthlikeness 
definitions. The quantitative definition has features of a content proposal, whereas 
the comparative refined approach has not. This is not only a difference of taxon­
omy. Regarding false propositions, the first favours weak to strong ones, and the 
second has the reverse preference ordering. In the second place, the proposals use 
different averaging methods. The comparative definition is based on the extremes 
of a theory, and disregards all intermediate elements. The quantitative version uses 
the sum of the distances between two theories, taking all the intermediates into 
account. Without drastic changes it seems impossible to relate the comparative 
proposal to the quantitative one. 

The conclusion of this section reads that Kuipers is the only one to propose 
content and likeness definitions. He has explored the possible combination ofhis 
formal naive and refined proposals, and shown that for the empty similarity relation 
his truthlikeness proposal transforms into a content definition. This transformation, 
however, does not establish a gradual transition from a content to a likeness 
definition; it establishes an entirely new ordering. As was tobe expected, the most 
obvious difference between the content and likeness ordering concems the worst 
proposition (see Figure 11, p. 110 and Figure 4, p. 50). Finally, the attempt to 
relate the refined structuralist definition to the quantitative refined version failed; 
and without readjustments, the structuralist likeness and content orderings are 
incompatible. 

3.5. SUMMARY AND PROSPECTS 

In this section, I summarize some important findings ofthe Chapters 1-3. These 
findings concem my survey of a major part of the approach-to-the-truth investiga­
tions initiated by Popper's 1963-verisimilitude definition, and its 1974-refutation 
of Miller and Tichy. 

3.5.1. Summary 

1. Popper' s ideas about verisimilitude initiated two directions in the approach­
to-the-truth research: We met content and likeness proposals, which define 
different ideas, called verisimilitude and truthlikeness. 
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2. The following are the most important characteristics of verisimilitude 
definitions. 
a. Neglect of similarity among possible worlds; verisimilitude definitions 

are based on logical strength and truth-value. 
b. They consider the negation of the truth as the warst possible theory. 
c. The non-modal versions arevulnerable to the child's-play objection. 
d. Verisimilitude orderings remain unchanged under extensional sub­

stitutions, this featurewill be explained extensively in Chapter 5 
3. The following are the most important characteristics of the truthlikeness 

definitions. 
a. Truthlikeness is primarily based on similarity between possible worlds 

whereas logical strength only plays a subsidiary role. 
b. The complete falsehood is the worst possible theory. 
c. Immunity to the child's-play objection. 
d. Possible change of order under extensional Substitutions. 

4. In accordance with Oddies suggestion, we came to the conclusion that all 
comparative truthlikeness definitions of the present chapter-those of 
Hilpinen, Heidema, and Kuipers-can be reformulated in terms of bestand 
worst elements. Their proposals provide very similar orderings on the set of 
propositions of a propositionallanguage. 

5. I showed that all published comparative approach-to-the-truth proposals 
considered yield truth-value dependent orderings; only the quantitative 
proposals avoid this feature. These quantitative proposals, however, are 
based on rather arbitrary averaging methods. 

6. All truthlikeness proposals we considered are two-stage affairs. First, they 
define a similarity ordering on Mod(~); and subsequently they transfer this 
similarity ordering to the Ievel ofthe ~-propositions, &>(Mod(~)). 

7. The two-stage procedure enables authors to combine likeness and content 
considerations. 
a. For regular y and y', Niiniluoto's proposal is an example ofa likeness 

definition with a content ordering of constituents, the Clifford measure. 
b. Tichy and Oddie base their overall likeness approach on a likeness 

ordering of constituents; a feature shared by the Brink-Heidema ap­
proach. 

c. The Burger-Heidema refinement adds content considerations to Heide­
ma's original proposal, as the strongest oftwo theories with the same 
truthlikeness is the closest to the truth. 

Some of our findings are presented schematically in Figure 15. lt displays the 
skeleton of the approach-to-the-truth research initiated by the publication of the 
flaw in Popper's 1963- definition. 
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Approach to the Truth 

Verisimilitude /\ruth/ikeness 
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Fig. 14. The approach-to-the-truth research 

3.5.2. Prospects 

Quantitative 
- truth-value 
independent 

- different averaging 
methods 

We did not encounter a generat content definition incorporating likeness consider­
ations. As Miller requires invariance under extensial substitutions, he rejects every 
attempt to take likeness considerations into account. In Chapter 5, however, I shall 
take the edge off Miller's so-called "language dependency" argument and show 
that change of ordering after extensional substitution is harmless. Thus, I shall pave 
the way for my refined verisimilitude definition in Chapter 6 that combines the best 
ofboth worlds. On the one hand, its overall content framework systematically uses 
logical strength and disregard the ordering of models; on the other hand, its 
likeness refinement systematically use similarity between models and disregards 
logical strength. Before entering the preparatory Chapter 5 and the grand finale of 
the sixth chapter, first, I shall address the epistemological question of approach to 
the truth in Chapter 4. 



CHAPTER4 

THE EPISTEMIC PROBLEM 

In the first chapter, I rnentioned the difference between the semantic (1) and the 
epistemic (2) problern of approach to the truth, and I have dedicated the first three 
chapters oftbis book to the first problern. In the present chapter, weshall study a 
rnore practical subject, viz. the second problern and three answers to it. Let rne 
formulate the two questions explicitly: 

( 1) The semantical problem: "What do we mean if we clairn that the theory 
'I' is closer to the truth than <p?" 

(2) The epistemic problem: "On what evidence are we to believe that the 
theory 'I' is closer to the truth than <p?" 

In Section 4.1, we encounter general features ofthe answer to (2), andin Section 
4.2, we will discuss the cornbination of Popper's falsificationisrn and verisirnili­
tude. Kuipers's and Niiniluoto's answer to the episternic problern are the subject of 
the Sections 4.3-4.4; the differences between the approaches of Niiniluoto and 
Kuipers aredealt with in Section 4.5. 

4.1. GENERAL INTRODUCTION 

The rnost irnportant difference between the sernantical and the episternic approach­
to-the-truth problern concems our knowledge about the true theory. Defining the 
meaning of "approach to the truth" is an analytical affair; and we saw in the 
preceding chapters that an answer to question (1) rnay presuppose cornplete 
knowledge ofthe truth. Such an answer explains under what circumstances a theory 
is closer to the truth than another one. When solving the episternic problern, 
however, we rnay not assurne acquaintance with the true theory; scientists do not 
know the truth when carrying out ernpirical investigations. They rnust choose 
between cornpeting theories, on the basis of restricted information about the truth; 
thus, an answer to (2) is a rule oftheory-choice. 

After Miller's and Tichy's refutation ofPopper's definition, rnany researchers 
took up question (1 ); and their answers fulfilled various conditions of adequacy. 
One such condition is the possibility to equip the definition with a suitable rule of 
theory-choice. Arnong the proposals introduced in the preceding chapters, only 
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Popper, Niiniluoto and Kuipers answered the epistemic question. Popper (1963, p. 
235) was convinced that his "theory oftestability and corroboration by empirical 
tests is the proper methodological counterpart to" the idea of verisimilitude; 
Niiniluoto (1977) used the estimated degree oftruthlikeness, based on probability 
distributions over all complete answers to a cognitive prob lern; and Kuipers (1982) 
proposed a rule inspired by his content definition. Adding convexity constraints, he 
adapted the rule to his ( comparative) likeness approach. Before presenting the 
strategies ofPopper, Kuipers and Niiniluoto, the remainder ofthe subsection deals 
with three global evaluation criteria for the rules. 

4.1.1. Evidence and Congruence between the Definition and Rule 

In the first chapter we encountered the difference between the mathematical 
application of a proposal-such as propositions, numerical vectors and so on-and 
the intuitive interpretation ofthese applications. Here, we must consider a similar 
question; it reads: 

how does the paraphrase of the theories represent available evidence? 

Most authors use the received, or statement view in which evidence is represented 
by logical consequences. Popper and Miller epitomize this traditional stand. They 
represent a theory as a deductively closed set of consequences of an axiom cp, 
Cn(cp). If sentence e paraphrases the evidence, and corroborates the theory, then 
e e Cn( cp ). Moreover, as we have seen, Popper and Miller assume that the truth is 
complete. We saw in Chapter 3 that Niiniluoto's general framework represents 
propositional theories as disjunctions of constituents. Theories are partial answers 
to a cognitive problern in which the truth is one complete answer. Weshallsee that 
Niiniluoto bases bis rule of evidence on the true logical consequences of all 
confirmed complete answers h;. 1 

Kuipers deviates from this well-trodden path as far as evidence is concemed. 
Convinced ofthe practical advantages ofthe Suppes-Sneed method, he claims that 
in a universe of logical possibilities, the true theory picks out all those logical 
possibilities that are also physically possible, and nothing eise. In this framework, 
one element of the structuralist MP-set corresponds to one logical possibility. 
Consequently, ifthe empirical evidence increases, the set of established, physically 
realizable structures also increases. This feature of the structuralist framework 
contrasts with the received view, where increase of the set of models implies 
decrease of logical strength and, hence, of realizable logical consequences. 

Another significant question concems the correspondence between the "order­
fixing elements" of the definition and the rule. Order-fixing elements are the 
entities that determine the order of the definition or the rule. For instance, the 
order-fixing elements ofthe Ll-definition are logical consequences-the more true 
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consequences the better the theory. Thus, we expect that the logical consequences 
also establish the ordering of the corresponding rule. More generally, we would 
expect that the elements fixing the ordering when we have complete knowledge of 
the truth, are the same as those that settle the ordering when we have only partial 
knowledge of the truth. As it tums out, this does not hold for all answers to the 
epistemic problem. 

4.1.2. Reversible or Irreversible Ru!~ 

Most researchers agree that the rule oftheory-choice must be revisable-that is, in 
the light of new evidence, the rule must allow for the withdrawal of an old prefer­
ence ordering. A more difficult question concems the reversibility ofthe rule. The 
question reads whether new evidence may cause an adequate rule to reverse its 
previous strict preference order. Closely connected to the issue ofreversibility is 
the question whether a rule is ".fimctional for approaching the truth" (the phrase is 
Kuipers's).2 

DEFINITION 4.1: An epistemic rule p is (weakly).functionalfor approaching the 
truth iffor all evidence e, p's preference of'l' on basis of e, 'II <~ cp, implies 
cp <f:t 'II and leaves open the possibility that 'II <t cp.3 

The reversibility question has been answered from two different angles. The first 
one calls on an adequacy argument, and the second uses theoretical considerations. 
The first argument says that in scientific practice, functional or even irreversible 
epistemic rules do not exist. On the contrary, scientists mak:e progress only by 
conjecture and refutation; and no method evades reversibility. Niiniluoto claims "it 
is one of my adequacy conditions -rather than a 'major difficulty' -that the 
appraisals by ver are fallible and revisable".4 We shall see, however that, in 
addition to being revisable, his rule is even reversible. lt allows for a reversal of 
strict preference order, if a huge stock of new experimental data points in that 
direction. The disadvantage of a reversible rule might be that it is inadequate for 
decision mak:ing. 

The second point ofview is based on epistemological considerations mentioned 
in the first chapter (p. 3). The very point of being a realist is that it is the only 
sensible way to explain the Iasting success of science. If the rule-no matter the 
evidence-allows new evidence to reverse the preference order, it cannot explain 
the success of science. Let cp and 'II be competing theories, and Iet evidence e 
favour 'II. A realist explains this preference by the argument that 'II is more similar 
to the truth than cp. If, subsequently, new evidence reverses this order, then the 
assumption that cp is more similar to the truth than 'II must explain this second 
situation; and that would contradict the preceding truthlikeness claim. This is the 
argument ofLaudan and Kuipers agrees. 5 He accepts Laudan' s challenge to design 
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a functional or ''non-frustrating" rule. The drawback of such an irreversible rule is 
that it is inadequate as far as scientific practice is concemed. There, as the history 
of the theory of light shows, preference relations may reverse in the light of new 
evidence. Our introduction ofthe rules will consider the question about the order­
fzxing elements; and subsection 4.5.3 retums to the irreversibility ofthe rules. 

4.1.3. Complete Truth 

All approach-to-the-truth proposals, except those ofKuipers, are accompanied by 
the assumption of the completeness of the truth; and even a modal paraphrase of 
Kuipers's proposals fulfils this assumption. As to the rule of theory-choice, 
however, this presupposition needs some reflection. At first sight, the complete 
truth assumption seems harmless. Being innocuous for the definition, why should 
it hamper the answer to the epistemic problem? Some more reflection, however, 
reveals that the rule must provide an answer, for all pairs of theories, even if 
formulated in an indeterminate conceptual framework without a complete truth. 
After all, due to theoretical terms, there may be epistemic contexts in which the 
truth of the combination of two languages is incomplete, e.g. a combination of 
ether and phlogiston. Thus, some propositions may Iack a definite truth-value. 
Although Niiniluoto extends his definition such that it bandies indeterminate 
languages he does not elaborate his rule in the same direction. 6 

Why, one might ask, must an epistemological rule decide between theories ifthe 
truth is indefinite? Suppose we live in the age of phlogiston, and we know that the 
bulk of observations corroborates or confirms the phlogiston theory. Only a few 
anomalies occur, but the phlogiston theory is superior to its predecessor. Conse­
quently, we conclude that it "has more truth in it" than previous theories about 
combustion. We are convinced that new evidence will not reverse the present 
preference order, and hopefully new refinements, such as the negative weight of 
phlogiston, will bring us again closer to the truth; but what is the content ofthe true 
theory in the phlogiston framework? As far as we know now, disappointingly 
meagre. lt primarily claims that phlogiston does not exist. As the subject of 
"phlogiston has negative weight" Iacks a referent, the sentence does not have a 
definite truth-value. The rule oftheory-choice, however, mustorder two theories 
within the phlogiston-oxygen framework where some sentences Iack a truth-value. 
Thus, our conclusion runs as follows. In cantrast to the context of the definition, in 
the epistemic context an adequate rule oftheory-choice must inevitably deal with 
indeterminate languages. If a rule of theory-choice accompanies a truthlikeness 
definition, it must cope with the situation in which the truth is incomplete. Re­
cently, Niiniluoto has elaborated his point of view regarding meaning variance and 
truthlikeness. 7 
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I end this section with a short remark about concept formation. Strictly speaking, 
it is not the epistemic rule that has to solve the problern of language variation. In 
the comparative case, the question whether new evidence has to Iead to a new 
conceptual framework rather than to the formulation of a new theory in the old 
framework, is beyond the scope of the rule. The rules allow us to choose between 
two or more existing theories, which tagether settle the conceptual space; the rule 
is rather part of the context of justification, than of the context of discovery. How 
new evidence Ieads to theories using new concepts is an interesting question that 
must be kept foranother occasion. Anyway, it is rather unlikely that an arbitrary 
combination of two frameworks always yields a complete truth; and that rules 
based on a complete truth will not be generally applicable. 

4.2. POPPER 

Popper's methodological recommendations about falsification precede his ideas 
about verisimilitude. The form er appeared as early as 193 5, the year in which Logik 
der Forschung appeared, whereas the latter developed after Popper's conversation 
with Tarski about Tarski's truth definition and appeared in Conjectures and 
Refutations (1963). The question arises whether these notions match. 

First we deal with Popper' s own answer. Popper' s somewhat rhetorical formula­
tion ofthe epistemic problern reads: "how do you know that the theory t2 has a 
higher degree of verisimilitude than the theory t 1 ?" His answer is "I do not 
know-1 only guess. But I can examine my guess critically, and if it withstands 
severe criticism, then this fact may be taken as a good critical reason in favour of 
it (his italics)."8 According to Popper the claim "t2 is more verisimilar than t/' is 
falsifiable. 

Niiniluoto formulates the second possible answer to the question whether the 
ideas of falsification and verisimilitude match; hisanswer is negative. 9 He correctly 
observes that, according to Popper's degree of corroboration, all falsified theories 
receive the minimum value -1.10 Consequently, it cannot distinguish between false 
but verisimilar propositions and false propositions that are not similar to the truth. 
Popper, however, maintained that "even after t 2 has been refuted in its turn, we can 
still say that it is better than t 1" .11 Since Popper' s intuitions sometimes make more 
sense then his formal explications, it may be worthwhile to reexamine his ideas 
about falsification and verisimilitude. 

4.2.1. Falsification and Corroboration 

As Popper' s original verisimilitude fails, we consider the possible relation between 
Popper's methodological ideas, and his revised notion of verisimilitude. Let us 
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assume that evidence e adequately describes relevant experiments. Then, roughly 
speaking, Popper provides two methodological rules. 

1. Propose a strong theory q> explaining e, and try to falsify it. Ifthe falsifica­
tion succeeds, try another serious theory explaining the new experimental 
result e ~Else, iftheory q> withstands all serious attempts to overthrow it, e' 
(1= e) corroborates q>. 

2. For the time being, we accept q> as a sensible explanation of e' .12 

lt is a standard exercise to explain why this methodological process might bring us 
closer to the truth. The reason is that the falsification of theories, increases the 
number of crucial experiments. An experiment e is a crucial test Jor q> and 'I' iff, 
the truth of e implies the falsification of q> and corroboration of 'I'. 

1. To find new evidence that falsifies a serious theory q> and explains all previ­
ous evidence is making a small, but definite step towards the truth. Let e be the 
evidence explained by theory q> suchthat q> 1= e, and Iet a new experiment e' falsify 
q>. Regarding this new evidence, e' I= e I= -.q> obtains; apparently, the theory q> has 
brought us new knowledge e 'and wept out some failures, false consequences of q>. 
Suppose we try a new conjecture q>', and it also fails to pass a newly designed 
experiment; then, again, we have grasperl some new knowledge e". Ifthe experi­
mental data are correct, this accumulation of evidence brings us small steps closer 
to the truth. 

2. Imagine we do not succeed in falsifying a third theory 'I' which implies e". If 
we were certain about the truth of \jl, we would have made an enormous step 
towards the truth. There is, however, no certainty about the truth-value of\jl despite 
our efforts to falsify it. After many failures to falsify 'I', we shall accept 'I' and carry 
on as if it were true. If eventually 'I' tums out to be false, we must resume with 1. 
Meanwhile, we have enriched our knowledge with lots of empirical data. 

Figure 1 depicts the situation. Our task is to find the model 't that corresponds to 
the true theory. The shaded areas certainly do not contain 't, and all our evidence 
corroborates the theory that 't is an element of\jl and therefore that 'I' is true. 13 In 
short: given error free evidence, crucial experiments bring us small steps closer to 
the truth. Moreover, failing attempts to falsify a strong theory q> corroborate a 
larger step towards the truth; if q> is true we have made a substantial step towards 
the truth. 

4.2.2. Why Falsify? 

Reading the preceding paragraphs one might object that as long as the falsification 
succeeds, it makes no difference whether the falsified theory is weak or strong. The 
reason is that the negation of the evidence is logically stronger than the negation of 
the theory. If q> implies e, and e has been falsified, q> must be false by virtue of 
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modus tolendo tollens. So why bother trying to formulate strong hypotheses? The 
answer has two parts. In the first place, strong hypotheses are riskier than weak 
ones and are more likely to provide crucial experiments; doing so, they give a 
deeper insight into the structure of nature. In the second place, assuming the truth 
of two hypotheses, according to the consequence definition, the stronger is closer 
to the truth-it has more true consequences. If we do not succeed in falsifying a 
strong theory, it has a reasonable chancetobe closer to the truth than the weaker 
theory. 

v0; ... ~ 
(_Mod(r)? _) ~ 

·· ....... ·· tp 

® 
Fig. l. Falsification and verisimilitude 

Popper always stressed the importance ofimprobable hypotheses. Apparently, 
this is not a goal for its own sake, but it counterbalances the quest for hypotheses 
with high probability. We saw (Chapter 1) that the strongest oftwo true hypotheses 
is the closest to the truth. A rule oftheory-choice based on only high probabilities 
favours weak summaries of data to risky hypotheses offering new and interesting 
predictions. A more realistic assessment of theories must balance probability with 
approach to the truth as, according to the content definition, higher a posteriori 
probability implies lower verisimilitude. Thus, the degree of the acceptance of cp, 
Ace( cp ), must be a function of the posterior probability of a theory and its distance 
to the truth. 

Acc(cp) :=F[P(cpie), D(cp;r)] 

Of course, we do not know the actual distance between a theory and the truth. 
Provided however, that two theories are equally well corroborated, Popper would 
give the advice to accept the stronger of the two. lt is shortsighted to prefer more 
probable theories to less probable ones without considering their logical strength. 
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4.2.3. Comments 

The order-fixing elements oftbe consequence definition are logical consequences. 
Tbe tbeory witb more true consequences is closer to tbe trutb. According to Pop­
per' s methodological rules tbe order-fixing elements are also logical consequences. 
If two theories are equally weil corroborated, again dominance of true conse­
quences makes Popper prefer tbe stronger one. Therefore, we may conclude tbat 
tbe rule matcbes tbe definition. 

According to Popper, acceptance of scientific theories is a fallible affair. 
Moreover, we saw that tbe conjecture "I 2 is closer to the truth tban I/' is falsifiable 
as long as 12 remains corroborated. Thus, Popper's methodological recommenda­
tions only provide a fallible indication for the verisimilitude of theories. On the 
other band, as all falsified theories receive a degree of corroboration -1, we may 
conclude that Popper would oppose a reversible rule oftheory-cboice. Once I 1 bas 
been falsified by crucial experiments tbat corroborated 12 Popper will refuse to 
prefer 11 to 12• 

Finally, as to the completeness oftbe truth, Popper (and Miller) do not deal with 
situations in wbicb the truth is incomplete. They assume the language to be 
semantically determinate. The complete truth assumption, bowever, is not an 
essential part of the content definition. As the work of Kuipers sbows, the !l­
proposal is also applicable in situations wbere the truth is not complete, and the 
rule offalsification and corroboration does not depend on the completeness ofthe 
truth. Therefore, the +-definition, Popper's suggestion to revise bis first proposal, 
and Popper's methodological recommendations suit scientific practice. 

4.3. KUIPERS'S STRUCTURALIST APPROACH 

Both ofKuipers's comparative approacb-to-tbe-truth proposals are accompanied 
by rules oftbeory-cboice. As be bas given both content and likeness definitions, we 
sball see wbetber this distinction also applies to bis rules oftheory-cboice. 

4. 3.1. Preliminaries 

In this subsection we discuss the effects ofthe structuralist theory representation on 
Kuipers's answer to tbe epistemic problem. Tothat end, I bave to summarize tbe 
relevant components ofthe two-tiered structuralist theory representation introduced 
in Cbapter 2. To start with, recall that the structuralist conceptual framework MP is 
a class of set theoretical. The naive structuralist representation of a theory X, within 
this context of relevant concepts consists of two parts. 
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1. A conceptual part: this is the subset X ~ MP of logical possibilities that 
according to the theory, are physically possible; Xis a set theoretical predi­
cate. 

2. The application: this is the intentional demarcation ofthe set ofreal world 
applications of X. The truth T = MpCI x) ~ MP is the set theoretical represen­
tation of I x in MP. 

The empirical claim of the theory X and a law L read MP(I) = X, and MpCI) ~ L, 
respectively. Recall that two theories can only be competitors in the struggle for 
being the closest to the truth ifthe frame-hypothesis holds, and the sets ofintended 
applications are identical-that is Y ~~X presupposes I x =I y =I and MpCI) = T. 

Kuipers's structuralist theory representation has the following intuitive founda­
tion. MP represent all the logically possible set theoretical structures; and the 
elements of I x are all relevant physical situations in the 'real' world. Consider the 
example in which I x represents all situations of colliding billiard balls. 14 Then, 
MpCI x) is the set of actual values of the function used to define MP -such as 
velocity, position, and force, etc.; andXis the set offunction values predicted by 
the theory X. The strong empirical claim says that the function values of X coincide 
with the actual values. 

Traditional philosophers of science use a formallanguage to represent scientific 
theories which are paraphrased by deductively closed sets of [f -sentences. The 
choice ofthe language then setdes two questions. 

1. By fixing the situations in the world that are the subject of the theories; it 
settles the intended applications ofthe theories. 

2. By establishing the circumstances under which the theory is true, it settles 
the truth conditions for the theories. 

Question 1. roughly corresponds to demarcation of the structuralist set of intended 
applications and2. corresponds to fixingthe subsetXin the structuralist sense. The 
semantical differences between the received view and the structuralist approach 
will become important in the sequel. 

Since [f setdes the intended applications and the truth conditions, model­
theoretically, 'I' is stronger than <p iff'l' F <p (= Mod('Jf) ~ Mod(cp)). To highlight 
the difference with the structuralist situation, Iet us restriet ourselves to finite 
propositionallanguages. Then, a complete theory describes one model ( or a set of 
isomorphic models), and only the contradiction is stronger. The structuralist claim, 
however, that the theory Y is stronger than Xis ambiguous. Generally, it means 

Mod(Y) ~ Mod(X) and I x ~I y 

Ifwe leave out the case in which Mod(Y) = Mod(X) andix=Iy, itprovides at least 
three different situations to consider. For instance, the theory Y is stronger .than the 
theory X if Mod(Y) = Mod(X) and Ix c Iy, a situation that cannot be expressed 
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model theoretically. Even two MP-complete theories are of different strength ifthey 
have different intended applications. For instance, the claim "it is hot, rainy and 
windy" with intended application Paris, is weaker than the same claim with 
intended application France. 

The ambiguity ofthe "structuralist strength" of a theory may Iead to the follow­
ing confusion. Ifwe identify a theory with a subsetX of MP-structures, an extension 
of X and a restriction of X may both imply a stronger theory. Restrietion of X 
implies strengthening of X if its elements are considered to be model theoretical 
structures. For example, "it is hot, rainy and windy" is stronger than "it is hot and 
rainy." Extension of X, brought about by increase of lx and the strong claim 
Mp(I x) = X, also denotes increase of logical strength. Increase of the domain of 
application also means increase of its logical strength. For example, applying "it is 
hot and rainy'' to France produces a stronger claim than applying the same predi­
cate to Paris. 

The preceding considerations show that we must distinguish between conceptual 
strengthening on the one band, and strengthening by app/ication on the other. The 
first denotes that the successor theory deductively implies its predecessor; and the 
second means that the new set of intended applications contains the old one. 
Conceptual strengthening comes down to excluding elements of MP- T, the logical 
possibilities that are physically impossible. Strengthening by application denotes 
the expansion of I x and therefore of MP(l x)· We shall see that these two modes of 
increase of logical strength plays an important role in Kuipers's answer to the 
epistemological approach-to-the-truth problem. 

4.3.2. Kuipers 's Success Ru/es 

From 1982 onwards, Kuipers's content and likeness proposals included rules of 
theory-choice. I shall introduce Kuipers's qualitative, naive quantitative (content), 
and refined (likeness) rule. Finally, I shall explain why we did not succeed in 
formulating a reduction proposition for the quantitative likeness rule of theory­
choice. 

4.3.2.1 The Comparative Content Rule 

To emphasize the parallel between Kuipers's definition and his rule, first, I repeat 
the essentials ofKuipers's content definition ofChapter 2. 

Reminder: Let us consider two theories X~ MP and Y ~ MP. According to the 11-
definition, Y is at least as close to the truth as X, iff Y 11 T ~X 11 T. The definiens 
consists of two requirements: 

l.T-Y~T-X 
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2. Y- T~X(- 1). 

Kuipers calls 1. the instantial clause. It requires that if Xis right about a situation 
in the world, then Y should also be right about that situation. Recall that Kuipers 
interprets the truth as MP(I), and therefore, the instantial clause embodies strength­
ening by application. The second clause is the explanatory part, since it requires 
that all true laws that X explains, are also explained by Y. In other words, the Cn­
clause exemplifies logical strengthening of Y. 

Fig. 2. Y ~~"X 

Figure 2 epitomizes Kuipers's naive definition. It illustrates thatX and Yhave to 
fulfil strict comparability conditions if they are to be ordered by the naive defini­
tion. Using Kuipers's terminology, all mistakes of Ymust be mistakes of X, and all 
truths of X must be truths of Y. End Reminder 

Now that we have had areminder ofthe il-definition, Iet us turn to Kuipers's rule 
oftheory-choice. As noted before, in scientific practice, the expression "Yis at least 
as close to the truth T as X'' must be evaluated on basis of the available evidence. 
Kuipers solves this problern about theory-choice by relating his verisimilitude 
definition with "the empirical success of theories." He represents the empirical 
evidence by two sets. The first set, R(t) ~ MP, represents the experimental data 
collected so far. It denotes the set of all physical possibilities realized until time t, 
R(t) ~ /. The second set, S(t) ~ MP' represents the strongest law, or conjunctions 
of laws that are weil corroborated by R(t). 15 

Kuipers' s second preparatory step is to assume that the data contain no mistakes. 
This assumption consists oftwo parts. In the first place, the instantial evidence R(t) 
is error free, and therefore R(t) ~ Mp(I) = T. In the second place, the strongest 
accepted law, S(t), is supposedly true; thus T ~ S(t). Kuipers bases his rule of 
success on the conjunction of these two assumptions, which he calls the correct­
data hypothesis: 

(3) R(t) ~ T ~ S(t) 
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With a correct R(t) and S(t) at his disposal, Kuipers defines Y's success predomi­
nance as follows: 16 

DEFINITION 4.2: The theory Y is at least as successful as X, NMS(X,Y ,RIS), iff 
1. R(t)-Y~ (R(t))-X, 
2. Y-S(t) ~X(-S(t)) 

Notation: Y <~8 X 

Note the parallelism between the content definition and definition 4.2. The second 
consists of(l.) an instantial clause, and (2.) an explanatory clause. The theory Yis 
at least as successful as X if and only if Y contains all R(t)-instances of X, and X 
contains all S(t)-problems of Y. Figure 3 epitomizes definition 4.2. It shows that 
Y <~s X may also be paraphrased by: Y is closer to the revealed truth than X 
Clearly, the situation in definition 4.2. is not the only pattern of X, Y and T that 
reflects a surplus of success of Y. F or example, if X and Yboth explain the strongest 
law S, which cannot be excluded for serious theories, the explanatory clause is 
trivially fulfilled. 

Fig. 3. NMS(X, Y. RIS) 

Finally, after Kuipers has defined the notion of"being at least as successful" he 
uses this notion to formulate his Rule ofSuccess, it reads: 

"If theory Y is more successful than theory X, then choose theory Y (for the time being)" 
(Kuipers 1992 p. 310). 

In other words, ifuntil now, RandS have uniformly favoured the theory Yto X, 
choose Y until we encounter a crucial experiment in favour of X; then, the two 
theories become uncomparable as far as the success rule is concerned. The inten­
tion of the success rule is clear. If the set of instantial data R increases, the logical 
strength ofthe strongest accepted law increases, and the set of S-models decreases; 
and eventually R and S will approximate the truth. More recently, Kuipers has 
added to the constraint "Y is more successful than theory X" until now, the require­
ment that Y must seem to remain more successful. 17 Evidently, this raises the 
problern about indications of Iasting empirical success. Furthermore, note that the 
claim "Y <~s X' is falsifiable, since there may turn up experimental data that 
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corroborate X and falsify Y. The same claim is not verifiable. lt is based on the 
assumption that T is true, T ~ S(t), and although S(t) is the strongest law allowed 
by the empirical data found up to time t, we may not conclude that it is true. 
Apparently, the correct-data hypothesis is too strong as far as S(t) is concemed. 
This will be the subject ofthe subsection 4.3.3.4. 

Let us consider the relation between definition 4.2 and the L1-definition. The 
next proposition, formulated and proved by Kuipers, claims that more similarity to 
the truth implies more empirical success. 

PROPOSITION 4.1: Let X, Y and Mp(I) be subsets of MP. Then, for all R and S 
satisfying the correct-data hypothesis: Y ~~X implies Y ~~18X 

Proof Instantial clause: T-Y~ T-X <=> Xn(T-Y) ~Xn(T-X) = 0, which with 
R ~ T, implies Xn(R- Y) = 0 <=> R- Y ~ R-X. Explanatory clause: Y- T ~X- T 
<=> Y-(1\..JX) ~ X-(1\..JX) = 0, with T ~ S it implies Y-(SuX) = 0 <=> Y-S ~ 
~~ ~ 

Intuitively, the proposition claims that, given the correct-data hypothesis, predomi­
nance of verisimilitude explains a surplus of experimental success. Figure 3 
illustrates the theorem. lt shows that T- Y~ T-Ximplies R- Y ~ R-X, and Y-T~ 
X-T, implies Y-S ~X-S. In due course, I shall show that the naive rule ofsuccess 
is a functional rule, viz. Y <~s X implies X 4 Y ( equation (8), p. 139). 

4.3.2.2 The Quantitative Content Rule 

Kuipers' s quantification of his content approach consists of replacing the inclu­
sions of the symmetric differences by comparison of the cardinalities of those 
differences. We saw in Chapter 2 that according to Kuipers's quantitative naive 
content definition the theory Y is at least as close to the truth as X, iff 

(4) /T-Y/ + /Y-T/ ~ /T-X/ + /X-T/ whichisequalto 
/(Xn1)- Yl + I Y-(Xu1)1 ~ I Yn(T-X)/ + /X-(Yu1)/ 

Let NTD(X\1) designate /X -Tl and Iet NTD(Y,RIS) refer to NTD(R(t)\Y) + 
NTD(Y\S(t)); then the quantitative counterpart ofthe naive qualitative success rule 
reads as follows: 

DEFINITION 4.3: The theory Y is naive quantitatively at least as successfol as X iff 
NTD(Y, RIS) ~ NTD(X, R\S) 

Notation: Y ~~/s X 

In terms of cardinalities the definition reads: 

(5) /Xn(R- Y)l +I Y-(XuS)I ~ I Yn(R-X)/ + /X-(YuS)I 
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Again, we may distinguish between an instantial clause, the R-part of definition 
4.3, and an explanatory clause, the S-part. One consequence ofthe definitionisthat 
for all X with R ~X~ S, trivially NTD(X,R\S) = 0, and therefore NTD(R,R\S) = 
NTD(T,R\S) = NTD(S,R\S) = 0. In other words, all theoriesXwith R ~X~ S are 
equally successful and their distance from the data is zero. Moreover, there is no 
analogue to proposition 4.1, and the naive quantitative approach does not provide 
a functional rule of success. 

PROPOSITION 4.2: Let the correct-data hypothesis obtain for some RandS; then 
Y <~/sX does excludes X <~n Y 

Proof It suffices to construct a counter example. Let i(XnR)- Yi + I f-(SuX)I = 

a, i(YnR)-Xi + IX-(SvY)I =2a, i(Xn1)-Yi + IY-(7\..JX)I =4a, and i(Yn1)-Xi 
+ IX-(7\..JY)I = 3a. Then, consistently Y ~/sX, andX <~n Y. 181 

4.3.2.3 The Comparative Likeness Rule 

Parallel to the content proposal, in the likeness approach Kuipers grafts bis rule 
onto the definition. To facilitate the comparison ofrule and definition I will repeat 
the definition. 

Reminder: Let X, Y and T be subsets of MP; According to Kuipers' s comparative 
likeness definition, Y is at least as close to the truth as X iff 

1. for all x in X and t in T if r(x, t), then there is a y in Y suchthat s(x,y,t) 
2. for all y in Y- (X v 1) there are x in X- T, and t in T suchthat s(x,y,t) 

s(x,y,t) abbreviates that y is at least as similar tot as x (the relation need not be 
symmetric ), and r(x,t) means that x is comparable with t. The r-relation is defined 
in terms of s(x,y,t): r(x,t) obtains ifthere is ay in MP suchthat s(x,y,t). Recall that 
r need not be symmetric nor transitive, since the underlying s-relation may Iack 
these properties. Generally, Kuipers does not add the constraint that theories must 
be convex. Then, 1. is the instantial, and 2. the explanatory clause. If, however, we 
add the convexity constraint, the first clause concems the best elements ofthe rival 
theories, and the second one involves the worst elements. End Reminder 

Similar to the content situation, in the likeness case, Kuipers represents the evi­
dence by two sets; R(t) is the set ofinstances, and S(t) is the set of MP-structures 
representing the strongest accepted law. Assuming correct data, R(t) ~ T ~ S(t), 
Kuipers grafts his refined rule onto bis refined definition: 18 

DEFINITION 4.4: The theory Y is, w.r.t. R(t), S(t), at least as successful as X iff 
1. For all x in X and z in R(t) if r(x, z), then there is a y in Y suchthat s(x,y,z) 
2. For all y in Y -(XvS(t)) there are x in X-S(t) and z in S(t) suchthat s(x,y,z) 

Notation: Y ::::;;~~X 



THE EPISTEMIC PROBLEM 135 

The parallelism between rule and definition is straightforward. The instantial 
clause ofthe rule equals the instantial clause ofthe definition ifwe substitute R(t) 
for T; if we substitute S(t) for T, also the explanatory clauses of the rule and the 
definition are the same. 

We saw (prop. 4.1, p. 133) that regarding the content proposal, the instantial 
clause ofthe definition implies the instantial clause ofthe rule; and the same holds 
for the explanatory clause. As for the likeness approach, the instantial clause ofthe 
definition also implies the instantial clause of the rule. Regarding the explanatory 
clause, however, ifthe theories and S(t) arenot convex, the likeness definition does 
not imply the explanatory clause of the rule. Iffor all y in Y- (Xul) there are x in 
X- T and z in T suchthat s(x,y,z), then T ~ S(t) does not exclude that there is a y E 

Y-(XuS(t)) suchthat there is no x in X-S(t) and z in S(t) that s(x,y,z). The reason 
isthat S(t) 2 T and the x EX- T suchthat s(x,y,z) need not be in X-S(t). Thus, 
regarding the likeness approach, closer to the truth does not straightforwardly 
imply being more successful. Kuipers showed, however, that for convex X, Y and 
S(t), Y 5.}r X, implies Y 5.~/s X 19 

PROPOSITION 4.3: Let the correct data hypothesis apply for arbitrary R, S ~ MP and 
Iet X, Y, T, and S ~ MP be convex. Then: Y 5.}r X, implies Y 5.~/s X 

Proof 1. Y 5.}r X trivially implies Y 5.~/- X 2. We must prove that Y 5.}r X 
implies Y ~/s X Lety be an arbitrary y in Y- (XuS(t)). Then there is anx in X- T 
and a z in T ~ S(t) suchthat s(x,y,z). The implication obtains, if x E X-S(t). If x E 

X- (TnS(t)) then x E S(t) and z E S(t), buty ~ S(t) and s(x,y,z). Hence, S(t) is not 
convex. This contradicts the assumption, and therefore x is an element of X-S(t). 

181 

Corollary 4: Let the circumstances ofthe preceding proposition hold; then, <~'is is 
functional for approaching the truth; that is to say: Y <~'is X implies X 1-}r Y. 
Proof Suppose Y <~'is X; this implies by definition X $.~/s Y, which by the 
preceding proposition implies X $.}r Y. Consequently, X 1-}r Y. 181 

As Kuipers's likeness success rule is grafted onto his likeness definition, the rule 
has inherited the likeness character of the definition. Figure 5 shows the situation 
in which all MP-elements are comparable (for directed r) and the theories are 
convex. S contains the strongest truth T and the dots in T represent the (non­
convex) subset R. The diagram suggests that the singleton with the worst element 
of MP is the worst theory. 

s 
~ 

_ X [- y _1--r-R--] 
[ ____ ::__-: __ ::l---3 ~ 

T 
Fig. 4. An RTL(X. Y, RIS) example 
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Regarding formal languages, for any pair S and R respecting the correct data 
hypothesis, all theories are better than the complete falsehood ~. which is consider­
ably worse than the negation of the truth. The next proposition concems the 
situation in which all x E MP are comparable to ~. the worst element of MP. It says 
that {~} is the worst theory, if ~ be the worst element of MP regarding s and T. 

PROPOSITION 4.5: Let T t:; MP' and Iet for all y E MP and all z E T, s(~,y,z). Then, 
for all nonempty Y, R(t), S(t) t:; MP with R(t) t:; T t:; S(t): Y :$;~/s {~} 

Proof By definition we have to prove: 1. For ~ in {~} and all z in R(t) if r(~, z), 
then there is a y in Y such that s(~,y,z); 2. For all y in Y -( {~}uS(t)) and ~ in 
{~}-S(t), 3z in S(t) suchthat s(~, y, z). Ad 1. As Y :;t: 0, R(t) t:; T, and for ~. Vy E 

MP, Vz E T: s(~, y,z), it follows that for ~ and Vz E R(t) if r(~, z), then 3y E Y: 
s(~,y,z). 2. As Vy E MP' Vz E T, s(~,y,z), it follows that Vy E Y-( {~} -S(t)), 3z E S(t) 
with s(~,y,z). This proves 2. if~ ~ S(t); but if~ E S(t), then Y -( {~}uS(t)) = 0, and 
2. is trivially fulfilled. 181 

Summarizing the present subsection, we saw that Kuipers has grafred his refined 
rule onto his refined definition; therefore the first rule has inherited the likeness 
character of the second. Without additional constraints, however, the rule is not 
functional for approaching the truth. Kuipers proved that convexity ofthe theories 
restores this functionality. 

4.3.2.4 The Quantitative Likeness Rule 

This final subsection concems Kuipers's proposal to define a quantitative version 
ofhis likeness rule. This proposal matches closely Kuipers's quantitative refined 
definition ofthe preceding chapter. I shall introduce the instantial and explanatory 
clause separately. 

Let (MP' d) be a metric space as defined in Chapter 3, D(X\Y) denotes Ix6Y 

d(x,Y), and d(x,Y) is equal to min{d(x,y)l y E Y}. Then, Kuipers defines the instan­
tial (refined) quantitative success of a theory as follows: 

DEFINITION 4.5: The theory Yis instantially more successful (w.r.t. R) than X iff 
D(R\Y) < D(RIX) 

In a unpublished report Kuipers observes that D(R\X) has the following three 
properties: 

1. 0 = D(0\X) :$; D(R\X) :$; D(TIX) 
2. D(R\X) = 0 iff R t:; X 
3. D(R-XIX) = D(R\X) 
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The third property shows that R rl X does not contribute to D(RIX), and D(RIX) 
only takes the R-mistakes ofXinto account. According to Kuipers, the explanatory 
success is the extent to which a theory succeeds in explaining supposedly true laws. 

DEFINITION 4.6: The theory Y is explanatory at least as successful (w.r.t. S) as X 
iff D(X\S);::: D(YIS) 

Analogous to the instantial part, Kuipers introduced the following properties of 
D(X\S). 

1. 0 = D(X\MP) ~ D(X\S) ~ D(X\1) 
2. D(X\S) = 0 iff X~ S 
3. D(X-S\S) = D(X\S) 

Again, it should be noted that S n X does not contribute to D(X\S). According to 
the definitions, only the S-mistakes of X and the X-mistakes of S determine the 
distance between X and S. 

Next, Kuipers defines the refined quantitative distance between the theory X and 
data RIS, using an instantial part D(RIX) and an explanatory part D(X\S): D(X,R\S) 
:= D(RIX) + D(X\S). Finally, he fixes the meaning of''theory Yis more successful 
thanX:" 

DEFINITION 4.7: The theory Yis at least as successful (w.r.t. RIS) as Xiff 
D(X,R\S) ;::: D(Y ,R\S) 

Notation: Y ~~IS X 

Although the preceding definitions are plausible, they do not yield results similar 
to the comparative refined proposal. Without further conditions and modifications 
it is certainly impossible to prove the basic theorem analogous to the one in the 
comparative case. 

(6) 
? 

D(X,1) ;::: D(Y,1) ~ D(X,RIS) ;::: D(Y ,RIS) (for all R ~ T ~ S) 

This statement need not surprise us. As we saw in Chapter 3 the averaging methods 
of the comparative proposal and the quantitative one are different. Here the 
averages between theories and data fix the overall distances whereas in the compar­
ative case only the extremes settle the distances. Thus, one extreme member of T 
may be the cause for the sum ofT to X to be bigger than the sum ofT to Y. Leaving 
out this extreme T member, X might be closer to the rest ofT and the set of models 
representing the empirical evidence R. 

PROPOSITION 4.6: D(X,1) > D(Y,1) does not exclude that there is a R, S-pair with 
R ~ T ~ S such that D(X,RIS) < D( Y ,RIS) 
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EXAMPLE: Let X:= {x1, x2, x3 }, Y := {y1,y2, y3 }, T := {t1, t2, t3 }, R := {t1, t2 }, and 

S := Xu YuT. Next, suppose that the smallest distances from an element to a set is 

"along the same subscript"-that is d(xi, T) = d(xi, t) for i = 1, 2, 3. Let the dis­

tances be defined by d(xi, ti) = / 1, d(yi, t) = i + 1/i with i = 1, 2, 3. Then, from 

D(T\X) > D(T\Y) and D(R\X) ~ D(R\Y), (12 > 7\ and 3 ~ 41/z), follows D(X,T) > 
D(Y,T) and since the distances towards S equal 0, it also follows D(X,RIS) < 
D(Y,RIS). End Example 

Nevertheless, perhaps we can prove a weaker version of implication (6). First, I 

shall consider the instantial clauses. Let Tr be defined by {R IR~ T, 0 < IR I = r 

~ I T I}). Then, Kuipers has considered the notion "average distance of r-sized 

subsets R ofT:" 

DEFINITION 4.8: d(T/X) := ~ D(R\X) 
r def~ [T[ 

R eT, r 

Next, Kuipers proved that I:ReryD(R\X) must be proportional to D(T ,X).20 

PROPOSITION 4.7: D(T\X);;::: D(T\Y) ~ d,(R!X) ;;::: dr(RIY) 

Proof Let D(T\X) ;;::: D(T\Y). Take an arbitrary element t E T. If 0 < r < I Tl, then 

there are exactly (I T 1- 1 )! possible r-sized subsets of Tthat contain t. Call 
(r- 1 )! (I T [- r)! 

this number a. We want to calculate the I:ReTrD(R\X). As we did not assume 

anything special about t, every t E T contributes axd(t,X) to I:ReTyD(R\X). Hence 

LReTyD(R\X) = LteT a xd(t,X) = axi:teT d(t,X) = a xD(T\X). Equally LReTyD(R\Y) 

= axD(T\Y) and because a;;::: 1, we have L D(R\X) ;;::: L D(R\Y) 181 

R eT, [ Tr [ R eT, I Tr [ 

The proposition says that if Y is quantitatively refined, instantially more truthlike 

than X, generally it will have more instantial empirical success. Consequently, the 

hypothesis that the distance from the truth to Y is smaller than that from X to the 

truth explains that the distance from the instantial r-sized evidence R to Yis smaller 

than the distance between R to X. For, ifthe first holds most r-sized subsetsRare 
closer to Y than to X. 

As to the explanatory clause, we might construct an analogaus argument, if we 

define an Smax := XufuTand define T5 :={SI Tr::;;_ Sr::;;_ Smax [SI= s}. The proposi­
tion is, however, dependent on X and Y, which has to be avoided. Despite our 

efforts, we did not manage to come up with a reasonable alternative. 
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4.3.3. Comments and Observations 

This subsection concerns two unnoticed implications ofthe success rules, problems 
with the assumptions of the correct data hypothesis and convexity. I shall also 
analyse the problems with the refmed quantitative version of the success rule. 

4. 3. 3.1 X closer to the truth; and Y equally successful 

In the preceding subsections, I showed that the comparative refined order of the 
success-rules are not antisymmetric; Y ~i-s X and X ~~s Y do not imply X= Y. 
This Iack of antisymmetry brings along a slight complication for the naive and 
refined rule. Kuipers's claims that Y ~~sX can be explainedby the conjunction of 
the truth-approximation hypothesis Y <rX and the correct-data hypothesis. Strictly 
speaking, this is only half ofthe truth.21 The claim surpasses the fact that if, besides 
Y ~~8 X, X ~~s Yalso holds, X <r Y rather than Y <r.X. or even Y~r.X. may 
obtain. In other words, 

(7) Y ~~sX ~_,(X <r Y), 

and Y ~~s X andX <r Y arenot mutually exclusive. For example, IetX-(1\JY) = 

Y- (SuX) = (R n X)- Y = (T n Y)-X = 0 (see Figure 6). 

y 

Fig. 6. Y ~RJSX and X <7 Y 

Then, Y is at least as close to the data as X, Y ~~s X, and Xis closer to the truth 
than Y, X <r Y. Consequently, Kuipers's comparative content definitionfimction­
ally approaches the truth in the following sense (see p. 123): 

(8) Y <~s X ~ _,(X <i Y) 

That is, one crucial experiment in favour of Y prevents X from being closer to the 
truth; another crucial experiment in favour of X renders the theories uncomparable. 
Following the content definition, the content rule is truth-value dependent. 
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PROPOSITION 4.8: The naive success rule is irreversible. This means: for any 
(R : S ') with R c R 1 and S 1 c S: Y <~1s X implies X 1: ~· IS, Y 

Proof Suppose Y <~sX; then it follows [(YnR)-X] u {(X-(YuS)] * 0. Since 
R c R land S 1 c S, [(YnR ~-X] v {(X-(YuS~] * 0; thus X <f:.~·;s'Y. 181 

4.3.3.2 Likeness rule and Content Rule 

This subsection considers the naive and refined structuralist rules oftheory-choice. 
According to the three preceding chapters, the naive-refined distinction coincides 
with the content-likeness contrast. Consequently, it is plausible to ask whether, and 
ifso, under what conditions, the naive rule oftheory-choice contradicts the refined 
rule. The following example shows that in certain circumstances the content 
preference order contradicts the preference order ofthe likeness rule. 

EXAMPLE: Consider the alphabet normally ordered, and the convex truth T := 
{ a, b, c}. Let us assume that at some time t the non convex R(t) is { a, c}, and Iet Y 
andXbethe convex {g} and {f, g}, respectively. Finally, letS(t) be {a, b, c, d, e}, 
a convex set containing T. In these circumstances according to the content rule 
(Kuipers' s comparative naive one) Y is at least as successful as X, and Xis not at 
least as successful as Y: Y <~s X and Y is more successful than X. Kuipers's 
likeness rule, however, claims that Xis at least as successful as Y, and Y is not at 
least as successful as X: X <~/s Y. That is to say, Xis more successful than Y. This 
example shows that the content rule sometimes contradicts the likeness rule. 

EndExample 

One might object that the example concems a degenerated case, since the differ­
ence between S(t) andR(t) does not count. This is correct, but, the definition allows 
for this non trivial example. The question arises whether the two rules may contra­
dict when XnR(t) * 0. The answer is positive. 

PROPOSITION 4.9: Y <~s X (with X <f:.~s Y) does not exclude: X <~/s Y suchthat 
Y 1:~/sXandXnR(t) * 0. 

EXAMPLE: Let s(x,y,z) designate ''y is an element of the Euclidian line between 
(x, z)." In the next diagram YcX, (XnR(t))- Y= 0, and finally X-(YuS(t)) * 0; 
Consequently, Y <ts X, andX <f:.~s Y. Furthermore 1. For ally in Y and z in R(t) 
if r(y, z), then there is a X in X such that s(y,x,z) (since X:::> n. 2. For all X in 
X -(YuS(t)) there are y in Y-S(t) and z in S(t) suchthat s(y,x,z); and finally, since 
there are x e X and z e R(t) without any y e Y such that s(x,y,z), there are lines 
beginning in X and ending in R(t) without passing through Y, we may conclude that 
X <~/s fand Y <f:.~j8 Xhold both; note that all sets are convex. 181 
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... ---

4.3.3.3 Two-level correction ofthe correct data hypothesis 

Application ofthe structuralist success rule presupposes the correct data hypothe­
sis. That is, at every timet, R(t) s; T s; S(t). Despite the rather elementary appear­
ance ofthe assumption, it needs some reflection. As far as the hypothesis assumes 
that the experiments are error free, R(t) s; T, it is Straightforward and without 
complications. There are, however, at least two ways in which the hypothesis can 
mislead an unwary reader; these are the physical truth of S(t), and the interpreta­
tion of the two inclusion signs. I will discuss the physical truth of the strongest 
accepted law S(t) in subsection 4.3.3.4; andin the present subsection I investigate 
the interpretation of the two inclusion signs in R(t) s; T s; S(t). 

According to Kuipers's interpretation, the first inclusion sign R(t) s; MpCI), 
yields an assertion about experimental reports; it denotes the fact that the reports 
are without writing and calculation errors.22 The second inclusion sign, MP(/) s; 
S(t), is a model theoretical one, designating that all models of the truth are also 
models of the strongest accepted law. It produces a conceptual claim, since it 
claims that T logically implies S. The difference is even more manifest, if, for the 
sake ofthe argument, we replace the unknown theory Tby some familiartheory X. 
Then, according to Kuipers, R(t) s; X s; S(t) means: for all the experimental 
situations in R(t), the theory X was true, and X logically implies the strongest 
accepted law S(t). The first statement must be verified experimentally, whereas the 
second is a strictly logical claim. What happens if we neglect this fundamental 
difference? For the sake of convenience, in what follows, we will not distinguish 
between background knowledge and the initial conditions of all experimental data. 

Tostart with, let us assume that MP consists ofpropositional constituents. Then, 
Kuipers claims that 
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"If Y is a subset of X: ... hypothesis Y is also said to imply hypothesis X: in agreement with 
standard model-theoretic usage ... " 23 

Consequently, if R(t) <;; T and T <;; S(t) are both model theoretical set inclusions, 
the experiments, in combination with the initial conditions, deductively imply the 
strongest accepted law S, R ~ S, since Mod(R) <;; Mod(S). This contradicts the 
widespread opinion that empirical data that corroborate a law X are represented as 
consequences of X. Thus, the first reason to distinguish the two inclusion signs is 
toblock the consequence of the correct data hypothesis that experiments, combined 
with the initial conditions, would deductively imply the strongest law S. 

Second, the argument of logical strength also affects the dynamics of the 
methodological rule. According to the structuralists, experiments Iead to " ... new 
supplementary data, resulting in R(t) <;; R(t ') <;; T and T <;; S(t ') <;; S(t), fort 'later 
than t."24 As R(t) <;; R(t ') means that the number of experiments has increased, it 
denotes the fact that R(t) is logically weaker than R(t'). If, on the basis ofthese new 
experiments, scientists succeed in formulating a stronger, general accepted law 
S(t '), then Kuipers paraphrases this fact by S(t ') <;; S(t); and S(t ') is logically 
stronger than S(t). Since there is no difference between the kind of models ofT and 
of ~T, this Ieads to the paradoxical situation that A c B and A ::::) B both mean 
increase of logical strength. 

Furthermore, if R(t) <;; R(t '), means Mod(R(t)) <;; Mod(R(t ')), then R(t) would 
logically imply R(t '), and the first experiment, R(t) would deductively imply the 
outcome of the next experiment R(t '). This is, of course, unacceptable. Moreover, 
if R contains more than one model and claims that both are adequate, it even 
contains a contradiction, since both constituents cannot be true at the same time.25 

My conclusion reads that to avoid these strange consequences ofthe correct data 
hypothesis, the interpretation of its two inclusion signs must differ significantly. 
Consequently, I reformulate the hypothesis to: 

Fortunately, Kuipers's intuitive description ofthe definitions gives the clue to an 
adequate interpretation ofthe correct data hypothesis. The correct interpretation of 
(9) must reckon with the different Ievels ofthe inclusions. To clarify the meaning 
of this contention, I will elaborate an example of a monadic predicate language. 
This example will be reused to compare Kuipers's refined rule of success with 
Niiniluoto's rules of estimated truthlikeness in Section 4.5. 

EXAMPLE: Let !E[V(x),W(x)] be a monadic predicate language without names for 
individuals, and with vocabulary { V(x ), W(x)}. It is generally known that these two 
atomic predicates form the following four Camapian Q-predicates: Qj(x) := V(x) 1\ 

W(x), Qix) := V(x) 1\ ~W(x), Q3(x) := ~V(x) 1\ W(x), Qix) := ~V(x) 1\ ~W(x). 
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Furthermore, all propositions of ~ [ V(x ), W(x)] are disjunctions of constituents with 
the following form: 

Ci:= ::JxQm(x) 1\ ::JxQm+j(x) 1\ ... 1\ ::JxQn(x) 1\ 'Vx[Qm(x) V Qm+j(x) V 

... v Qn(x)] with 1 s m s n s 21voc(~)l 

Leaving out the empty constituent, ~[V(x),W(x)] has 24-1 = 15 constituents, and, 
hence 215 propositions. In the Boolean algebra ofthe next diagram, the EB-boxes 
systematically represent the constituents of ~. The shaded part of a EB-box repre­
sents the instantiated Q;-predicates; the other Q;-predicates are empty. For example, 
the constituent ::JxQix) 1\ VxQix) is at the right side at the bottom. Note that all EB­
boxes are constituents, and the lines between them do not represent a logical 
deduction relation but the smallest Clifford distances between the elements. One 
constituent represents the comp1ete empirical truth of :1!. In our example, the truth 
is represented by the constituent ::JxQj(x) 1\ ::JxQ2(x) 1\ ::JxQj(x) 1\ Vx[Qj(x) v 
Qix) v Q3(x)]. 

S(t) 

Qlx) := V(x) A W(x) 
Q2(x) := V(x) A ~W(x) 
Q3(x) := ~V(x) A W(x) 
Q4(x) := ~V(x) A ~W(x) 

.. tlx[(Qlx))v(Q4(x))] 

\" NQ,(x))13x[Q/x 

Fig. 8. The monadic predicate example 

As to the experimental record of this toy example, incoming evidence is repre­
sented by instantiations of the Q;-predicates. Suppose that until time t, scientists 
only encountered individuals that were V and W. This evidence is represented by 
the instantiation of Q 1 in T. Suppose further that, on basis of these instantiations the 
strongest generally accepted law S(t) is the disjunction of all constituents lying at 
the inside ofthe dotted line; since Te Cnst(S(t)), S(t) is true. Under this interpreta­
tion, where R(t) is the set of instantiated Q;-predicates ofT, extension of R(t) and 
contraction of S(t) both mean an increase oflogical strength. 

EndExample 



144 CHAPTER4 

Let us retum to the interpretation ofthe perfect data hypothesis (9). In our monadic 
predicate example, R <;; 1 Tmeans that all instantiated Q;-predicates of R(t) arealso 
instantiated in T. Again, this boils down to the constraint that there are no mistakes 
in the experimentation records. The second part ofthe hypothesis does not occur on 
the Ievel of Q;-predicates but on the Ievel of !f-models (or constituents). Thus 
T <;;2 S, abbreviates that the constituent representing the truth implies S; in other 
words S is true. 

Language !f enables us to express the constraint of Q;·predicate instantiation in 
syntactic terms; Rs := 3xQm(x) 1\ 3xQm+I(x) 1\ ... 1\ 3xQn(x). Therefore, we may 
formulate both set inclusions of the perfect data hypothesis on a syntactic or on a 
semanticallevel (Rm := Mod(Rs)): 

(10) ~ <;; 1 (S <;; 1) Mp(l), which means Cn(Rs) <;; (Cn(S) <;;) Cn(T) 
(11) T <;;2 S (<;;2 Rm), which means Mod(7) <;; Mod(S) (<;; Mod(~)) 

The preceding analysis shows that we must interpret Figure 3 (p.132) carefully. It 
suggests that the truth is "squeezed in" between R(t) and S(t),just as, in the integral 
calculus, the upper sum and lower sum approach the area under a function when the 
partition is refined. Formulae (10) and (11) show that this suggestion is wrong. In 
both cases, the truth is a lower bound and it is not "squeezed in" from two different 
directions. 

The careful reader might have noticed that the monadic example is analogous to 
the modal exp1ication of Chapter 2. Under that interpretation, R <;; 1 T means that 
the R-worlds are allowed by the modal constituent representing the truth, and 
nothing is said about the worlds w ~ R. Further, T <;;2 S implies that for allmodal 
models cm ~ s obtains cm I= -.r, and nothing is said about the cm E s. In this sense, 
increase of R and decrease of S both result in conceptual strengthening of R and S 
(subsection 4.3.4). The monadic predicate example and the modal perspective both 
show that the inclusions of the correct data hypothesis occur on fundamentally 
different Ievels. 

Finally note that our two-level paraphrase ofKuipers's correct data hypothesis 
backfires on the entire structuralist likeness approach. According to our interpreta­
tion, the refined rule and definition mix up the conceptual Ievel and the Ievel of 
application. First, consider the content rule: it consists oftwo independent claims: 
(1) (RnX)- Y= 0 and (2) Y-SuX= 0. According to Kuipers's interpretation, (1) 
says that in all situations in which Xis known tobe true, Y is true; (2) adds that for 
all laws A. such that S 1= A. obtains, X 1= A. implies Y 1= A.. Thus, at least for one R 
and S, the content rule keeps the two Ievels rigorously apart. 26 The refined ru1e, 
however, also relates structures, which, if decreasing in number, increase logical 
strength, with structures, which, if increasing in number, increase logical strength. 
That is, it associates logical models ofthe conceptuallevel with structures ofthe 
application. In our monadic examp1e, it associates Q;-instantiations with entire 
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constituents; and in our modal terminology, it relates entire modal models with 
elements ofthese models, namely possible worlds. Ifwe keep the conceptuallevel 
and the Ievel of application rigorously apart, the imperfection is readily repaired. 
First, we need two basic similarity notions; one for instantiating individuals, and 
one for the models. Then, it makes perfect sense to apply the instantial clause to the 
individuals instantiating the Qrpredicates, and the explanatory clause to the 
constituents or models of the predicate language. The same holds, mutatis mutan­
dis, for our modal proposal. 

In the present subsection, we saw that a two-level reading of the correct data 
hypothesis solves the problems about the logical strength ofthe setR-instantiations, 
and the strongest accepted law S. 

4.3.3.4 The truth ofS 

The correct data hypothesis consists of two parts. The first part is the assumption 
about the absence of failures in the data records. Although the hypothesis is 
idealistic from a practical point of view, from the theoretical standpoint it is 
acceptable. The second part ofthe hypothesis has an entirely different character. It 
assumes that all the logical models of S(t) are models of Tor, to put it differently, 
it assumes that the strongest accepted law S is physically true.27 This assumption 
is too strong for two reasons. The first reason is a practical one; there is no S of 
which we know that it is factually true, and therefore the rule is inapplicable. As 
Hume has taught us, deducing a true generallaw from a restricted set of instances 
is impossible, and this lesson is almost generally accepted. Furthermore, the 
assumption of a true generallaw contrasts rather sharply with the rest ofPopper's 
fallibilism. According to Popper, scientists will never know whether a law is true; 
they can only tentatively prefer one theory to another. 

There is also a theoretical argument against the assumption of being able to 
formulate a series of true laws of increasing strength; it trivializes the epistemic 
problern of approach-to-the-truth. Suppose that, in the light of an increasing 
nurober of experiments, we could formulate stronger and stronger true empirical 
laws. Equipped with such a reliable inductive method, we did not need a method­
ological rule to approach the truth. Let E 1, ... , En describe the evidence, and Iet 
Cn(S) ;;;2 {EI> ... , En}. If we assume the truth of the S, then S is definitely closer to 
-r than E 1 1\ ••• 1\ En- Consequently, the assumption we can formulate a series of 
physically true S; of increasing logical strength implies that we can formulate laws 
that are certainly closer to the truth than the conjunctions of the Observations on 
which the law is based. The need for a methodological rule based on truthlikeness 
evaporates, since the increase of the experimental material yields stronger true 
laws, and the strongest one is closest to the truth. 
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Having a reliable inductive method at our disposal, we can approach the truth 
without the success rule, but the inverse oftbis claim does not obtain. Approach to 
the truth remains uncertain when the success rule Iacks the assumption of S's 
physical truth. Thus, the functionality ofthe success rule is due to the truth of S. A 
more realistic approach uses posterior probabilities oflaws and theories. It does not 
base the rule on the truth of S but on the probability of S given the evidence R; 
however, such a rule would cease to be functional. 

To summarize, whereas the first part of the correct data hypothesis is rather 
innocent and acceptable, the second part is not. The physical truth ofthe strongest 
accepted law is practically and theoretically too strong. Only a reliable inductive 
method guarantees the functionality of the rule by ensuring that T implies S. More 
realistic answers to the epistemic problern of approach-to-the-truth incorporate 
posterior probabilities ofthe well-corroborated laws. 

4.3.3.5 The Convexity Assumption 

In subsection 4.3.2.3 we encountered the most important function ofthe convexity 
assumption in the refined proposal; we saw it guarantees the functionality of the 
rule. lt is the basis of the claim that closer to the truth implies more empirical 
success. Moreover, the convexity assumption conceals most inconsistencies 
between the content and Iikeness rule. lt is unclear, however, whether these 
advantages Counterbalance the disadvantages. The assumption has been criticized, 
and, indeed, it is acceptable only as a first approximation. Perhaps, it was the 
convexity assumption that fastered the reluctance to give up classical mechanics 
seen at the start of the twentieth century. Today, however, it is unrealistic to 
assume that the truth must be convex, as one ofthebest physical theories is famous 
for its discontinuous behaviour. Originating from Planck's quantification of the 
energy Ievels of an oscillator, quantum mechanics derives its name from the denial 
ofthe convexity of nature. Consequently, a mature approach-to-the-truth definition 
cannot a priori assume the convexity ofthe truth. Moreover, Kuipers's comparative 
refined definition is better of without it. If we discard the convexity assumption, 
Kuipers's likeness proposal regarding finite propositionallanguages is similar to 
that of Brink and Heidema. 

What would the result be of dropping the convexity assumption altogether? 
First, the essential difference between the structuralist content and likeness rules 
would become more apparent. Second, the likeness rule would cease to be func­
tional for approaching the truth. This functionality, however, is conditional on the 
truth ofthe strongest accepted law S. Since this assumption must certainly be given 
up, it remains tobe seen whether the costs ofthe convexity assumption counterbal­
ance its profits. 
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4.3.3.6 Quantitative Problems 

I end my comments and observations with two remarks about the structuralist 
quantitative rules of theory-choice. In the first place, at the end of Chapter 3, I 
showed that the naive, and rejined definition have a content and likeness character, 
respectively. This corresponds with the proposals of the other investigators. In 
contrast to the refined quantitative proposals ofNiiniluoto, and ofTichy and Oddie, 
the structuralist rejined quantitative approach displays a content character. 28 In this 
approach, the negation of the truth is regarded as the worst possible theory. 
Moreover, both quantitative definitions suffer from the child's-play objection. That 
is, weak false theories are less verisimilar than strong ones. As the quantitative 
success rules are grafted onto the definitions, they exhibit analogous behaviour. 
The following table shows the content and Iikeness character of the structuralist 
rules and definitions. 

Table 1. Structuralist Rules and Definitions 

Comparative Quantitative 

Naive Refined Naive Refined 

Definition Content Likeness Content Content 

Rule Content Likeness Content Content 

The second problern concems the quantitative strategy and is more serious. 
According to Kuipers, a successful approach-to-the-truth explication must be 
functional in approaching the truth. That is, closer to the truth must, in some 
plausible way entail success predominance. His comparative proposals fulfill this 
constraint. Regarding the naive situation, the implication is straightforward. Ifwe 
presuppose the truth of S, Y <~X logically implies Y ~~s X (prop. 4.1, p. 133). 
The refined strategy, however, causes more troubles; but they can be overcome. If 
S is true, and X, Y, T, and S are convex, then Y ~r X generally implies Y <~/s X 
(prop. 4.3, p.135) 

More persistent problems emerge with respect to the quantitative proposals. 
Neither the naive nor the refined quantitative definition, implies success predomi­
nance. First, naive quantitative closer to the truth, Y <~ X, does not imply naive 
quantitative success dominance, Y ~~s X (prop. 4.2, p.134). Second, although 
proposition 4.7 (p.138) shows that Y ~ Tn Xincreases the expectation ofinstantially 
success, we failed to formulate a suitable proposition for the explanatory part. 
Despite thorough research, the failure of which we shall spare the reader, the 
prospect of finding an acceptable relation between the refined quantitative defini­
tion and success predominance remains slim. Mainly, because the quantitative 
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truthlikeness definition does not put constraints on MP- T, leaving {SI T ~ S ~ MP' 
I SI = s} unspecified. The conclusion reads, presurnably, that Kuipers quantitative 
definitions fail to be functional for approaching the truth. 

4.3.4. The Advantages ofthe Modal Perspective 

I presented my modal paraphrase of the structuralist approach in Chapters 2-3, 
andin this section, I discuss the advantagesoftbis modal paraphrase ofKuipers's 
rules oftheory-choice. In the first place, this paraphrase solves the question about 
the dynamic behaviour of R(t) and S(t). According to the structuralist paraphrase, 
the increase of Rand the decrease of S both represent the increase oftheir logical 
strength. The modal formulation solves this problern since it carries through a 
stratified representation of R and S. 

Let~ ss be the modal extension of ~, voc(~) = voc(~ ss ), and Iet R be a subset 
ofpossible worlds (or non-modal constituents) representing the evidence accumu­
lated thus far. If R is the disjunction of those worlds, then the increase of this 
disjunction would imply decrease rather than increase ofthe logical strength ofthe 
evidence. Thus, if 

C; = (±)p 1 " ••. 1\ (±)pn e Const(~) and R =V; C;, 

adding new cj to R would decrease the logical strength of R (see subsection 
4.3.3.3). If, however, R is a conjunction of constituents, R is the contradiction, if 
R = "; c;, 1 < i < r, then R = ..1.. The modal representation solves this problem, since 
the elements of R are possible worlds, that is, elements of the complete modal 
models, and S consists ofthose complete modal models: 

R = {w1, ... , wk} ( = "w1 and w2 and, ... , and w{) 
S = {CJ.n I• · • ., CJ.nm} ( = "CJ.nl or cm2 or, ... , or, CJ.nm") 

The syntactic representation ofthe evidence, then, becomes: 

R := "; Oe;, and 
s := vjcj 

with C; e Cnst(~), Cj e Cnst(~s5), (i ranges over the "worlds we encountered" in 
experiments, and j ranges over the modal models that S does not exclude ). Since R 
is a conjunction of physically possible worlds, and S is a disjunction of modal 
structures; increase ofthe first and decrease ofthe second both imply the increase 
of logical strength. 

In the second place, the modal representation shows that the suggested parallel 
between an integral being "squeezed in" by a lower surn and an upper surn, and the 
truth being "squeezed in" between R and S, is misleading. A modal paraphrase of 
increasing evidence illustrates this fact; since then the correct data hypothesis 
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assumes: {<m} ~ Mod(S) ~ Mod(S) and Wd(R) ~ Wd(R) ~ Wd(T) (cf. (10) and 
(11), p. 144); and the claims clearly concem different Ievels ofthe definition. New 
S's and R's both strengthen the evidence and T (= Th(<m)) is the complete truth. 

Finally, the modal strategy explains the difficulties with the quantitative defini­
tions. It discloses why the quantitative definitions do not imply a higher expecta­
tion of success predominance. The first problern is that the generat structuralist 
approach neglects the structure ofthe set ofmodels. For example, with respect to 
propositionallanguages, the set of all models of the language has the structure of 
a Boolean algebra. If Yis refined quantitatively closer to the truth TthanX, nothing 
can be said about arbitrary sets S containing T; the rule discards the Boolean 
structure of JC. Additionally, the quantitative structuralist approach combines 
distances of a different character. If we take our modal paraphrase of the structur­
alist approach-to-the-truth proposals seriously, it follows that the refined quantita­
tive definition adds distances between models to distances between possible 
worlds, which are elements ofthose models. I shall not develop this modal perspec­
tive on Kuipers's refined quantitative proposal any further in the present study. In 
Chapter 6, however, I shall present my refined verisimilitude proposal, which 
provides a different approach to refined quantitative verisimilitude. 

4.3.5. Conclusions 

The structuralist proposal aims at a rule of theory-choice that is functional for 
approaching the truth. The comparative strategy succeeds in producing a functional 
content and likeness rule. Due to the physical truth ofthe strongest accepted law S, 
the first is functional for approach-to-the-truth. For convex theories and laws, the 
likeness rule also becomes functional for approaching the truth. This convexity 
assumption, however, unnecessarily renders many pairs oftheories uncomparable 
and covers up the likeness character of the comparative refined rule. As to the 
quantitative strategy, neither the naive nor the refined definitions succeed in 
connecting approach-to-the-truth with the increase of expectation of success 
dominance. 

Now that I have finished my presentation of Kuipers's approach-to-the-truth 
proposals, let me summarize the findings regarding the structuralist enterprise. In 
the second chapter, I made a distinction between the conceptuallevel and the 1evel 
of application in Kuipers's one-tiered combination ofreceived view and structura­
lism. The first Ievel is concemed with the extension ofthe set ofintended applica­
tions, and the second with the logical strength of the set theoretical predicate. I 
equated the strength of a theory with that ofthe logical strength ofthe predicate, as 
the representation of both aspects on one Ievel tumed out to yield paradoxical 
results. The one layer-representation covers up the important difference between 
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the instantiations of a law and its (modal) models; this Iead to difficulties concem­
ing logical strength. 

Kuipers started his "investigation ofverisimilitude from the conviction (in the 
line ofthe structuralist approach) that empirical theories are not, and should not be 
complete .... "29 My inquiry showed, however, that a modal representation in 
which the truth is complete, provides an adequate representation of Kuipers's 
intuitions. The one-layered structuralist representation conceals the essential 
difference between the content and likeness definition, unnecessarily prompting a 
convexity assumption. Parallel to the innocent assumption of error-free data, Tt= R, 
it also assumes that the strongest accepted law S is true, T t= S, which is too strong 
from a theoretical and practical point of view. Finally, regarding the (refined) 
quantitative case, the heterogeneous mixture of structuralist and logistic theory 
representation gives rise to the failure of relating the rule of success to the defini­
tion. Here, distances between instantiations oflaws are added to distances between 
logical models of laws. The one-layered structuralist formulation would benefit 
greatly from incorporating the underlying modal intuitions; this requires a full­
blooded modal representation. 

4.4. NIINILUOTO'S ESTIMATED TRUTHLIKENESS 

Niiniluoto's answer to the epistemic problern oftruthlikeness is presented in this 
section. First Niiniluoto's ideas about estimated truthlikeness are introduced and I 
discuss some of its consequences. In the second part I shall sketch an odd conse­
quence ofthe estimated truthlikeness, and finally I shall formulate an alternative. 

4.4.1. The Definition and its Properfies 

In Chapter 3, we encountered Niiniluoto's general framework. This framework 
comprises a problern set B := { hi I i E /}, and a distance function on D(B), the set all 
partial answers. The elements of B are mutually exclusive and jointly exhaustive. 
Examples of B are constituents of a formal Ianguage, or possible values of some 
parameter.30 Within this setting the question arises: how can we choose between 
theories regarding their truthlikeness, ifwe areignorant ofthe truth? 

I shall present Niiniluoto's answer to the epistemic problern by way of an 
example.31 Consider a game in which a participant receives a sum of money, 
forecasts the outcome of a die throw, and then throws a die. The participant must 
pay back the amount of money, which is equal to the difference between the 
number on top and his or her guess. Suppose that the die is fair, what is the most 
reasonable bet on g? The answer is simple. If X is the random variable with 
possible outcomes 1, ... 6, the participant must minimize his or her expected loss 
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6 

~[IX-gl] :=d~f L P(x)ixi- gj 
i =I 

The participants answer rnust be as close as possible to the expected value of X. 
The rational guesses are g = 3, or g = 4. 

Niiniluoto's rule oftheory-choice is sirnilar to the betting rule ofthe preceding 
exarnple. Scientists garnble with theories, and the expected loss is the distance 
between their choices g and the truth. Consequently, according to Niiniluoto, the 
theory with the largest expected verisirnilitude is to be preferred. Let P be an 
episternic regular probability rneasure on a problern set and let evidence e fix the 
posterior probabilities of the cornplete answers. Let h;, i e /, be the elernents of a 
problern set, and let g be a disjunction of h;'s, which represent a partial answer to 
the problern. Further, let Tr(g, h;) represent truthlikeness rneasure on D(ß)xß. 
Then, Niiniluoto defines ''the expected value of the unknown degree Tr(g, h;) on 
the basis of evidence e, relative to the probability rneasure P'' by 

ver(g/e) :=defL;eP(h/e)Tr(g, h;) 

According to Niiniluoto "ver(g/e) can be taken tobe the estimated degree oftruth­
likeness of g on basis of e.'m Mathernatically, Tr(g, h;) rnay be considered tobe a 
random variable with dornain B and codornain lR. Thus, analogous to the preceding 
example, ver(g/e) rnay be paraphrased by the rnathernatical expectation ofTr(g, h;), 
~[Tr(g, h;)]. Niiniluoto bases his "solution to the episternic problern oftruthlike­
ness" on this rnathernatical expectation, ver(g/e). 33 

g 1 is more truthlike on evidence e than g2 ifi 
ver(g/e) > ver(gJe) 

If the cornplete hypotheses are constituents of a rnonadic predicate language, 
Niiniluoto chooses Hintikka's inductive systern to determine the probability 
distribution. In contrast to Carnap's continuum ofinductive systerns, Hintikka's A.­
a. systern copes with infinite dornains by using Bayes's formula, basing the prior 
probabilities and the likelihoods on Carnap's A.-continuum. Regarding rnore 
cornplex cognitive problerns Niiniluoto also admits other rnethods of fixing 
probability distributionssuch as personalistic Baysian probabilities.34 Probability 
rneasures on theories, however, still rernain the object of serious philosophical 
debate. For exarnple, Tichy and Oddie approve the general expected truthlikeness 
strategy, but disagree with Niiniluoto about the use of Hintikka's inductive sys­
terns. 

To explain the ver-function, I will frrst surnrnarize the Bayesian updating 
process of Hintikka's inductive systern. Consider a finite rnonadic predicate 
language 9!; and recall that a constituent of9! is a proposition that describes for any 
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Camapian Q-predicates whether it is instantiated or not. Then, at the outset, all 

constituents receive a prior probability based on width of the constituent, i.e. the 
number of filled Q-predicates. Next, the first incoming individual falsifies half of 

the constituents, and the 1..-a.. system redistributes the probability mass among the 

remaining constituents. The corroborated constituents with 'small width' receive a 

relatively high probability, whereas the probabilities ofthe constituents with large 
width drop. Again, when new evidence fills an empty Q-predicate, falsifying some 
constituents, the probability mass is similarly redistributed among the remaining 

constituents. Suppose that, after some time, all new individuals instantiate non­

empty Q-predicates. Then, the probability mass concentrates on the constituents 
close to the constituent that does not have empty Q,.-predicates and the a posteriori 
probability of the wider constituents receive increasingly lower probabilities. 

Finally, in Hintikka's 1..-a.. system, the probability ofthe proposition is determined 
by Bayes's formula, which uses the posterior probability, and likelihoods of the 
constituents. 

The updating process elapses asymmetrically.Instantiations ofthe Q,.-predicates 
will falsify the narrow constituents quicker than broad constituents, which will 
contribute to the updating process for a considerably Ionger period. Consequently, 
the width ofthe true constituent contributes to speed ofthe updating process. Note 
that the Clifford measure fits well to the updating method used in Hintikka's 1..-a.. 
system. Wider ( confirmed) constituents receive a lower probability than narrow 
ones, and the Clifford measure reinforces this resu1t of Hintikka's inductive 
method. 

Let us summarize Niiniluoto's answer to the epistemic prob lern. Niiniluoto uses 

the mathematical expectation of the random variable Tr(g, H) to estimate the 

truthlikeness of g. Heuses Hintikka's Bayesian conditionalization to determine the 
posterior probabilities. The probability mass concentrates around the true constitu­
ent; and the answer with the highest expected truthlikeness has the best chances of 
being closest to the truth. 

Now that I have summarized the rule of estimated truthlikeness, let us turn to 
some properties of the ver-function as put forward by Niiniluoto. If Tr(g, h,.) := 

1-!l.~( (!!~{is the min-sum measure and equals y!l.min(h,., g) + y' !l.sum(h,., g)), then 
ver(g/e) equals 

(12) 

since "',.8 P(h,Je) = 1. I shall consider two special cases: I. the case in which g is a 
complete answer h,.; and 2. the case in which we are, in Niiniluoto's words, 

completely ignorant, i.e. P(h,. /e) = 111-I for all i E /, and av(i, B) = \11. First, let us 
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assume that g is a complete answer; then /1min(h;, g) and Iii=It}..iJ reduce to 11iJ and 
ver(g/ e) boils down to 

(13) - ( y' l ver(h;fe) - 1 - L P(h;fe) y + I I . 11iJ 
iei ( I av(z,B) 

Second, consider the situation of complete ignorance where the problern set is 
balanced, i.e. av(i, B) = Yz, i EI, and the, in this case priori, probability distribution 
given e, equals P(h;/e) = !I !-I, i EI. Kuipers calls this situation an a priori system. 
Under these circumstances, ver(g/e) equals: 

(14) 
r' l•g I 

ver(g/e) = 1 - ~~~ ;~g /1min(h;,g) - -~I-I 

The derivation ofthe latter formu1a is elementary and can be found in Niiniluoto 
(1987) page 272. Note that in these circumstances, if g is a tautology, ver(g/e) = 

1 - y '. Further, if g is a complete hypothesis, the latter formula reduces to 

(15) 
y y' 

ver(h/e) = 1- '2 -lJT 

as I Ig I = 1, and Iidg/1iJ I I !-I = I;eJ 11iJ I I !-I = av(i, B). I want to stress that the 
three situations of complete ignorance, or, of an a priori system, concern extreme 
borderline cases. 

The preceding formulae imp1y some important characteristics of Niini1uoto's 
epistemic ru1e. The first one isthat the posterior probability, or confirmation, of a 
hypothesis differs from its estimated verisimilitude.35 I illustrate this difference in 
three ways. First, equation (13) implies that new evidence may increase the 
probability ofthe theory g whereas it decreases its estimated truth1ikeness: 

ver(g/e) > ver(g/e 1\ e ') and P(g!e) < P(gle 1\ e ') 

I give an examp1e in Table 2. The comp1ete answer h I is close to h2, and h2 is at 
1arge distance form h 3; the same obtains for h I and h 3• Further, o1d evidence e 
makes h 1 improbab1e, but provides h 1 with a high degree of estimated truthlikeness, 
the like1y h2 is in the neighbourhood of h 1. 

New evidence e' changes this situation. 1t fa1sifies h2, which decreases the 
estimated truthlikeness of h 1 but increases its probabi1ity. Second, the ver-function 
allows that 11iJ"" 0, ver(h;le)"" I and P(h;!e) = 0, it is not truth-value dependent.36 

lf, in the preceding examp1e, h1 was fa1sified by e, and P(h2 !e) was 0.875, then 
ver(h 1!e) wou1d be equa1 to 1-0,121 y-0,048y'. Third, among the true hypotheses 
the stronger g1 has a higher estimated degree oftruthlikeness, whereas the weaker 
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g2 is more probable.37 More explicitly, Iet h* be the truth: P(h*le) =I, and e has 
falsified all other h;, then 

If h* 1- g1 1- g2 and g2 V: g1, then ver(g1 le) > ver(g2 1e). 

This claim is entailed by equation (12). Since P(h*le) = I, P(h/e) = 0 for all 
h; "* h*; then for true g, ver(g/e) reduces to I-y' flsum(h*, g), and the ]arger the true 
g, the smaller its expected truthlikeness. Consequently, the tautology is the worst 
of the true consequences. These three examples clearly show the difference 
between expected verisimilitude and probability. 

Table 2. 

hl h2 h3 

6. 6.12 = 0,01 6.23 = 0,89 6.31 = 0,9 

P(h;le) 1fs y. 1/a 

ver(h/e) l-0,12y-0,05y' l-O,lly-0,04y' l-0,78y-0,58y' 

P(h;le 1\ e) y. 0 y. 

ver(h/e A e) l-0,66y-0,26y' l-0,67y-0,25y' 1-0,23y-0,17y' 

A second important property ofNiiniluoto' s answer to the epistemic problern is the 
preference of the tautology T to any complete answer in the case of complete 
ignorance if(roughly) 2y' < y.38 1t follows from the equation (I4) that according 
to the a priori system, ver(T, e) = I - y' (lg =I and for all h; the minimum distance 
to T is zero). Equation (I5) gives the estimated truthlikeness of the complete 
answers in the case of complete ignorance. Then, 

I 

ver(T, e) > ver(h;, e) iffy' < 'l2y + l 
li I 

and since 111 is generally ]arge, this applies if, roughly, 2y' < y. 
The third important property ofNiiniluoto's estimated truthlikeness isthat in the 

Iimit the estimated truthlikeness of g approaches its actual truthlikeness, in other 
words: Niiniluoto's answer is effective in approaching the truth. This result follows 
again from equation ( I2). If the amount of collected evidence increases without a 
limit, there will be a point in time after which a large number of h; are faisified, and 
all new incoming evidence lowers the probability of all h; "* h *. In these circum­
stances, it follows from the first formula that the estimated truthiikeness approaches 
the actual truthiikeness. Niiniluoto gives the following exact formuiation:39 

PROPOSITION 4.10: If P(hjen) ----) I, n ----) oo, for some j E J; and P(h;, en) ----) 0, 
n ----) oo, for i "* j, i E /; then ver(g/en) ----) Tr(g, h), n ----) oo. 
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The final important feature ofNiiniluoto's proposal that I want to mention is its 
reversibility.40 It may occur that new evidence e 'reverses the original preference 
order ver(g/e) < ver(jle) into ver(g/e 1\ e) > ver(f/e 1\ e). Wehave already encoun­
tered such an inversion ofpreference in Table 2 where ver(h/e) < ver(h/e) and 
ver(h/e 1\ e) > ver(h2/e 1\ e). Consequently, ver(g/e) > ver(fle) does not exclude 
Tr(g, h*) < Tr(f, h*), and the ver-ruleis not irreversible in the technical sense ofthe 
word; however, proposition 4.10 shows that someone who follows the rule effec­
tively approaches the truth. 

4.4.2. Expected Distance versus Distance to Mean 

In this subsection, I comment on the estimated truthlikeness rule. First, I shall make 
a terminological remark, and then I shall raise the main point of my critique. To 
begin with, I want to stressthat Niiniluoto uses x* in two incompatible ways.41 

"Let x* e R be the unknown value of a quantity and Iet X;, i e /, be the possible values that x* 
could have. ( ... ) Then the expected value of x* on the basis of e and Pis L; d P(x;le) X; 

(Niiniluoto (1987) p. 268)" 

Strictly speaking, the meaning of x* before the ellipsis is incompatible with the 
meaning of x* after the ellipsis. The "expected value of x*" of the second part 
implies that x* is a random variable. Then, one commits a category mistake by 
saying "Let x* E lR be the unknown value of a quantity." If the latter were true, 
however, it is meaningless to consider the mathematical expectation of x*. The 
introduction of an extra (random) variable solves the problem. The Situation is 
more adequately described as follows. 

"Let x* be the unknown actual value of a quantity. Furthermore, Iet X be a random variable with 
the possible valuesx; ofx* as its range. If P(X =x;le) is the rational degree ofbeliefthatx* =x;. 
we can choose the mathematical expectation ofX, ~(X):= L; •1 P(X =x;le) x;. as our estimate 
ofthe unknown value ofx*."42 

The ver function has the same minor imperfection as the truthlikeness definition, 
and it is removed equally easily. Again, Tr(g, h *) is called ''the unknown degree of 
truthlikeness ... of ~· but also "the possible values ofTr(g, h*) are Tr(g, h;), i E /." 

Similarly, if Tr(g, h*) is a fixed similarity, it only has one fzxed value. Conse­
quently, the situation is more adequately described ifwe consider Tr(g, H) tobe a 
random variable that associates a real-valued distance to every h; E B and the 
specfied g. Let P(H = h; I e) be a rational degree ofbelief on basis of e that h; is the 
actual value (h* = h;). Then, we may choose the expected value of Tr(g, H) as 
estimate for the unknown Tr(g, h *) (if h; are numerical values, and g is a set of 
those values): 

ver(g/e) = ~ [Tr(g, H)] = L; <= 1 P(H = h;le)Tr(g,h;) 
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In sum, Niiniluoto chooses as an estimate of the unknown value Tr(g, h*), the 
(mathematical) expectation ofthe random variable Tr(g, H), with range Tr(g, h;), 
i E /. 

What is the reason, one might ask, for contributing space and time to such an 
easily removable imperfection of the description of the rule? The answer is two­
fold. In the first place, it is incorrect to consider the expected value of x* when 
x* E lR is a fixed value. The main reason, however, is to warn the unwary reader 
that ver(g/e) is not the estimate ofthe similarity between g and the truth h* in the 
same vein as the statistical mean estimates the actual mean of a population. Calling 
the expectation ofTr(g, H), ver(g/e), "the expectedvalue ofthe unknown degree 
Tr(g, h*)," does not particularly prevent such misunderstanding.43 Even more 
confusingly, the expectation of ß(g, H) is called "the expected distance of g from 
the truth h *. '>44 The form er expression is a somewhat inadequate description of the 
fact that Niiniluoto chooses to use the mathematical expectation of Ll(g, H) as an 
estimatefor Ll(g, h*). 

Although ver(g/e) seems tobe a reasonable choice if the problern consists of 
qualitative entities - e.g. constituents - it may Iead to unexpected results as far 
as quantitative problern spaces are concemed. For instance, ifthe theories are about 
the isotopes of an element, H already is a random variable; and Tr(g, H) is a 
compound random variable. An interesting question reads whether ver(g/e) varies 
with the similarity between the expectation of H and g, if H is a quantitative 
random variable. More exactly the question reads, does 

~[Tr(g,H)] > ~[Tr(g', H)] imply ß(~[H], g) < ß(~[H], g) 

if H is a stochast. In other words, will the results be the same if we first calculate 
all distances between h; and g and then determine the expectation of those dis­
tances; or to reverse this order, if we first calculate the expectation of the h; and 
then measure the distance between this expectation and g. As we shall see in the 
following paragraphs, the answer is negative. Hence, our critique of choosing the 
expectation ofTr(g, H) as the estimated degree oftruthlikeness reads: 

For quantitative problern spaces, the mathematical expecta­
tion ofthe random variable Tr(g, H), may deviate from the 
mathematical expectation ofH. 

The two following examples show why this difference is problematic. First, Iet 
us consider a gambling game with one fair die. Aftercasting the die, we receive 2n 
units of value, if for n, the nurober of spots on top, obtains n ~ 3; and we receive 
n + 3 units ofvalue if n > 3. We arerational ifwe accept to pay six orfewer units 
of value to participate in the game. In terms of the cognitive prob lern, the complete 
answers hn are the complete outcomes ofthe problern space, and~[H] := 3. Some 
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arithrnetic based on equation (13) shows us that, according to the ver-function, the 
best theory in this cognitive problern is the sarne as the theory closest to the 
expectation ofH: for all hi: ver(hi,T) < ver(h3,T). 

If, however, the bank pays us 1 on units of value under the sarne conditions, it is 
rational to clairn that the garne is worth 1 I 6I~=J 101 = 185185 units of value since 
this is the expectation ofthis H'.45 The hypothesis closest to the expected outcorne 
is h5 = 5 suchthat H' = 105; however, the outcorne with the highest expected 

truthl ikeness is h 3 = 3, and H' = 1 03.46 Thus, in the a priori situation in which there 
is no evidence whatsoever, the ver rule and the rnathernatical expectation of the 
randorn variable H provide different advice. How rnust this difference of estirnation 
be interpreted? Why should we pay rnore than a hundred thousand units ofvalue to 
participate in a garnein which the outcorne with the highest degree oftruthlikeness 
is only a thousand units of value? 

Let us turn to our second exarnple. It shows that the contrast between rnean and 
estirnated truthlikeness also creates difficulties for probabilistic hypotheses. 
Consider a large population of six kinds ofballs: the 10, 102, ... , and 106-balls. 
Suppose we are unfarniliar with the fact that the nurnber of all kinds ofballs is the 
sarne; hence, we do not know that the rnathernatical rnean ofH is 185185. Consider 
the following cognitive problern: Which number on the balls is the closest to the 
rnean of the population? We take rnany sarnples of n balls, and statistically we 
corne to the posterior probability distribution of the hypothesis about the rnean as 
conveyed in Table 3. As we have taken rnany sarnples, and the expectations ofthe 
sarnple distribution of rneans is equal to the population rnean, statistically, we 
would correctly choose h 5 as the best guess for the rnean of the population. 

As to the ver rule regarding statistical hypotheses, it seerns plausible to equate 
the degrees of beliefs with relative frequencies. Then, the estirnated degree of 
truthlikeness of h4, is higher than that of hypothesis h5.47 Thus, it is unclear 
whether we should choose the rnost probable outcorne, or the outcorne with the 
highest estirnated degree of truthlikeness. We rnay conclude that, regarding 
statistical hypotheses, there are irnportant differences between "closest to the 
rnean" and "highest estirnated degree oftruthlikeness". 

Table 3. The Posterior Probability Distributan ofH 

H 101 102 103 104 105 106 

P(h;"" 'l: [H]je): 

In the preceding paragraphs we proved the next observation. Suppose h I> ••• , hn 
are the cornplete answers of quantitative cognitive problern B, and g and g 'are two 
partial answers to the problern; let H be a randorn variable with the range 
h1, ... , hn; then 
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PROPOSITION 4.11: ver(g/e) < ver(g 'le) <i:> ß(~(H), g) ~ ß(~[H), g) 

For quantitative problern sets, it is worthwhile to exarnine the replacernent ofthe 
expectation of Tr(g, H) by the distance between a partial answer and the rnean, 
ß~{ (~ [H], g). This proposal certainly fares betteras far as the difference with the 
expectation ofH is concemed. Moreover, the alternative also fits weil to Niiniluo­
to's use ofBayesian conditionalization.48 

In surn, Niiniluoto chooses the expectation ofthe randorn variable Tr(g, H) as 
the estirnation ofthe degree oftruthlikeness. A reasonable adequacy condition for 
this estirnation is that for quantitative cognitive problerns the preference order 
according to the distance to the rnean ofH, ß(~[H], g) equals the preference order 
according to the expected truthlikeness, ifthere is no evidence available. Regarding 
thesequantitative problern sets, Niiniluoto's choice fai1s to rneet this constraint, 
and the irnplication ofthis failure needs further investigation. 

4.5. GENERAL COMPARISON OF THE RULES 

In Sections 4.3-4.4, we encountered Kuipers's rule oftheory-choice, the rule of 
Niiniluoto and our local comrnents. In this section I want to cornpare both rules 
using the global characteristics rnentioned in Section 4.1. 

4. 5.1. Congruence between Definition and Rule 

As rnentioned in Section 4.1, one would expect a correspondence between the 
order fixing elernents of the definition, and the elements that settle the order 
according to the rule. To what extent do the rules corne up to these expectations? 

I have already pointed at the sirnilarity between Kuipers' s definitions and his 
rules. Within his content approach, true and false consequences and antecedences 
fix the sirnilarity to the truth; and the sarne holds for the preference order of the 
rule. As to the refined approach it is sirnilarity between rnodels that establishes the 
order ofthe definition; and again, the sarne is true for the rule. In brief, within both 
structuralist strategies there is a reasonable correspondence between the order­
fixing elements ofthe definition and those ofthe rules.49 

Ifwe choose the expectation ofTr(H,g) as the estirnator ofTr(h *,g), the relation 
between the definition and the rule becomes rnore opaque. As Bayesian 
conditionalization forms the foundation of the ver function, consequences of the 
truth establish its preference order. For the truthlikeness definition, the conse­
quence relation plays rnerely a subsidiary role. It is the similarity between constitu­
ents that establishes the truthlikeness order. That 7J v ~q does not have a true 
ernpirical consequence does not prevent it frorn being closer to the truth p " q than 



THE EPISTEMIC PROBLEM 159 

-p 1\ ---,q, which has several true consequences. Of course, the rational degree of 
belief, or probability is not the only ingredient of the ver function. Niiniluoto 
describes ver(g,e) as "the weighted average of the possible values of Tr(g, h*), 
where each ofthese values Tr(g, hi) is weighted with the degree ofbelief P(hi, e) 
on e that hi is true."50 Rational degree of belief, however, is the only empirical 
ingredient of ver(g/e). The truthlikeness part is an analytical or a priori factor. In 
short, the elernents that establish Niiniluoto's truthlikeness order differ frorn those 
that fix the preference ordering of the rule. Where similarity between constituents 
primarily establishes the theoretical truthlikeness of a theory, Niiniluoto bases the 
estimated truthlikeness of a theory on the true consequences of the confirmed 
cornplete answers. 

Our conclusion rnust read, then, that regarding the congruence between the 
definition and the answer to the episternic question, the structuralist approach 
shows rnore coherence than the quantitative truthlikeness approach. 

4.5.2. Application ofthe Rule 

Our second global criterion concems the applicability of the rules. Regarding the 
application of the ver function, we rnust consider two different situations: first, 
rather restricted quantitative situations, and second, the rnore general contexts 
where sentences are to be cornpared. If the first obtains, e.g. point estirnates, 
interval estirnates, etc., the ver function resernbles Bayesian conditionalization.51 

There is a restricted set of conceptual possibilities and a personalistic probability 
distribution. In these situations, the ver function has a practical value. If the 
cognitive problern concems the choice between general propositions that represent 
scientific theories, the application ofthe ver rule is considerably rnore difficult.52 

Then, again, we rnust distinguish between the situations in which the probability 
measure has a frequency interpretation, and those in which only personalistic 
interpretations are available. Indeed, if rnonadic propositions paraphrase all 
cornplete theories, and, if an um model represents the probabilities involved, then 
individuals betonging to sorne Q-predicate rnay paraphrase incoming evidence. In 
such an elernentary problern situation, the ver function may estirnate objectively the 
truthlikeness of a theory. 

Unfortunately, scientific decision situations are rnuch rnore cornplicated than 
this; in the first place, few scientific theories are axiornatizable in a formal lan­
guage with rnanageable constituents. It is not realistic to assurne that a scientist can 
consider the set of all conceptually possible alternative theories. Secondly, the 
events involved will have a unique character, which excludes a frequency interpre­
tation of the probabilities. Moreover, there is no generally accepted theory of 
logical probability that handles the extrernely cornplicated case of scientific 
theories. Consequently, Niiniluoto rnust fall back to subjective probabilities, and it 
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remains tobe seen whether this still guarantees objective decision procedures and 
scientific progress.53 Obviously, Niiniluoto is weil aware of this situation, his 
answer to these objections is that the ver rule is not to be considered as an actual 
rule of theory-choice. lt is rather a rational reconstruction of how the scientific 
theory preferences come about. 

As Niiniluoto claims that his answer to the epistemic question is not applicable 
to scientific practice, perhaps the content rule has more practical value. Unfortu­
nately, Kuipers's content rule is not readily applicable either, as it is based on 
assumptions that are too strong. First, all theories, including the true one, must be 
convex. Secondly, we must have a definitely true law S at our disposal, and thirdly, 
the better theory must improve on the other theory in all respects. 

Regarding the application of the rules, we must conclude that, with respect to 
linguistically formulated theories, both rules are difficult to apply; either the theory 
is based assumptions that are too strong, or it needs constituent representation. 

4.5.3. The (ir)reversibility ofthe Answers to the Epistemic Problem 

In Section 4.3, we saw that Kuipers's comparative content rules functionally 
approach the truth (equat. (8), p. 139, and corollary 4.4, p. 135). Furthermore I 
proved that the naive success rule is irreversible (proposition 4.8. p. 140). That is 
to say, if, according to the evidence collected up to now, the theory 'I' is (strictly) 
preferred to <p, then no future evidence whatsoever can reverse that strict preference 
order. Even if all future evidence favours <p instead of'JI, the success rule will not 
(strictly) favour <p to 'I'· The theories become uncomparable, as new evidence 
cannot delete the crucial experiments favouring 'I'. 

For these reasons, Kuipers calls his rule "nonfrustrating," or "functional for 
approaching the truth". 54 Kuipers's "constructive realism" and his approach-to-the­
truth definition together explain the everlasting supremacy ofthe empirical success 
of theories that are closer to the truth. Alternative rules such as, for example, 
"choose the best problern solving theory" Iack such explanation. Given this, 
Kuipers claims that he has successfully taken up Laudan's challenge. 

It can be seen from Table 2, in the light of new evidence, Niiniluoto's ver­
function may reverse a preference order. At the outset, when little evidence is 
available, the probability distribution over the constituents may be very different 
from the distribution after the bulk ofthe evidence has come in. This can influence 
the truthlikeness estimation to such an extent that the accumulation of evidence 
reverses the initial preference order ( cf. the next example ). Consequently, being 
more truthlike does not imply being favoured by the ver-rule. Nevertheless, 
obeying the rule of expected truthlikeness eventually implies "heading for the 
truth." As we have seen in subsection 4.4.1, in the Iimit the expected truthlikeness 
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equals the actual truthlikeness (Prop 4.1 0, p. 154 ). In sum, in contrast to the success 
rules, the rule of expected truthlikeness is reversible. 

In the next example I compare the behaviour of Kuipers's rule of success and 
Niiniluoto's rule of estimated truthlikeness. Tothat end, I shall use my two-level 
interpretation of the success rules to avoid their paradoxes of logical strength. 
Furthermore, there is the inclination to think that we should compare Kuipers's 
likeness rule with the estimated truthlikeness rule. As, however, the likeness 
success rule relates specific elements of X, Y and R/S, it requires a profound 
revision to avoid the paradoxes of logical strength. The most plausible adjustment 
distinguishes between an instantiation and an explanatory clause; and additionally 
it must define a similarity relation for constituents, and one for individuals 
instantiating the Qrpredicates. Asthis proposal would change Kuipers's original 
approach substantially, it is more appropriate to use his content rule since the latter 
only requires that Y- (XuS) = (RnX)- Y = 0. Moreover, both success rules fail to 
decide between theories X and Y, if there are crucial experiments in favour of X and 
Y; and it is this situation that most clearly illustrates the difference between the rule 
of success (p. 134) and the rule of estimated truthlikeness. 

S(t) 

10 

Fig. 9. Stratified representation of success rule 

EXAMPLE: In this example I compare the behaviour ofthe content success rule and 
the rule of estimated truthlikeness. Consider the monadic predicate language 
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fi![V(x), W(x)] given in the example on page 143 without names for individuals, and 
with vocabulary {V(x), W(x)}o As before, the EE-boxes in the diagram systemati­
cally represent the constituents of fP 0 In this example theories X, Y and T are all 
completeo They are equivalent to constituents Cl, C8 and C11 , respectively: 

X:= 3xQ ix) 1\ 3xQ4(x) 1\ \fx[Q 1(x) v Q4(x)] 
Y := 3xQ2(x) 1\ 3xQ3(x) 1\ \fx[Qix) v Q3(x)] 
T := 3xQix) 1\ 3xQix) 1\ 3xQix) 1\ \fx[Q1(x) v Q2(x) v Qix)] 

First, suppose that until timet, R(t) equals a set of individuals instantiating Q 1; and 
Iet the strongest accepted law S(t) be the disjunction of constituents C5, Cl, C11, 

C12, C13 and C15 0 Set R(t) and S(t) can be represented by sentences of9![V, W]; 

R(t) := 3xQ/x) 
S(t) := (3xQ/x) 1\ 3xQ3(x) 1\ \fx[Q1(x) v Q3(x)]} v Cl v C11 v C12 

v C13 v (3xQ1(x) 1\ 0 00 1\ 3xQix) 1\ \fx[Q1(x) v 000 v Qix)]} 

Then, both the success rule and the rule of estimated truthlikeness favour X to Yo 
Evidence R(t) confirms constituents C1, C5, C6, Cl, C11 , C12, C13 and C15, and the 
average of the Clifford-distances between X and these constituents is smaller than 
the average distance between these constituents and Yo Suppose, now, that at the 
second stage ofthe investigation besides Q rinstantiations scientists also encounter 
Qrinstantiations, which Ieads them to provisionally accept law S(t '). Then: 

R(t ~ := 3xQ1(x) 1\ 3xQix) 
S(t ~ := 3xQ1(x) 1\ 3xQ2(x) 1\ 3xQ3(x) 1\ \fx[Qix) v Qix) v Qj(x)] v 

v (3xQix) 1\ 00 0 1\ 3xQix) 1\ \fx[Q/x) v 000 v Qix)J) = 
C11 v C15 

Since 3xQ1(x) corroborates X and falsifies Y and 3xQ2(x) corroborates Y and 
falsifies X, X and Y are uncomparable according to the success ruleo Not so for the 
estimated truthlikeness ruleo At time t ~ only constituents C6, C 11 , C 13, and C 15 

contribute to the estimated truthlikeness of X and Yo From considerations of 
symmetry we see that they favour neither X nor Y; and Niiniluoto's rule treats X 

and Y on a par. Let us suppose that, eventually, the scientists also encounter Qr 
instantiations, and that they stay with S(t ~ as the strongest accepted law: 

R(t'~ := 3xQ1(x) 1\ 3xQix) 1\ 3xQ3(x) 
S(t ~ := S(t'l 

This means that only constituents C11 , and C15 contribute to the estimated 
truthlikeness of X and Y; and as they are closer to Y than to X, in this last situation 
the estimated truthlikeness rule favours Y to X. 

Leaving out the stratified character, Figure 10 represents the preceding example 
using Venn diagramso X, Y and T are sets of 9![V(x),W(x)]-constituents; in this 
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example they are singletons. R(t) designates instantiated Q-predicates and S is a 
complement of a disjunction of correctly excluded constituents. The shaded areas 
symbolize sets of empty Q-predicates. A "+" designates an instantiation of a Q;­
predicate, and a "x" the presence of constituent; the content ofnon-shaded areas is 
irrelevant. At time t, the success rule favours X to Y, since X has a realizable 
example + that falsifies f; it is a crucial experiment that favours X. The rule of 
expected truthlikeness gives the same result. Note that constituent x e f-(XvT) is 
a virtual counterexample for f. 

X 

R(t7--­
R(t"), , 

y 

Fig. 10. Unstratified ofupdating process 

At timet' however, X also has a realizable counterexample +' that is an example 
of Y; +' is a crucial counterexample favouring Y. Additionally X has a virtual 
counterexample x' that is also a virtual example of Y. This makes X and Y 
uncomparable according to the success rule. From considerations of symmetry we 
may conclude that the expected truthlikeness rule, considers the two theories 
equally truthlike. At the fmal stage, where also Qrinstantiations +" have turned up, 
X and Y remain uncomparable according to the success rule, but the estimated 
truthlikeness rule will eventually favour Y to X. Note that if X, Y and T are sets of 
constituents of more than one constituent plus instantiations, then the unstratified 
representation of the updating process using Venn diagrams becomes rather 
confusing. The conclusion of our example reads that if there are crucial experi­
ments against X and Y, then X and Y remain uncomparable as far the success rules 
are concemed, whereas the estimated truthlikeness rule may still establish a 
preference order. End Examp/e 
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As Kuipers has proposed an irreversible rule and Niiniluoto a reversible one, the 
researchers apparently disagree about the adequacy conditions ofthe answer to the 
epistemic approach-to-the-truth question. Niiniluoto prefers a rule matehing the 
actual decision processes, where new evidence may reverse the old preferences 
order. Kuipers chooses a rule serving a theoretical purpose: closer to the truth 
deductively implies increasing empirical success. Thesepoints ofview may be less 
incompatible than they seem on first sight. From thermodynamics we leamed that 
probabilistic behaviour on micro Ievel may be reconcilable with functional or even 
deterministic phenomena on a macro Ievel. Perhaps the probabilistic nature of the 
estimated truthlikeness relates to the determinism ofthe success rule as statistical 
thermodynamics stands to phenomenological thermodynamics. Although conjec­
tural on the micro Ievel, due to large quantities of evidence on a macro Ievel, the 
truthlikeness rule may irreversibly explain the Iasting success oftheories.55 As we 
can use Niiniluoto's ver function to compare more triads of theories, relative to 
Kuipers' s rule, this function appears to operate on a micro Ievel. 

Finally, the preceding example shows that reversibility of the estimated 
truthlikeness is closely connected to quantitative methods, in particular probabili­
ties and distances to the truth. It remains to be seen whether this is a necessary 
condition for a rule to be reversible. There seems to be no conclusive, a priori 
argument, blocking a combination of qualitative probabilities and a comparative 
approach-to-the-truth definition. 

4.5.4. Complete Truth 

All the answers to the epistemic problern considered in this chapter presuppose that 
the truth is complete. Although Kuipers seems to disagree about the incompleteness 
of the truth, his rules assume a dichotomy between the set of physically possible 
and the set of empirically impossible worlds. Consequently, in our modal para­
phrase the truth is complete. Although Niiniluoto provides a definition for indeter­
minate languages, his answer to the epistemic problern is also based on the same 
assumption of completeness. In brief, all answers to the epistemic problern thus far 
assume a fixed truth-value for all contingent sentences in the language. This is 
quite remarkab1e. As sketched in Section 4.1, scientific researchers rarely assume 
that their conceptual framework is completely adequate. They do not know whether 
all theoretical notions in their language provide truth-values for all sentences 
containing these notions. After all, scientists have worked, even successfully, with 
notionssuch as "phlogiston", and "ether". Thus from this practical point ofview, 
it is rather improbable that an arbitrary conjunction of two distinct conceptual 
frameworks establishes a determinate language, yielding a complete truth. There­
fore, an answer to the epistemic problern also has to provide a preference order for 
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an indeterrninate conceptual framework. Neither the success rule nor the estimated 
degree of truthlikeness considers this standard situation. 

It remains to be seen whether an answer to the epistemic problern plays a role in 
choosing the most appropriate language of investigation. On the one hand, the 
introduction of a new notion is sometimes clearly a step in the right direction, e.g. 
the introduction ofthe oxygen notion. On the other hand, to answer the compara­
tive epistemic problern one has to choose between existing theories; thus, such an 
answer does need to introduce new notions, it indicates which ofthe theories may 
be closer to the truth within the given conceptual framework. Whether, and if so, 
how, approach to the truth can influence the choice ofthe most adequate concep­
tual framework is a question that I shallleave for future investigations. 

Finally, I want to forrnulate my definite judgement ofKuipers' s incomplete truth 
assumption. As a start, it is almost generally accepted that Kuipers's modal 
intuitions about empirical theory representation are fruitful. His dichotomization of 
the universe oflogical possibilities into physically possible and impossible worlds 
makes sense. There is, however, considerably less sympathy for the stress Kuipers 
places on the distinction between the instantiations of a theory and its laws.56 It is 
generally accepted that the relation between a theory and its instantiations is the 
same as that between the theory and its laws. If we take tagether the background 
inforrnation and the initial conditions, according to Kuipers's proposals the 
instantiations andthe laws are both entai/edby the theory. Finally, as all proposals 
are based on a complete truth, there is generat dissent about Kuipers's idea that this 
instantiation-explication distinction requires the incompleteness ofthe truth. Both 
our modal and monadic paraphrase ofKuipers's approach, clearly show that the 
modal intuitions underlying Kuipers's theory representations do not require an 
incomplete truth; the distinction between instantiation and explication has nothing 
to do with the completeness of the truth. The empirical truth of a language is 
complete iff all contingent propositions have fixed empirical truth-values-that is, 
iffthe language is determinate. The incompleteness ofthe truth is not a necessary 
condition for the modal implementation of physical theories. 

4.6. SUMMARY AND PROSPECTS 

4. 6.1. Summary 

In the current chapter, I presented and analysed three answers to the epistemic 
problern of approach to the truth. Additionally, I sketched some technical revisions 
that need further investigation. 



166 CHAPTER4 

1. According to the consequence definition, which reads "only consider the 
true consequences", failure to falsify a strong and improbable empirical 
theory corroborates a relatively !arge step towards the truth. 

2. The irreversibility of Kuipers 's content and likeness rules, "choose the most 
successful theory", is conditional on the truth ofthe strongest accepted law 
S(t). Generally, Kuipers's likeness rule is not functional for approaching the 
truth; however, for convex theories, with the truth included, it is. 

3. Niiniluoto proposes a probabilistic, reversible rule. He chooses as an esti­
mate for the truthlikeness of a theory, 'l: (Tr(H,g) ), the mathematical expecta­
tion ofthe random variable Tr(H,g). 

4. The three proposals fulfill different adequacy conditions: Popper 's wants 
the rules to determine "under what conditions what hypotheses should be 
selected for tests" (his italics);57 Niiniluoto's rule rationally reconstructs 
scientific progress; and Kuipers 's rule explains the Iasting empirical success 
of scientific theories. 

5. The epistemic proposals of Niiniluoto and Kuipers both need technical 
revision. 
a. The structuralist ru/es need a stratified (modal or monadic) representa­

tion to parry the paradoxical consequences regarding the logical 
strength of R and S; the condition of the empirical truth of law S is 
better replaced by a probabilistic rule. 

b. Regarding quantitative problern sets, the rule of expected truthlikeness, 
'l:[Tr(g,H)], may disagree with the rules based on ~('l:[H], g), the 
distance between an answer and the expectation of the complete an­
swers (prop. 4.11 p. 158). 

6. The structuralist proposals display more congruence between rufe and def­
initions than the method of expected truthlikeness. 
a. The content definition and rule are both based on logical consequences 

and the likeness definition and rule on similarity between structures. 
b. Niiniluoto's truthlikeness definition is based on similarity between 

structures, whereas his rufe adjusts its preference order on true conse­
quences e conditionalizing the underlying probability distribution. 

7. Niiniluoto's ver-rule and Kuipers's success rule have both their problems of 
application. Given a body of evidence only very view theories are compared 
by the content rule; and the ver-rule presupposes complete knowledge of all 
logical possible answers to a problern and an appropriate probability distri­
bution for all those complete answers. 

8. All rules assume that the language underlying the comparison is determi­
nate, and the truth is complete. Consequently, both rules fail to choose 
between theories if the language is indeterminate. 
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4. 6. 2. Prospects 

In the present chapter, I gave a detailed account of Kuipers's and Niiniluoto's 
answers to the epistemic problern of approach to the truth, and their specific 
properties. The next step in the research, however, concems more general investi­
gations into the relation between these specific answers and similar endeavours in 
adjacent fields, especially those branches of logic involved in the 'dynamic turn' .58 

For example, there is a strong correspondence between non-monotanie reasoning 
such as beliefrevision, conditionallogic and preferential reasoning, and the answer 
to the epistemic problem.59 Such a general comparison, therefore, requires a 
systematic investigation into the logical properfies ofthe answers to the epistemic 
problern considered in the present chapter. 

Wehave already encountered the question whether the rule had tobe (ir )revers­
ible, that is whether, in the light ofnew evidence, it may reverse a (strict) prefer­
ence order. A related logical property is the soundness of a preference relation. A 
system of preferences is sound iff the preferred theory is at least as good as the 
original one; moreover, it is progressive iffthe preferred theory is better. In other 
words, the rule always points in the right direction. A second related logical 
property is the completeness of the rule. A rule of preferences is complete iff 
picking out theories from the set of all logically possible ones, in the light of the 
incoming evidence, eventually, the rule will bring us to the truth. In other words, 
the rule will not get stuck in "dead ends" or have halting problems, e.g. circles, or 
infinite long paths. The two properties mentioned need not be logically independ­
ent. For (finite) propositionallanguages, a progressive rule is complete, since the 
set of alllogically possible theories is finite. Obviously, the implication does not 
hold for first order languages. 

Additionally, we must consider the computational properties ofthe rules. A rule 
of theory-choice may be called decidable iff it decides between any pair of theo­
ries, no matter the evidence. Further, we may consider the complexity ofthe rules; 
one rule of theory-choice may be computationally much more intricate than 
another. Of course we would prefer efficient rules, which provide outcomes within 
a reasonable time span. Obviously, these two properties are related. The decidabil­
ity ofa rule counterbalances its complexity. We already encountered this contrast. 
Kuipers's content rule is easily decidable but not complete; and Niiniluoto's rule 
of expected truthlikeness is complete but far too complex for practical purposes. 
Kuipers's and Niiniluoto's proposals, however, are two extremes on a continuum 
of possible solutions. The interesting question is now whether there is some 
optimum for decidability and complexity between the approaches ofKuipers and 
Niiniluoto. 



CHAPTER5 

THE HIDDEN VARIABLE 

I will discuss the alleged "language-dependency" oftruthlikeness definitions in this 
chapter. When I introduced the differences between content and likeness defini­
tions in the first chapter, I briefly mentioned the possible change of a truthlikeness 
order after extensional substitutions. Now it is time to present and examine Miller' s 
objection to truthlikeness definitions. 1 This chapter has the following outline. After 
the introduction, in Section 5.2 I introduce Miller's puzzle and describe the 
reactions it provoked. In Section 5.3 I will discuss the formal analysis of the 
translation puzzle; and in the fourth section I formulate the solution. I end the 
chapter with a summary and a Iist of results. 

5.1. INTRODUCTION 

We saw that Millerand Tichy both published their discovery ofthe flaw in Pop­
per's verisimilitude definition in 1974.2 Miller also criticized Tichy's alternative 
definition for being "language-dependent" in the same paper. According to Miller, 
a truthlikeness order that is not preserved under extensional substitutions, is 
"language-dependent," and therefore "demonstrably false."3 Miller's criticism 
triggered a "language-dependency" debate. For example, according to Niiniluoto, 
additional requirements are needed to pass on a truthlikeness order from one 
language to another.4 He doubts whether there are semantical conditions that can 
guarantee the "same truthlikeness order under translation." Pragmatic consider­
ations are likely to enter the argument. Despite the various answers to Miller's 
criticism, the problern has not been solved yet: witness Bames (1991). 

In this chapter I introduce Miller' s argument, and consider it under the strongest 
interpretation possible. My answer is radically different from those proposed so far. 
Miller's observation about truthlikeness definitions is correct, and although he 
presents it as a curse, it proves to be a blessing. If one distinguishes between the 
language of the cognitive problem, and that of the formulation of the theories, 
Miller's argument shows that truthlikeness is a relative, rather than an absolute 
notion. 

168 
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5.2. MILLER'S OBJECTION TO THE "COUNTING METHOD" 

I introduce Miller's extensional Substitution argument against truthlikeness 
definitions as far as propositionallanguages are concemed in this section. First I 
shall introduce Miller's objection, and sketch some of its consequences. Then, I 
describe two intuitive foundations ofthe truthlikeness notion that come under fire 
in Miller's attack. I then deal with the solutions found in the literature, and finally, 
I show that the refined structuralist proposals also fall prey to Miller's argument. 

5.2.1. Miller 's Argument of Extensional Substitution 

Our introduction ofMiller's extensional Substitutionargument will be as short as 
possible and therefore it is presented in a slightly different manner than the 
original.5 Tostart with, Iet 'Anglo-Saxons' use a "rudimentary weather language 
~", to describe the weather conditions. ~ consists of: 

1. the logical machinery of propositionallogic and 
2. the non-logical vocabulary 'h', 'r', 'w', 

which designate the basic propositions 'it is hot', 'it is rainy' and 'it is windy', 
respectively. All Anglo-Saxons agree that the next propositions adequately repre­
sent the weather conditions on the first, second, and third day of September. 

(1) X= _,hl\-,rl\-,w,thefirstday 
Y = _,h 1\ r 1\ w, the second day 
T = h 1\ r 1\ w, the third day. 

Recall that we neglect the syntactic differences of equivalent ~ -sentences and 
represent propositions in the disjunctive normal form ( dnf); for instance we do not 
distinguish between _,(h v r) 1\ _,w andX. 

Further, we say that the weather has changed smoothly or continuously if the 
conditions ofyesterday agree with the conditions oftoday on moreliterals than the 
conditions ofthe day before yesterday do. Else, ifthe conditions ofyesterday agree 
with the conditions of today on less literals, it is said that the weather changed 
discontinuously. In our example, the weather conditions of Y differ from those of 
T only in the temperature dimension whereas the conditions of X and T differ in all 
relevant dimensions. Consequently, all Anglo-Saxons agree that over the first three 
days ofSeptember the weather changed continuously. The same intuition underlies 
the naive definition oftruthlikeness for propositionallanguages. Consider X, Y and 
T to be theories, and Iet T be the true theory. Then, it is plausible to say that Y is 
closer to the truth Tthan X for the very same reason. X differs from Tinmore basic 
dimensions than Y differs from T. 
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Miller, however, rejects the preceding "counting method" because it Iacks 
robustness. 6 To illustrate bis point, he proposes translating X, Y and T into X: Y' 
and T 'using another rudimentary weather language Si', which also has three atomic 
propositions: h, m and a. The three transformation formulae (MP) of (2) fix the 
relation between Si and Si': 

(2) h :=tr h, 
m :=1r h ~r, 
a :=1r h ~w 

Miller calls Si and Si' intertranslatable, and proposes to call 'm', 'it is Minneso­
tian' and 'a', 'it is Arizonian' .7 Formulae (2) are used to transform the propositions 
of(l) into 

(3) X' = -.h "m " a, 
Y' = -.h 1\ -.m 1\ -.a, 
T' = h 1\ m 1\ a 

Clearly, this extensional substitution does not preserve the naive truthlikeness 
order. Counting the differences between Y' and T' and those between X' and T' 
Ieads to the conclusion that X' is closer to the true theory T' than Y' although 
X= X: Y = Y 'and T = T ~ 8 People using language Si conclude that the weather of 
the first three days of September changed gradually whereas other people, using 
Si', conclude the opposite; the changes in the weather during the same period and 
at the same place, were discontinuous.9 

Miller's h,r,w-argument only takes one and a halfpage in print. Consequently, 
he did not discuss all the relevant questions in depth. At least two of them are 
indispensable for a good understanding of the present example. The first one is: 
does (2) comprise object or metaformulae, and the second concerns the semantics 
ofSI! and Si'. 

I will answer the object or metaformulae problern first. Miller's objection does 
not hold if (2) are object formulae. Since then, X', Y' and T' are sentences of an 
extended h-r-w-m-a language S/!ext in which (2) are meaning postulates; and as the 
naive definition only takes into account basic literals, Miller's transformation does 
not affect the original truthlikeness order. Miller, therefore, takes (2) to be 
metaformulae: witness Tichy' s (1978) note four. The metaformulae do not increase 
the non-logical vocabulary of Si, neither do they introduce m and a in Si. The 
formulae only guarantee identical truth-values of related sentences in correspond­
ing possible worlds. According to Miller Si and Si' have the same power of expres­
sion since the transformation defines a bijection between their constituents. 

The second question to be asked is whether the meanings of Si coincide with 
those of Si'. Having observed that the transformation formulae (MP ~ for Si' are 

(4) h :=1r h 



r :=tr h B m 
w :=tr h Ba 
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Miller claims "perfect symmetry" between P and P 1 • 1° Comparison of(2) and (4) 
supports the symmetry thesis between P and P 1 on the syntactic Ievel. On the 
semantic Ievel, however, this symmetry is compatible with two mutually exclusive 
interpretations ofthe languages. 

According to the first interpretation, corresponding possible worlds remain 
separate entities, and (2) does not connect the (extensional) meanings ofP and P- 1 • 

Note that as P and P, 1 are different languages, in principal they have different 
semantics, and the logically possible worlds depend on the vocabulary of those 
languages. Since the Substitution, or "translation", of...,h 1\ r 1\ w yields ...,h 1\ ...,m 1\ 

...,a, the P -possible world (0, 1,1) relates to the P 1 -possible world (0,0,0), they do 
not coincide. 

Secondly, we may interpret (2) suchthat the extensions ofthe P-sentences are 
identical to the extensions of the corresponding P 1 -sentences. According to this 
interpretation, the P -possible world (0, 1,1) is identical to the P 1 -possible world 
(0,0,0) since the "translation" of ...,h 1\ r 1\ w is ...,h 1\ ...,m 1\ ...,a. Identification of P­
and P 1 -extensions means that a translation from P to P 1 does not change the 
original meanings. Later publications imply that Miller favours the second interpre­
tation; he acknowledges: "there isaproblern of explaining under what conditions 
this [that is: sentencesindifferent languages having the same assertive power (SZ)] 
obtains."11 

Finally, it should be noted that the influence ofMiller's example goes beyond 
the scope of truthlikeness. It is also relevant for comparison and assessment of 
empirical success of a theory. Hence, empiricists should also take notice ofMiller' s 
example. Moreover, the argument applies to forms of logic in which the likeness 
between possible worlds plays an important role. Among others, many forms of 
non-monotonic reasoning; conditional logic ( counterfactuals) and preferential 
reasoning are important examples. 

To summarize my introduction ofMiller' s objection, I tentatively conclude that, 
as far as extensional interpretations are concemed, (2) comprises metaformulae 
identifying the corresponding possible worlds of P and P 1 • 

5. 2.2. Two Intuitions 

Miller's argument affects two ideas underlying the approach-to-the-truth project. 
I will discuss the notion of an independent truth first and then I will say something 
about the idea of an objective approach to the truth. 

In the pre-Tarskian era, the borderline between truth and reality was vague. C.S. 
Peirce, one of the first to write about the modern idea of approach to the truth, 
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stressed the difference between the two. The following quotation shows, however, 
that, according to Peirce, besides its property-like character, truth is autonomous 
and language independent. Moreover, he seemed to hold, following Kant, that 
Truth is a regulative idea. After many years of experimenting, science will ulti­
mately succeed in approaching the Truth. 

"Truth is a character which attaches to an abstract proposition, such as a person might utter. It 
essentially depends upon that proposition 's not professing tobe exactly true. But we hope that in 
the progress ofscience its error will indefinitely diminish,just as the error of3.14159, the value 
given for n, will indefinitely diminish as the calculation is carried to more and more places of 
decimals." (C.S. Peirce (1965, 5.565)) 

This intuitive idea of Truth I shall call the citadel conception of Truth. lt has the 
following characteristics. Truth has an independent character, and is only obtain­
able by hard labour. There are many roads leading to the same Truth possibly 
formulated in different languages. It is a rather vague metaphysical notion primar­
ily ascribed to propositions. No wonder adherents of this conception of truth 
needed to emphasize the difference between reality and truth. 

The next quotation demonstrates Popper's insight that Tarski's truth definition 
may replace the preceding metaphysical notion oftruth. 

"Y et whenever I used to write, or say, something about science getting nearer to the truth, or as 
a kind of approach to the truth, I feit that I really ought tobe writing 'Truth', with a capital 'T', 
in order to make quite clear that a vague and highly metaphysical notion was involved here, in 
contradiction to Tarski's 'truth' which we can with a clear conscience write in the ordinary way 
with smallletters. It was only quite recently that I set myselfto consider whether the idea oftruth 
involved here was really so dangerously vague and metaphysical after all. Almost at once I found 
that it was not, and that there was no particular difficulty in applying Tarski's fundamental idea 
to it." (Popper (1972, p 231-232)) 

In contrast with the citadel conception of Truth, I shall call Tarski's systematic 
definition oftruth, truth-in-2-Its characteristics are: truth-in-5R can only be defined 
on the basis of one specific formal language 5f; if voc(5R) consists of observable 
notions, such as found in Miller's example, the truth-value of a sentence is rela­
tively easy to obtain; reformulation of the same truth must use the same formal 
language 5f; truth is an exact notion and it is a property of sentences. 

Popper proposed to replace the independent truth notion in Peirce's approach­
to-the-truth with Tarski's dependent truth-in-5R, and as adequate translations 
preserve truth-values and deduction relations, translation of the truth does not 
affect a verisimilitude, content, order. 12 As under the same translation truthlike­
ness, likeness, orders may change, Miller's argument shows that truthlikeness 
proposals break with the tradition of an independent, absolute, truth. 

The second idea that increases the impact ofMiller's objection isthat approach 
to the truth must be an objective notion. Adequate translations must preserve truth­
values, and Tarski's truth definition provides an objectivenotion oftruth. Similarly, 
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Popper wanted verisimilitude to be an objective notion, and Miller's argument 
seems to undermine the objectivity oftruthlikeness proposals. According to Miller, 
truthlikeness devaluates into a helplessly subjective notion, as it allows for a 
reversal ofthe order after "translations." Evidently, the citadel notion ofTruth goes 
hand in band with the objectivity constraint. The objectivity restriction also causes 
the quantitative truthlikeness definitions to attract a Iot of attention. In addition to 
an increase of strength, quantification appears to add objectivity. Even if two 
theories are couched in different languages, we may compare their truthlikeness as 
both are comparable to the, objective, truth. 

5.2.3. Four Kinds ofResponses 

Miller put forward his ingenious objection more than two decades ago, and since 
then many scholars have reacted to his criticism. None ofthe responses claims that 
his argument is formally incorrect, but there is less unanimity about its conse­
quences. I divide the answers to Miller's argument into four categories, note that 
the classification is neither unique nor complete. 

First, one may consider Miller' s argumenttobe a proof ofthe impossibility of an 
objective truthlikeness definition, resulting in the collapse of the whole truthlike­
ness enterprise. For example, Urbach states: 

"I shall argue, moreover, that the attempt to make sense of an objective notion of degrees of 
closeness to the truth for false theories is fundamentally and irretrievably misguided." (Urbach 
(1983) p. 267, bis italics) 

Urbach argues that "there is no unique, absolute, objective sense in which two 
different structures are more or less like some third structure."13 Bames also states: 
"'truthlikeness' cannot supply a basis for an objective account of scientific prog­
ress ..... objectivity of scientific progress must be grounded on the fact ... that 
knowledge, notmere truth, is the aim ofscience."14 Bames concludes " ... the entire 
project at which they (Tichy, Oddie, Niiniluoto, Miller, etc.) have laboured is, to 
some extent, just misconceived." 

The second kind of reaction takes truthlikeness to be a more serious subject of 
investigation. It claims that the h-r-w language epistemologically precedes the h-m­
a one. Verifying X precedes verifying X' because under regular circumstances 
observing 'it is dry' precedes observing 'ifit is dry, then it is hot; and ifit is hot, 
then it is dry.' Consequently, the h-r-w order is the correct one. lt seems that 
Miller's statement: 

" ... there seems no good reason- beyond sheer prejudice- for treating the h-r-w language as 
more fundamental than the h-m-a one," 

points to this objection of epistemological asymmetry .15 Generally, this privileged 
language argument states that language 9! is more useful to the investigator than 
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language Si ', which is derived from Si. 16 The argument reads that scientists do not 
readily, without good reason, give up their research vocabulary as it is an important 
tool for investigation. Miller' s argument would be more serious ifthe interpretation 
of scientific vocabulary consisted exclusively of conventions. 17 

For example, Mormann accuses Miller ofholding "negative essentialism" (his 
italics) since Miller does not realise that "many properties are part of physical 
magnitude and that the meaning of such a term is not exhausted by simple formal 
definition." 18 Brink and Heidema bring forth similar arguments, they claim " ... 
there is indeed good reason -beyond sheer prejudice- to choose between the h-r­
w language and the h-m-w language." For a given world, scientists "choose one 
language over another as being more appropriate tothat world (their italics)."19 In 
private discussions, Kuipers also uses similar arguments to parry Miller's example. 

The privileged language argument deprives truthlikeness of its objectivity. A 
native tribe using the h-m-a vocabulary can perfectly do without the conceptions of 
hot, rainy and windy. They can discriminate the same kinds of weather states as Si­
speaking people. Moreover, if Martians had sense data h, m, a, and used them to 
describe weather states, the human state descriptions would be epistemologically 
less adequate for them than their own. To reject Miller's argument because of its 
epistemological asymmetry is to render truthlikeness dependent of the human 
apparatus of perception. Consequently, the language-dependency argument cannot 
save the objectivity oftruthlikeness. At best it remains an intersubjective notion.20 

The third kind of response to Miller' s problern scrutinizes the term 'translation' 
for Miller' s interpretation of (2). A translation is not some syntactic transformation 
rule that provides a bijection between the sentences of Si and Si', and between the 
valuations of the languages. A good translation must preserve meanings. 

Tichy and Oddie claim that (2) does not provide a translation, and deny the 
identity ofthe possible worlds ofSf and Si', they base their ideas on those ofRudolf 
Camap, who differentiates between the interpretation or meaning and models.21 

According to Tichy and Oddie, worlds are "assignments of extensions to certain 
non-syntactic items, namely traits or attributes."22 Accordingly, "a logical space is 
a collection ofworlds." Since the logical space ofthe Si -valuations differs from the 
space of the Si' -valuations, (2) is not a translation. X or Y paraphrase propositions 
and a proposition dichotomizes a logical space. A sentence and its translation ought 
to refer to the same items, and since Si and Si' establish different logical spaces, T 
is not a translation of T ~ 23 This argument has the drawback of leaving the 
truthlikeness research in the realms of intensional interpretations. 

The fourth possible response takes a more moderate point of view in between 
the extremes of Miller and Oddie. According to Miller, truthlikeness has to be 
immune to any extensional substitution. Tichy and Oddie, however, want truthlike­
ness tobe immune only for intensional translations. The moremoderate position in 
between those two extremes asks for reasonable additional requirements that 
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preserve a truthlikeness order under extensional "translations". F or example, using 
a first-order formulation of the problem, David Pearce concludes that making an 
appeal to intensional languages "fails to resolve the problem, or contribute to its 
clarification."24 Pearce asks the moremoderate question: whatrequirements can we 
add to the semantics of a translation to preserve a truthlikeness order? Pearce 
formulates bis question in algebraic terms: what subset of homeomorphisms 
between the models of P, and P,' preserves a truthlikeness order? Niiniluoto 
paraphrases the additional requirement; and is pessimistic whether this question can 
be solved in semantic terms. 

" ... truthlikeness should be preserved in a translation from Si to Si' if the cognitive problern does 
not change within this language shift. . .. the choice of a proper Janguage is at least partly a 
function of our cognitive interests which in turn depend on pragmatic conditions."25 

5.2.4. The Refined Structuralist Definitior?6 

Before presenting my analysis ofMiller's argument, I want to investigate whether 
the objection also affects the refined semantic proposals ofthe structuralists. Most 
truthlikeness definitions in the Iiterature paraphrase scientific theories with sets of 
propositions, and Miller's argument applies to them all.27 The structuralist ap­
proach, however, might be an exception, since it represents a theory as a set of 
possible worlds. As the naive structuralist proposals ignore similarity between 
possible words, they evade Miller's argument; therefore the question reads: do the 
refined structuralist definitionsalso escape Miller's criticism? I shall answer this 
question for the refined qualitative and quantitative versions. 

First, we check the refined qualitative approach. Let the propositions h, r and w, 
designate: 'It is bot', 'It is raining' and 'It is windy.' Next, letthe theoriesX, Y, and 
T be the singletons containing: x = -.h A -.r A -.w, y = -.h A r A w, and t = 
h A r A w, which are elements of the set of all conceptual possibilities, MP. Let 
s(x,y,t) mean: y is at least as similar, or close, tot as x. Thus, x,y and t are constitu­
ents, and s(x,y,t) boils down to: on allliterals about which x agrees with t, y also 
agrees with t; and r(x,t) means that x and t are related or comparable. Further, 
recall we saw that the structuralist refined qualitative truthlikeness reads as follows: 
RTL(X, Y, 1) iff 

(Ri) Vx EX, Vt E Tl r(x,t) ~ 3y E Y: s(x,y,t) 
(Rii) Vy E Y-(Xu1)J 3x E (X-1), 3t E T: s(x,y,t) 

Clearly, X, Y and T fulfil the clauses (Ri) and (Rii). There is just one x E X and 
there is just one t E T. They are comparable, they consist of the same number of 
basic propositions, and y intermediates x and t since for allliterals, if x agrees with 
t, than so does y. This camplies with (Ri). Concerning the second clause, (Rii),y is 
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the only element in Y- (X u 1), x the only one in (X- 1) and t the only one in T. 
These three elements meet the condition s(x,y,t). Conclusion: 

(5) RTL(X, Y, 1) 

Let (2) translate theories X, Y and T, into the singletons X 1, Y 1 and T 1 containing the 
elementsx 1= _,h" m 1\ a,y 1= _,h 1\ _,m 1\ _,a andt 1=h 1\ m 1\ a,respectively. Just 
as in the previous case x ~ y 1 and t' are comparable; but now the tables are turned 
for x 1 and y ~ Structure x 1 agrees on more literals with t 1 than y'. The remainder of 
the checkout is analogaus to the previous one, and therefore: 

(6) RTL.(Y~X~ T). 

The asterisk points to the Si' -dependency ofthe truthlikeness order. The conclusion 
reads: Miller's argument reverses the structuralist refined qualitative definition. 

Secondly, we must check whether the quantitative refined definitionalso falls 
prey to Miller's argument. The definition is formulated in terms of distances 
between sets of structures. First, Iet us consider the preliminaries: Iet d(x,y), the 
distance between the structures x and y, be the number of literals on which x and y 
disagree: 

(7) d(x,y) := def I { mismatch of literals} I, and Iet 
(8) d(x,Y) :=defmin{d(x,y)l ye Y} 

define the distance between an individual structure and a set ofstructures, d(x,Y). 
The distance fromXto Y, d(X\Y), fixes the distance betweenXand Y, RTD(X, Y). 

(9) RTD(X,Y):=defd(X\Y) + d(Y\X) in which d(X\Y) := Lx d(x,Y), 

The RTD-distance between X, Y equals the "counting method". Evidently, accord­
ing to (9), in the present situation, Yis closer to the truth TthenX; d(X,T) = d(T\X) 
+ d(X\1) = 2d({_,h 1\ _,r 1\ _,w}, {h 1\ r" w}) = 6 > 2 = 2d({-,h 1\ r 1\ w}, 
{h 1\ r 1\ w}) = d(7iY) + d(Y\1) = d(Y,T); therefore: 

(10) RTD(X,T) ~ RTD(Y,T) 

Again, the second step in our argument is the (2)-translation ofX, Y and Tinto (3). 
After this transformation 

(11) RTD.(Y~T) ~ RTD.(X~T) obtains since 

d(Y~T) = d(T\Y) + d(Y1T) = 2d( {_,h" _,m" _,a}, {h" m "a}) = 6 > 2 
= 2d({_,h 1\ m "a},{h "m 1\ a}) = d(T\X) + d(X1T) = d(X~T). Again, the 
asterisk suggests the Si '-dependency. 

Let me summarize the results of the present subsection. Despite their semantic 
theory representation, the refined structuralist proposals cannot keep out of the 
range of Miller's artillery. The refined structuralist orderings are not preserved 
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under existensional substitutions. To apply Miller's argument, I took the relevant 
structures tobe truth-value assignments that verify constituents. In these circum­
stances the qualitative and quantitative structuralist refinements are based on the 
"counting method", and extensional Substitutions may affect their orderings. This 
corroborates my claim that the refined structuralist proposals are truthlikeness 
definitions, whereas the naive content definitions are verisimilitude proposals. 

5.3. MODELLING MILLER'S "TRANSLATION" 

Now that Miller's argument and several reactions have been presented, I willlook 
at some formal features of the argument. First, I introduce some terminology, 
including the adequacy condition for translations borrowed from Pearce and 
Rantala. Then, I shall consider the valuation table of the various constituents of ri 
and ri 1 ; and finally I will consider the relation between the two constituent algebras 
of ri and ri 1 • 

5.3.1. Some Terminology 

Generally, a translation systematically correlates syntactic entities of a source 
language to those of a target language, in accord with their respective semanti es. In 
this section I elaborate this contention for propositionallanguages. 

Let cr and p denote the syntactic and the semantic part of the translation, 
respectively. The function cr maps the set of syntactic entities of ri into that of ri 1, 

and p is the with-cr-corresponding.function that maps the set of semantic entities of 
ri 1 onto that of ri. Since cr is into, ri 1 has at least as much expressive power as ri. 
The reason for defining p from ri 1 onto ri is that if ri 1 has at least as much expres­
sive power as ri, then every ri-sentence will relate to one translation in ri 1 ; but on 
the Ievel of the valuations, every valuation of ri may relate to more than one 
valuation of ri 1 • Consequently, p is conveniently defined as a function from the 
semantic Ievel of ri 1 onto that of ri. 

The following notational conventions denote some formal features ofMiller's 
objection.28 

ri := the source language, i.e. the translated language 
ri 1 := the target language, i.e. the result ofthe translation 
cr ( cr 1) := the syntactic translation function from ri (ri 1) to ri 1 (ri) 
V (V) := an ri (ri 1)-valuation or possible world of ri (ri 1) 

p (p 1) := a function on the valuations of ri 1 (ri) to valuations of ri (rl 1) 

Miller defines his "translation" on a syntactic Ievel, and specifies cr by (4), and <J 1 

by (2); he does not discuss the adequacy ofhis "translation", but simply assumes 
that it is adequate regarding the semantics ofboth languages. Miller assumes that 
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the valuation verifying one .P-constituent c corresponds to the .P'-valuation that 
verifies cr(c). Formally, the adequacy requirement may be formulated thus: 

ADE: cr is adequate with regard top ifffor all <p of.P and all V' of.P': 
V' F= cr(<p) <=> p(V~ F= <p, 

ADE explicates the following intuition about accurate translations.29 For all 
sentences <p ofthe source language, ifits translation is true at some possible world 
V~ then <p is also true in the corresponding possible worlds p(V~; and the same 
obtains forthe converse. In other words, for all.P-valuations V'and all p(V~ of.P', 
the truth-values of all source sentences and their translations must coincide. Thus, 
p guarantees correspondence of meaning. 

Our notational conventions enable us to express Miller's claim about perfect 
symmetry. Let us consider the pair of translations cr and a'. As stated before, cr is 
assumed tobe adequate regarding p. The first claim of symmetry is that a' is also 
adequate regarding p'. In other words, ADE' obtains too: 

ADE': cr' is adequate w. r. t. p' ifffor all <p' of.P' and all Vof.P 
V F= cr'(<p') <=> p'(V) F= <p' 

The similarity between ADE and ADE' is obvious. The second symmetry claim is 
that cr and cr' aremutual inverses, just as p and p'. Consequently, the following 
translation prescription also obtains for Miller's example: 

<p = cr'(cr(<p)) 
V = p(p'(V)) 

and 
and 

<p = cr(cr'(<p)) 
V'= p'(p(V~) 

Note that, generally, in more interesting situations oftranslation or reduction, p is 
a many-one function.30 It is only in the special situation ofMiller's translation that 
cr and p are bijections. 

5.3.2. A Table ofValuations 

In the preceding subsection we encountered some terminology used to denote 
specific elements ofthe example of extensional substitution. In this subsection I put 
the constituents and valuation of .P and .P' into one truth-table. Table 1 shows the 
main syntactic and semantic characteristics of Miller's objection. Column (ii) 
shows the possible valuations of the atomic propositions of .P. 

The order ofthe tableis based on a systematic truth-value assignment to h, r and 
w. Every row relates to one valuation, and column (i) displays the .P -constituent 
that corresponds to that valuation. For example, G is true if it is cold, dry and 
windy, and the truth-value assignment of h, r and w on the fourth row is (0,0,1), 
therefore G resides on row four. If we interpret cr and a' to be metaformulae of 
.Pmeta• we can deduce in .Pmeta that G 'is the translation of G.31 On each row, the 
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constituent in column (i) 1 is the cr-counterpart ofthe constituent in column (i); but 
how must (ii) 1, the fourth column of the table, be filled in, if the assignments verify 
the translations of the constituents of column (i)? 

Table 1. Miller' s 197 4-objection 

(i) (ii) (ii)' (i)' 

True constituent in V= p(V) V' True constituent in state 
state of affairs (h,r,w) (h,m,a) of affairs described in !l' 
described in !l 

T=hArAw (1,1,1) (1,1,1)' T'=hAmAa 

2 Y= ~hArAw (0,1 ,1) (0,0,0)' Y'= ~h A ~m A ~a 

3 C=hA ~rAw (1,0,1) (1,0,1)' C'= h A ~m Aa 

4 G = ~hA~rAw (0,0,1) (0,1,0)' G'= ~hAmA ~a 

5 B=hArA~w (1 ,1 ,0) (1,1,0)' B'=hAm A ~a 

6 F=~hArA~w (0,1,0) (0,0,1)' F'= ~hA ~mAa 

7 D=hA ~rA~w (1,0,0) (1,0,0)' D'=h A ~mA ~a 

8 X= ~hA~rA ~w (0,0,0) (0,1,1)' X'=~hAmAa 

To begin with, the first elements of the (ii)' -valuations are identical to the first 
elements of the valuations of column (ii). The second and third places of the (ii)'­
valuations also have tobe filled in accordance with (4). Formally, ifthe translation 
is adequate, the (ii) 1 -valuations have tobe p-related to the elements of column (i). 
Consequently, to fill in (ii) 1 correctly, we must first tak:e one truth assignment of h, 
r and w, e.g. [4, (ii)]: (0,0,1); then, we must tak:e the constituent that is true forthat 
assignment ( G), and relate it by cr to G ~ correctness of the propositional calculus, 
and thus of SEmeta warrants cr(G) = G '; and finally, presupposing that Miller's 
''translation" is adequate, we must give the truth assignment of h, m and a for 
which cr(G) is true (at [4, (ii) 1]: V'= (0,1,0)). 

Table 1 also illustrates another distinction that we heave mentioned already. In 
section 5 .2, I characterized two ways of supplementing the semanti es of SE and SE 1 • 

In the first place, following Tichy and Oddie, we may claim that the valuations of 
SE differ from the valuation of SE'. I agree with Tichy and Oddie that, logically 
speak:ing, this is the most natural analysis. In this situation, the translation is 
adequate regarding p iff (0,0,0) = p(0,1,1) 1 , and p relates different valuations, 
allowing for a change ofmeaning. Secondly, I claimed that the strongest possible 
interpretation ofMiller' s argument must assume that the valuations ofSE and SE 1 are 
identicalY For example the second row claims that (0,0,0) = (0,1,1) 1 • Wehave 
seen that an extended language containing both SE and SE 1 can establish this identity. 
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Finally, I sketch the semantics of ff and f.i 1 for the strongest interpretation of 
Miller's example. Let P and ff 1 be two sublanguages of the extended language 
Pext(h,r, w,m,a), and let f.Rext plus (2) (or (4)) define P (or P 1). Both languages have 
the same subset of possible valuations of P ext> although P restricts those models to 
{ h, r, w}, and P 1 restricts them to {h, m, a}. Thus, P and P 1 yield the same means 
of expression as they produce the same sets of possible worlds. In other words: 

l;fV E Mod(P ext): V~ MP (p. 170) {::> V~ MP '(p. 170) 

Thus, in Miller's example, two scientific communities may come to use the two 
different sublanguages of fl ext; and since these communities do not know fl ext or 
(2), they will order the mentioned theories differently. 

5.3.3. The Constituent Algebras 

It is interesting to consider the impact ofMiller's transformation on the syntactic 
structure of the other constituents. After all, the syntactic form of a constituent 
establishes its distance to the truth. Miller's bijection between the constituent 
algebra of P and that of P 1 is shown in Figure 1. In the next chapter, we shall 
extensively encounter the notion of a constituent algebra. For the moment it 
suffices to know that a constituent algebra is isomorphic to a set algebra of the 
vocabulary of P. The constituent corresponding to some subset A of atomic 
sentences is the conjunction of the sentences in A and the negations of the sen­
tences in Ac. Figure 1 shows the constituent algebras of f.i and f.i 1, and illustrates 
that Miller's Substitution bijection between the algebras is not order preserving. 

a' 
h" '"w <:=== h"m"8 

~v- x·5~ 
hAri\.,W hA.,ri\W .,hl\ri\W .,h/\m/\8 hA.,m/\8 hAm/\.,8 

C><><J C><><J 
.,hl\m 1\.,8 hA.,mA-.8 

Fig. 1. The bijection between the constituent algebras 

Figure 1 depicts the syntactic form of all the constituents of f.i and P 1 • Theory X 
has the same syntactic form as Y '; the same holds for Y and X~ All the basic 
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propositions of X and Y 'are preceded by a negation sign whereas in Y and X' only 
the first proposition is preceded by this sign. The syntactic form of Fand G also 
changes after being subjected to cr 1 , and the form of G 'andF 'corresponds to those 
of Fand G, respectively. Although the structure of Fand G changesunder the 
transformation, their distances to the truth rernain the sarne. Fand G do not pose a 
problern for the "counting rnethod" in the way X and Y do. Table 1 and Figure 1 
show that Miller' s transformation only changes the truthlikeness order of sets that 
contain X or Y. 

5.4. THE SOLUTION TO MILLER'S PROBLEM 

According to Miller, every truthlikeness definition based on the "counting rnethod" 
is dernonstrably false. It violates the intuition that "different formulations of the 
sarne theory ought to have the same distance to the truth;" but are Miller's conclu­
sions, even under the strongest interpretation, unavoidable? Definitely not. In this 
section, I give the solution to the problern by pointing out that there is hidden 
variable in Miller's argurnent. As so often happens in philosophical discussions, it 
is not the formal paraphrase that contains the error, but it is the interpretation ofthe 
formalities that causes the trouble. I shall present rny solution in three stages. First, 
in the next subsection, I propose interpreting (2) sernantically. The example given 
in the second subsection shows that a change of order is legitirnate after an 
extensional substitution ofthe traits underpinning that order. Then, by distinguish­
ing two functions ofthe vocabulary, in the third subsection, I present the solution 
to Miller's puzzle, which was interestingly foreshadowed by Hilpinen (1976). 
Truthlikeness definitions are protected against Miller's substitution objection if we 
rnake explicit the Iist ofthe traits underlying the sirnilarity relation. Weshallsee 
that this Iist oftraits is the hidden variable in the so-called "language dependency" 
debate. Finally, in the fourth subsection I shall discuss the contribution rny solution 
rnakes to Niiniluoto's notion of a cognitive problern. 

5. 4.1. The Semantical Interpretation of MP 

In the preceding sections, we saw that Miller interprets (2) syntactically: cr estab­
lishes a "translation" between SE and SE 1 • I argue that it is only this syntactic 
interpretation that gives Miller's example its paradoxical ring. A semantical 
interpretation of (2) provides a better perspective frorn which to assess the effects 
ofthe extensional Substitution. As the formal apparatus ofthe example is proposi­
tional logic, SE and SE 1 are correct, cornplete and decidable languages. Conse­
quently, the syntax and sernantics are different sides of the sarne coin, and it is at 
least as feasible to assess (2) by its sernantic effects. 
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Consider the strongest possible interpretation ofMiller' s example (Section 5 .2). 
Assurne that cr is adequate regarding p if and only if p identifies valuations of SR 
with valuations ofSR '; then it is clear why Miller's result is notcounterintuitive or 
even strange. Several objects, in our case possible worlds, receive a different order, 

if classified by different sets of properties; and the mutual translatability of those 
sets of properties does not affect this truism. This is the first important ingredient 
of our solution to the extensional substitution problem. More specifically, in 
Miller's case, the objects tobe ordered are the eight valuations ofSR and SR', and the 
different sets of properties according to which the valuations are ordered are the 
mutually translatable vocabularies of SR and SR'. The next example shows that the 
semantic interpretation invalidates Miller' s objection, and that the change of order 
after extensional Substitution has to be welcomed. 

5.4.2. An Example 

The following is an example in which human beings receive a different similarity 
order after the traits underlying the likeness relation are replaced by other proper­
ties. It shows that Miller's change of order is desirable within an extensional shift 
of language. 

Let SRphen and SRgen be monadic predicate languages formulating phenotypical 
and genotypical facts about genetics.33 The domain that gives SRphen and SRgen its 
interpretation is the set of all human individuals with colour-blind offspring. Let 
Table 2 define the vocabularies of SRphen and SRgen; and Iet M(x) and Cb(x) abbrevi­
ate 'x is male' and 'x is colour-blind', respectively. Next, Iet us consider the 
following elementary facts about sex-linked traits. 

Table 2. The vocabularies ofP and P' 

pphen: phenotypic 

M(x) := 'x is male' 

Cb(x) := 'x is colour-blind' 

pgen: genotypic 

XY(x) := 'x has exactly one X and one Y 
chromosome in its body cells' 

.XC(x) := 'x has exactly one recessive 
colour-blindness allelein its body cells' 

The numbers of X and Y chromosomes in the body cells determine the sex of a 
human being. A man has one X and one Y chromosome and a woman has two X and 
no Y chromosomes in her body cells. Roughly, alleles on the chromosome are 
responsible for inheritable traits. Chromosomes occur in pairs, and a recessive trait 
becomes manifest only if the responsible alleles occur on both chromosomes, 
otherwise the dominant trait will become manifest. Some recessive traits such as 
colour-blindness and haemophilia are linked to genesoftheX chromosome. The Y 
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chromosome contains only few genes, which primarily relate to the maleness ofthe 
person. Consequently, in a male, most traits oftheX chromosome, including 
recessive traits, will develop as the related Y chromosome does not contain the 
dominant counterpart. 

Why do I restriet the domain of our language to people with colour-blind 
offspring? The answer is that females in this group must have at least one colour­
blindness allele in their body cells. The X chromosome of a son must come from 
the female as the Y chromosome comes from the father. If a female has a colaur­
blind daughter, then she has also given the daughter a colour-blindness allele. 
Consequently, for people with colour-blind offspring, --.x(x) means that the 
nurober of X chromosomes, containing a colour-blindness allele, is zero for a man 
and is two for a woman. Finally, :XY(x) equals XX(x), XX(x) := 'x has exactly two 
X chromosomes,' since not being a man is identical to being a woman. 

The preceding facts about genetics result in the following ( extensional) "transla­
tion" from ~phen to ~gen 

M(x) :=trXY(x) 

In words: a person 'is a man' if and only if '(s)he has one X and one Y chromo­
some'. The second rule reads 

(12) Cb(x):=1rX(x) ~XY(x) 

In words: a person, with colour-blind offspring, 'is colour-blind' if and only if 
'(s )he has in their body cells a Y chromosome and an X chromosome that contains 
the colour-blindness allele' or '(s)he has two X chromosomes and both have the 
colour-blind allele'. In other words: a person, with colour-blind offspring, 'is 
colour-blind' if and only if'all herlhisX chromosomes contain the colour-blindness 
allele' Equation (12) obtains, since, as we saw, females from our domain with 
normal sight have exactly one X chromosome with the colour-blindness allele in 
their body cells. 

Let us turn to Miller's proposal of extensional substitution. Let a, b and z be 
three individuals with colour-blind offspring; then the following three identities 
obtain: 

(13) 
(14) 
(15) 

_,M(a) "_,Cb(a) 
_,M(b)" Cb(b) 
M(z) " Cb(z) 

<=> 
<=> 
<=> 

(16) -.xY(a) 1\ X(a) 
(17) -.xY(b) 1\ --.x(b) 
(18) XY(z) 1\ X(z) 

Thus, the answer to the question whether a or b is more like z depends on the 
decision whether the question is meant phenotypically or genotypically. Pheno­
typically, b, the colour-blind woman of (14) is more similar to the colour-blind man 
z of(15) than a, the woman of(13) who can see all colours. Genotypically, person 
b of ( 17) with two X chromosomes, both containing the recessive colour-blindness 
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allele, is less similar to person z of ( 18) with one X chromosome containing the 
colour-blindness allele, than the person a of ( 16), with two X chromosomes of 
which only one contains the colour-blindness allele. In other words, as far as 'XY' 
and 'having exactly one colour-blindness' are concemed, Jf Jf is less similar to JfY 

thanJfX, the third agrees with the second on the nurober ofJf. Using Niiniluoto's 
terminology, we may say that the cognitive problern in _pphen differs from the one 
in genotypical _pgen. 

_pphen: "Is a or is b more like z regarding colour-blindness and sex?" 
_pgen: "Is a or is b more like z regarding the nurober of Jf's and the combina­

tions of X and Y?"34 

Our genetic example illustrates that similarity of objects is a relative affair, and 
possible substitutions are irrelevant. The 'likeness' of one element to another 
depends on a set of traits underpinning the similarity relation. Consequently, if 
objects are classified by the vocabulary of _pphen, a change of order in a shift to 
_pgen is not surprising, even if the terms of the first are definable in terms of the 
second. On the contrary, it is plausible and even desirable that similarity relations 
disagree ifbased on different sets oftraits. Our example shows that the demand for 
conservation of a truthlikeness order under changing cognitive interests is unrea­
sonable. 

Miller is likely to disagrees with the preceding statement. He takes the side of 
David Lewis: 

"Do we not endlessly make statements of comparative similarity, among motor cars, people, 
faces and all sorts of other things that are intended tobe more or Iess independent ofthe choice 
of primitive vocabulary? If I say 'Hans takes after his mother more than his father', I should not 
withdraw my judgement when it is pointed out that, with regard to some properties, he is more 
like his father." (private correspondence). 

In my opinion, all our comparisons of objects are implicitly or explicitly based on 
a Iist ofrelevant traits. This becomes apparent when we disagree about a similarity 
order. Then, opponents come up with traits that verify their similarity order. 
Additionally, the disagreement will not be exclusively about which properties are 
involved it will be also about how much it contributes to the total comparison. In 
this respect, I agree with N. Goodman, who claims that "comparative judgements 
of similarity often require . . . selection of relevant properties" and in the more 
sophisticated cases "a weighing oftheir relative importance."35 Although in a more 
complex way, even D. Lewis claims that 

"Overall similarity consists of innumerable similarities and differences in innumerable respects 
of comparison, balanced against each other according to the relative importance we attach to 
those respects of comparison (my italics)."36 
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Finally, we also find Hilpinen on our side. In the third chapter, we saw that the 
likeness ofthe possible worlds is related to an independently chosen characteristic 
Ci. Following David Lewis, the first paper on truthlikeness defines a system of 
nested spheres vi'~ around a world u EU, which depends on the characteristic Ci. 

Let us summarize the results obtained so far. The most important aspect ofthe 
strongest interpretation of Miller's argument is the assumption that for all c E 

Const(~) and cr(c) the p-related valuations are identical (subsections 5.2.1 and 
5.3.2). Usually, the traits in the vocabularies of ~ and ~' are taken to underpin the 
similarity between the valuations. In the present section, I showed that as the 
similarity order depends on the choice ofthe underlying traits, extensional Substitu­
tion ofthe traits may change the similarity order. 

5.4.3. The Solution: Two Functions ofthe Vocabulary 

Wehaveseen that a semantic analysis ofMiller's example gives a better perspec­
tive on the language dependency discussion than Miller's own syntactic point of 
view. One consequence ofthe semantic viewpoint is the insight that the substitu­
tion argument is an instance of a very down-to-earth phenomenon: the similarity 
order of objects, in Miller's case: valuations, depends on the choice ofthe proper­
ties according to which the objects are ordered. 

The discussants in the language dependency debate have overlooked a second 
feature of Miller's example. This second feature is the subject of the present 
subsection and provides the most important ingredient for our solution to the 
extensional substitution problem. We need to realize that in truthlikeness defini­
tions the non-logical vocabulary has two totally different .functions. The first 
function is the identification of the various possible worlds or constituents. In 
~[h,r,w], T:= h 1\ r 1\ w differs from Y:= --h 1\ r 1\ w, but withrespectto ~[h, r], 
T and Y are equivalent. The second function ofthe vocabulary consists of providing 
the set oftraits according to which the constituents are ordered. Forthat reason, if 
one claims that Y= --h 1\ r 1\ w is more like T= h 1\ r 1\ w thanX= --h 1\ --r 1\ --w, 
one tacitly assumes that the h,r, w-triple is the means of comparison. Miller's 
objection shows that Xis more like T than Y if instead of the h,r, w-triple, one takes 
the h,m,a-triple as a means of comparison. Neglecting the two different functions 
ofthe non-logical vocabulary, we cannot avoid Miller's paradoxical conclusions. 
The hidden variable of the language dependency debate, therefore, is the set of 
traits that underpins the order of the possible worlds. lt is important to note that 
this analysis avoids the metaphysical essentialism, which is typical of the privi­
leged language argument. lt is our cognitive interest that establishes the traits of our 
concem, but we do not claim anything about the status of those traits. More 
particular, they need not be morefundamental aspects of reality than other proper­
ties. 
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The upshot of the distinction between the two functions of the basic linguistic 
elements is twofold. First, it shows that the conclusion: ''truthlikeness based on the 
'counting method is language dependent", is a misleading description of how 
Miller's extensional substitution affects a truthlikeness order. lt is farmore accurate 
to say that the similarity between theories depends on a particular set of traits, often 
fixed by the logical vocabulary. Second, it is a fruitful distinction since it helps us 
to delineate the abstract idea of a cognitive problem. This is the subject ofthe next 
subsection. Here, we will elaborate on the independent choice ofthe ordering traits 
in Miller's example. 

Usually, truthlikeness definitions use the vocabulary ofthe theories to order the 
theories. The genetics example shows that this choice is not obligatory. An ade­
quate description of the extensional substitution requires a Iist of traits that deter­
mines the similarity between the theories. The following notation makes this list 
explicit. Thus (h, r, w): ~h" r" w ~h 1\ r 1\ w ~h" _,r" _,w denotes: "Regarding 
h, r, w, ~h " r " w is closer to the truth h " r" w than _,h "_,r "~." (h, r, w) 
specifies the Iist of relevant traits, the context, or even the relevant cognitive 
problem, as weshall see shortly. Using the new notation, we distinguish between 

(19) (h, r, w): ~h " r 1\ w ~~ /\/" 1\ w _,h 1\ ~r 1\ ~ 
(19') (h, r, w): ~h " ~m " _,a ~~ 1\r 1\ w _,h 1\ m 1\ a 
(20) (h, m, a): ~h 1\ _,r " _,w ~~ 1\ r 1\ w ~h " r " w 
(20') (h, m, a): ~h 1\ m 1\ a ~~ 1\r 1\ w ~h "_,m 1\ _,a 

in which ~~ 1\ r 1\ w is a likeness order based on the "counting method" and the 
theories are 

X := -.h " ~r " _,w = ~h " m " a 
Y := _,h "r" w = ~h "~m" _,a 
T := h " r " w = h " m " a. 

For instance, (19) claims that regarding the h,r, w-triple Y is more like T than X. 
Formula (2) transforms (19) into (19'), and Miller maintains that the second is 
incompatible with (20'), the Iikeness order of ff '. Our analysis shows, however, 
that the four situations are all different. Although the means of expression of (19) 
and (19') diverge, they concem the same cognitive problem. The same obtains for 
(20) and (20'). The difference between (19) and (19') on the one hand, and (20) 
and (20') on the other, isthat they concem different cognitive problems. 

Let us explain the situation in terms of Section 5.2: If X, Y, and T are the first 
second and third day of September, then the corresponding claims are: 

(19) The (h,r,w)-weather conditions, expressed in h,r,w-terms, ofthe first 
three days of September changed continually 

(19') The (h,r,w)-weather conditions, expressed in h,m,a-terms, ofthe first 
three days of September also changed continually 
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(20) The (h,m,a)-state conditions, expressed in h,m,a-terrns, ofthe first three 
days of September changed discontinuously 

(20') The (h,m,a)-state conditions, expressed in h,r, w-terms, ofthe first three 
days of September also changed discontinuously 

Our analysis solves the problern ofthe alleged incompatibility of(19') and (20'). 
According to Miller, the four Statements must display the same order. Niiniluoto 
disagrees, and claims that extensional substitutions may change a cognitive 
problem. Explicating the hidden variable, the set oftraits that orders the theories, 
our analysis distinguishes between the cognitive problern of ( 19) and of (20). There 
is nothing "demonstrably wrong" or even paradoxical about the conjunction of 
(h, r, w): Y ~iX and (h, m, a): X ~i Y; the two relations concem different cogni­
tive interests. Additionally, our analysis agrees with Hilpinen (1976) who claims 
that the choice ofthe relevant traits indexes the set ofnested spheres. 

5.4.4. Different Cognitive Problems 

Niiniluoto claims that a translation should not alter a truthlikeness order if it does 
not change the cognitive problem.37 This claim added to the supposition that 
Niiniluoto's truthlikeness definition is sound, implies that Miller's substitution 
changes the cognitive problem. His formal representation ofthe cognitive prob lern, 
however, does not reflect this change. 

As mentioned in Chapter 3, Niiniluoto defines the concept of a cognitive 
problern using a problern set B. 38 Let B be a set of mutually exclusive and jointly 
exhaustive elements, relative to background knowledge b. Then, the cognitive 
problern regarding issue B reads: 

(21) Which element of B is true? 

In Miller' s example, B and B' are the sets of all SE and SE' -constituents. Transfor­
mations cr and cr' establish bijections between Band B'. The question arises, if cr 
is a truth-preserving bijection between B and B' how Niiniluoto can refer to a 
difference between (21) and (21 '). 

(21 ') Which element ofB' is true? 

Translating B does not alter the problern since the substitution preserves all truth­
values. According to Niiniluoto's definition, there is no difference between 
cognitive problems B and B' ifthe second is the result of extensionally substitut­
ing the terms of the first. The question now reads: what are the criteria for two 
cognitive problemstobe identical? 

The answer to the problern relates to our distinction between the linguistic 
means of comparison, and the vocabulary used to formulate the theories. This 
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distinction gives the opportunity to refer to the traits of our cognitive interest. lt is 
the traits of our cognitive interest that identifY the cognitive problem. Our proposal 
reads that a cognitive problern Pis identical to problern P 'if, after a substitution er, 
the truth-values are preserved for allrelevant valuations, and the vocabulary of our 
cognitive interest remains the same.39 In subsection 5.2.3, we saw that Miller's 
example prompted the question: what requirernents do we have to add to the 
sernantics of a translation to preserve a truthlikeness order? This problern has a 
definite, but disappointingly trivial answer. No extensional substitution changes a 
truthlikeness order if it remains based on the same vocabulary of our original 
cognitive interest. 

The preceding discussion showed that Niiniluoto's formulation "truthlikeness 
should be preserved in a translation from re to re' if the cognitive problern does not 
change" is pointing in the right direction. His general definition of a cognitive 
problern, however, is too general to solve Miller's challenge.40 Our analysis of 
Miller's argument considers two elernents. There is nothing wrong with the 
translation ofthe vocabularies ofthe theories, as in (19) and (19'). Although the 
vocabulary of the theories changes, the set of traits of our cognitive interest, and 
therefore the cognitive problern remains the sarne. Consequently, it does not affect 
the more natural order of the theories. An additional transition, however, of the 
relevant traits, as frorn (19') to (20'), changes the cognitive problem, and restores 
the original order in re '. Our genetics example showed that this change of order is 
legitirnate and even indispensable. 

5.5. SUMMARY AND PROSPECTS 

Let us sumrnarize the results ofthe present chapter and sketch sorne ofprospects 
for future research. 

5.5.1. Summary 

1. At the end ofhis 1974-paper, while criticizing Tichy's proposal in the sarne 
issue of the British Journal, Miller argues that an approach-to-the-truth 
proposal has to be invariant under extensional Substitutions. 

2. Miller's substitution argurnent, however, fails to prove that all truthlikeness 
definitions that corne down to the "counting method" are too strong.41 I 
refuted Miller's argument in three steps. 

a. From the sernantical point of view, Miller rnust identifY the possible worlds 
related to re and to re '' or eise his argurnent collapses at the start. 

b. Sirnilarity among those possible worlds depends on a Iist oftraits according 
to which the worlds are ordered, and there is no absolute sirnilarity. 
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c. Without distinguishing the descriptive from the ordering function of a 
vocabulary, an extensional substitution may change the preference ordering 
as the substitution changes the cognitive problem, see my genetic example. 

3. The possible difference between the order ofthe fi -theories, and fi '-theories 
that are translated into 9! is unproblematic, since the "translated" theories 
concem a different cognitive problem. Thus, the original order 
(h, r, w): ..,h 1\ r 1\ w ~~" rc w ..,h 1\ ..,r 1\ ..,w, reads, after h,m,a-substitution: 
(h, r, w): ..,h" ..,m "..,a ~ h Ar" w ..,h "m" a. This order is not at odds with 
(h, m, a): ..,h " m " a ~~" r" w ..,h " ..,m " ..,a since this clearly concems a 
different cognitive problem. 

4. lt would be useful for Niiniluoto to make explicit the basic properties of a 
cognitive problem. In its present form, a cognitive problern only involves 
picking out the true element of a P-set, and the definition disregards the 
underlying vocabulary. 

5. The answer to Pearce's question, what kind of extensionallanguage shift 
will preserve a truthlikeness order, becomes rather trivial in the setting of 
this chapter. An extensional shift ofvocabulary preserves the truthlikeness 
order ifthe set ofthe traits of our cognitive interest remains the same. 

5.5.2. Prospects 

To parry Miller's substitution argument in the propositional case, the cognitive 
problern must specify the traits underpinning the order. It remains to be seen 
whether this method also throws new light on the quantitative and the predicate 
versions ofMiller's objection.42 The prospects are good since they are variations 
on the same theme. 

Miller' s argument is not restricted to truthlikeness definitions. With some minor 
adjustments it applies to many logical systems based on a preference relation on 
possible worlds, such as systems for conditionallogic ( counterfactuals ), preferen­
tial reasoning, belief revision, and for many other forms of non-monotonic reason­
ing. Futureresearch will show how hard Miller's argument hits in those areas, and 
what impact our hidden variable analysis may have. 

From the point of view of natural languages, Miller's argument raises the 
question of which logical or even pragmatic relations between source and target 
sentences need to be preserved by good translations. It seems plausible that all 
deduction relations in the source language need to be preserved in the target 
language. The first question that arises, then, is whether this relation is symmetric; 
in other words: do all deduction relations in the target language also need tobe 
present in the source language; and what do we have to think about more subtle 
implications such as the Gricean conversational implicature, and all sorts of pre­
suppositions?43 Are they also supposed tobe invariant under adequate translations? 
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Furthermore, is keeping deduction relations in place always more important than 
keeping the pragmatic implications? Or does this depend on the goal of the text? 
Translations of proverbs and poems suggest that transferring the "idea" might 
Counterbalance the more formal constraints of what is supposed to be a good 
translation. The point is that it remains to be seen whether a good translation must 
in all cases guarantee an isomorphism between the topologies of the logical 
deduction relation in source and target language. Yet, this is the supposition on 
which Miller has build his argument. 

The refutation of Miller's extensional substitution argument in the current 
chapter paves the way for our proposals of the final chapter. There, I shall show 
that the existing content orderings are compatible with plausible likeness orderings, 
and propose a way to merge them. This approach yields a new comparative 
approach-to-the-truth definition, refined verisimilitude, which Ieads naturally to a 
plausible quantitative proposal. The definition of refined verisimilitude combines 
most advantages ofthe content and likeness approaches, and avoids a considerable 
part of their drawbacks. 



CHAPTER 6 

REFINED VERISIMILITUDE 

The difference between verisimilitude and truthlikeness definitions is presented in 
Chapter 1; I then expounded on this difference in Chapters 2-3. Together, the first 
three chapters constitute the expository part of this book. In Chapters 4-5, I 
discussed the epistemic problern of approach-to-the-truth, and Miller's extensional 
substitution argument. Putting forward the solution to Miller's puzzle, in the 
preceding chapter, I paved the way for my refined verisimilitude proposal, which 
is the subject of this chapter. In a way, Chapters 1-5 can be viewed as preparatory 
steps leading up to my new approach-to-the-truth proposal presented in Section 6.4. 
As a prelude I first introduce the refined ~-verisimilitude definition that merges the 
~-distances on the Lindenbaum and constituent algebra of a language. Then we 
will see that the ::;;+ ordering ofthe Sf-propositions can be combined with the total 
preorder on the constituents of the language. I shall partition the Lindenbaum 
algebra in equivalence classes ofpropositions ofthe same distance to the truth, and 
I shall prove that the merger of the two orderings is compatible with this partition 
and orders the equivalence classes. I call the resulting ordering the refined verisim­
ilitude proposal. A more detailed summary ofthis chapter can be found at the end 
of Section 6.1. 

6.1. INTRODUCTION 

Let us consider the general complaint ofthe truthlikeness proponents regarding the 
~-definition. Niiniluoto (1987, p 192) formulates this shortcoming thus: 

"The fundamental weakness of all definitions of truthlikeness~among them Popper' s original 
proposal and Miller's reformulations ofit~that are based on the symmetric difference Cn(h) ß T 
is simply the fact that they don't pay any attention to the underlying metric structure ofthe space 
of complete answers. It is not the size of the falsity content that matters, but rather the distance 
ofits elements from the truth. Popper's and Miller's qualitative theories ofverisimilitude ... fail 
to handle false theories, because they don't include tools for measuring the degrees of 'neamess 
to the truth '". (Niiniluoto 1987 p. 192). 

Of course, Miller knows that his content definition neglects the topology of the 
complete answers. He uses the terms "horizontal" and "vertical improvement" to 
refer to this prob lern. 

191 
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"[V]ertical improvement ... boils down ... to an increase in logical and empirical content". 
"[H]orizontal improvement ... is a question of fit .... the extent to which one hypothesis can 
improve in accuracy on another." (Miller (1994) p. 220). 

Regarding P[p,q], p -::;,p"q p v q is an example of vertical, and p 1\ ~q -::;,p"q 

-p 1\ ...,q of horizontal improvement. Miller's content proposal concems vertical 
improvement and since he is entangled in various versions ofhis "language depend­
ency" argument, he remains sceptical about all definitions of horizontal improve­
ments. 

The goal of merging the content and likeness ordering into refined verisimilitude 
is threefold. In the first place, it proves that the absence oflikeness considerations 
in content definition is an accidental, and not a structural affair; our refined 
verisimilitude is a genuine content proposal that considers likeness. between 
constituents. The second goal is to introduce a new approach-to-the-truth definition 
that incorporates likeness between possible worlds and avoids the arbitrary way in 
which current truthlikeness proposals Iift the preferences between constituents to 
weaker propositions. 1 The last goal is to show that refined verisimilitude has many 
desirable properties. 

Tobegin with, an important question reads: how does my refined verisimilitude 
proposal copes with the child's-play argument? Conceming the non-modal version, 
the answer reads: although refined verisimilitude softens the child' s-play objection, 
the conjunction oftwo serious but false propositions is still closer to the truth than 
one of its conjuncts. Not all equally strong antecedences of a false theory are, 
however, uncomparable. Our likeness refinement orders the false antecedences of 
a false theory. Yet, the complete solution to the child's-play problern requires a 
modal strategy. Fortunately, since refined verisimilitude is a content proposal, it is 
open to the modal strategy presented in Chapter 2. Consequently, the modal 
treatment of our refined verisimilitude proposallooks promising, and only shortage 
of space and time forces us to leave the details to another occasion. 

Besides the child's play and the behaviour under extensional Substitution, I 
mentioned truth-value dependency as an important property ofverisimilitude and 
truthlikeness proposals (Chapter 1). Recall that an approach-to-the-truth order -::;,-r 

is truth-value dependent iff 

V'q>,\jf E Prop(P): if't I= 'I' and q> I= ~'t, then q> ~'I'· 

We saw that all published qualitative approach-to-the-truth definitions of the 
preceding chapters were truth-value dependent. According to all ofthem no false 
theory is better than the tautology. Miller (1974) acknowledges that the Li-defini­
tion, just as the consequence definition does, suffers from the child's-play argu­
ment. He does not mention, however, the big advantage ofthe -::;,+ -ordering, namely 
its truth-value independence. The Cn-proposal is the only qualitative approach-to­
the-truth proposal according to which a false theory can be better than a true 
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theory. That is the reason forme to replace the ~-proposal with the +-definition in 
the second half of this chapter. If we stick to the content proposal of Miller and 
Kuipers, then the refinement would remain truth-value dependent. 

This chapter consists ofthree parts. In the first part, Section 6.2, I shall introduce 
the basics of my likeness refinement technique. A one-one function maps the 
constituent algebra .7l onto the atoms ofthe Lindenbaumalgebra 00; and the order 
of the constituent algebra induces a likeness order on all elements of 00, the 
terminology used will be explained in due course. This horizontallikeness order, 
~h• turnsouttobe compatible with the vertical ~~-order, and their combination, 
the refined ~-verisimilitude definition, results in the ~~-order of Prop(SE). The 
subscript h indicates the logical strength ofthe ordered propositions. 

Since the ~~-order is still truth-value dependent, in the second part, Sections 
6.3-6.4, I repläce the ~~-order by the ~+-order, and use algebraic means to 
examine the ~+-order. It turnsouttobe homomorphic to the Lindenbaumalgebra 
00. In Section 6.4, I strengthen the ~h likeness order into "5h, which orders the 
atoms of 00; "5h is a total preorder of 00. Next the preorders ~+ and "5h both induce 
partitions on 00: 00/ ~ and 00/"". The important result of this chapter reads that the 
disjunctive closure of ~+ and "5w ~~ partially orders 001~, which is the finest 
partition of 00 yielded by 00/ ~ and 00/;.. This refined verisimilitude ordering ~~ is 
the first truth-value independentqualitative content order. -

In the third and final partoftbis chapter, Section 6.5, I introduce the quantitative 
version ofthe refined verisimilitude ordering, !;. lt is truth-value independent, but 
not weakly context independent. The main achievement of the current chapter is 
the proof that the combined order ~~ of Section 6.2 implies the (stronger) order 
~~ of Section 6.4; whereas the !;-order of Section 6.5 is again a quantitative 
strengthening ofthe one of Section 6.4. Textbox 1 contains a visualization ofthe 
outline of the present chapter. Note that the "::::>" signs represent the material 
implication;2 and "$" symbolizes merging of ordering relations. 

Constituent 
Algebra 
.7l E9 

.711= (6.4) E9 

Lindenbaum 
Algebra 
00 ::::> ~ ~ (VI.2) 

U (homomorphism) U 

00/I, (6.3) :s;~ (VI.4) is ~ ofOO/~ 

u 
!;+(VI.S) 

Textbox 1. The outline of Chapter 6. 
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I shall not examine combinations represented by the "diagonals" ofthe diagram. 
It would unnecessary lengthen the chapter and only yield predictable results. I have 
aimed at immediate generalisations merging the two weak orders "Sh and $;d into 
$;~, and the two strong orders ;5,h and $;+ into $;~. The two qualitative mergers and 
the quantitative refinement of the last section, ~+, form a chain of ordering rela­
tions of increasing strength. 

Wehave also encountered specularity as a metatheoretical property of verisimil­
itude and truthlikeness proposals (Chapter 1.). In the current chapterthe specularity 
property plays a subsidiary role. In the first place, it is easy to see that the +­
definition is not specular. For instance,p t:f q v (p "q) and -p J:::: ...,q v (-p v ...,q) 
(see p. 56); and as all truth-value independent proposals ofthe present chapter are 
based on the +-definition, the truth-value independent definitions of the present 
chapter are not specular. 

The language dynamic behaviour was the third property we dealt with in 
Chapter 1. We considered the invariance of an order under extensions of the 
language. More specifically, I mentioned context independency and, in Chapter 3 
logical unbiasedness (p. 98). In the sections that are to come, I shall repeat the 
relevant definitions, and observe that these properties are interestingly distributed 
over the various approach-to-the-truth proposals ofthis chapter. 

6.2. REFINED .1.-VERISIMILITUDE: $;~ 

This section is dedicated to a provisional version of my refined verisimilitude 
proposal introduced in section 6.4. First, I will introduce the required terminology; 
then I present a qualitative likeness definition; and finally I will introduce and 
examine a merger ofthe .1.-definition and my proposal to compare the truthlikeness 
of propositions using the similarity among their models. 

6.2.1. Constituent and Lindenbaum Algebras 

In this subsection, I consider the constituent and the Lindenbaum algebra and their 
relation. First, Iet me introduce a Boolean algebra as a special kind oflattice, which 
is considered tobe a special kind of order. Consider the following reminder. 

Reminder: p is a preorder iff p is a reflexive, transitive relation; p is a partial 
order iff p is an antisymmetric preorder. 

A preorder p on A induces a partial order on the set of equivalence classes [ a] c A 
defined by 'Vb E A: if a p band b p a then b E [a]. Further, a is uncomparable with 
b regarding the strict partial order < onA, a ~ b, iff a-:F b, a 1- band b :t- a. Let$; be 
a partial order in P. Element p E Pis the upper bound of A ~ P if x $; p for all x in 
A; if, in addition, p is the smallest upper bound of A, p $; p 'for all (A-) upper 
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bounds p' E P, then p is the least upper bound (lub) of A. The greatest lower 
bound (glb) of A is the dual of the glb of A and is defined similarly. 

Reminder: SI! is a lattice iff SI! is partially ordered and all pairs (a, b) have a lub, 
a v b, and a glb, a" b. A lattice is distributive iff a v (b "c) = (a v b)" (a v c) 
and a" (b v c) = (a" b) v (a" c). ~ is a Boolean Algebra iff ~ :::> {0,1} is a 
distributive lattice, and each a E ~ has an unique complement a' such that a 1\ a' 
= 0, a v a' = 1. Consequently, a ::;; b iff a v b = b iff a" b = a iff a" b' = 0. 

The foregoing definitions imply that a Boolean algebra ~ is a special kind of order. 
Every propositional language SI! is related to a Boolean algebra. I define the 
Lindenbaumalgebra ofpropositions algebraically.3 

DEFINITION 6.1: ~!l := (P, " , v , ', 1, 0) is a Lindenbaum Algebra of SI! iff 
1. ~!l is a Boolean algebra 
2. P = { [ <p] I <p E Sent(Si!)} and [ <p] := def {'I' E Sent(SI!) I 'I' = <p} 
3. [<p]" ['!'] := [<p" '!'], [<p] v ['!'] := [<p v '!'], and [<p]' := [_,<p] 
4. 1 = [T], and 0 = [..L] 

The definition implies [ <p] ::;; ['I'] iff <p 1= 'I'. In most of the following I assume that 
SI! isafinite (propositional) language. SI! is finite ifits set ofnon-logical vocabulary, 
voc(SI!), is finite. I designate Sl!-propositions by <p, \jl, x1 •.. , x/ In the finite 
propositional case, constituents are the atoms of ~!l; they are the strongest Don­
contradietory propositions. Constituents C; have the following form: 

C; := 1\ P" 1\ ..,q 
peC qfC 

for some C c voc(SI!). Therefore, arbitrary sets of atomic propositions correspond 
to constituents in ~!l· Consequently, it makes sense to consider a second Boolean 
algebra .'ll c· 

DEFINITION 6.2: The Boolean set algebra .'llc := (fil(voc(Si!)), n, u, c, 0, voc(Si!)) 
is the constituent algebra of SI!. 

The elements of .'ll c• which are sets of atomic propositions, are designated by C 1, 

... Cn, n = 2Jvoc(!l)J. Thus a finite propositionallanguage yields two distinct Boolean 
algebras; the Lindenbaumalgebra ~!l and the constituent algebra .'llc. The next 
mapping designates the relation between the two. The one-one functionfi .'llc,.... ~!l 
defined by 

f{C) := 1\ p 1\ 1\ -,q (e.g. in Sl![p,q]: f( {p}) = p" _,q) 
peC qfC 

maps the elements ofthe constituent algebra .'llc onto the atoms ofthe Lindenbaum 
algebra ~!l which I refer to as a., ß, y. I refer to the set of constituents implying a 
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proposition <p by Cnst( <p ). Thus Cnst(T) is the set of all atoms of?ßre. 5 From the 
definition of f .71 c ..... i'ß!R it immediately follows that f (;)(voc(!f')) ..... Cnst(T) is a 
bijection. It is one-one, since if C; 7= c1 thenj{C;) 7= J{C), and it is onto as for all 
constituents a there is a C such that ./{ C) = a. The definition of a Lindenbaum 
algebra implies that for all <p E Prop(!f') the following holds: <p = a 1 v ... v an> 
a; E Cnst(<p). Consequently, F: (;)((;)(voc(!f'))) ..... i'ß!R defined by F(X) := j{C1) v 
... v J{Cn), C; EX is a bijection ( jOO!l:' I = 2n). 

If .!11 and ;:ß are Boolean algebras, then a functiong: ~'~~ -4 00 is a homomorphism 
if:6 

(l) l. g(x "A y) = g(x) "s g(y) 
2. g(~Ax) = ~~x) 

( or g(x v A y) = g(x) v B g(y)). 

Evidently,f .Ylc ..... :13!-P is not a homomorphism. For instance, the .f-image of the 
complement of any B E (;)(voc(!f')) remains a constituent in ;ß!l:' whereas the 
negation ofthe.f-image of Bis not a constituent in 00!1:':./{Bc) 7= -j(B)). 

{p,q} 

T 
.-:'-:-. 

p vq .. ····p·_j'.,~-..';;p·v.q_ ""1' v.,q 

.. ··::·.r.-.-.-<J;:;:-~::~:·.~:,-::r:~·:--. 
p<::: q t::~~q·-.:~~---1:~~1. .-:~:~""11 
~-~:~~:-~A .,q 

-~-.. :.· 
1 

Fig. 2. The mappingf.dc >-+ 00!1 for the case [f[p,q] 

Next, I identify the logical strength of a proposition by its height in the Linden­
baum algebra. First, Iet me abbreviate the conjunction of 'I' I= <p and 'I' 7= <p by 
'I' I=* <p. lf'JI I=* <p and there is no ~such that 'I' I=*~ I=* <p, then we say that <p 
covers 'I' (see e.g. Birkhof (1948, p. 4)). The line segments in a Hasse diagram 
represent this covering relation. Further, a chain is a set, totally ordered by I="' and 
the height of <p in 00!-f, h( <p ), is the least upper bound of the lengths n of the !.e­
chains, 
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Now we can identify the logical strength of rp in P, with its height in fßx (note 
that \lf is stronger than <p iff h(\lf) ::::; h(<p)). Thus, h will be a variable indicating 
logical strength. 

Observation 6.1: For any finite 00~: h(<p) = ICnst(<p)l. 
Proof Let h(<p) be the lub of(*)-string lengths. In those strings ofmaximallength, 

all ~ .. have tobe the covering relation, and if <ph+l covers <ph, then ICnst(<ph+l)­
Cnst( <p h) I = 1. Hence, h( <p(n)) = n = I Cnst( <p) 1. 181 

In the following subsections it is assumed that the propositional language P, is 
finite and definite. Thus, the strongest empirical truth -r is complete ( -r is a constitu­
ent); and the language use finitely many propositional atoms. Moreover, I assume 
that the empirical truth affirrns all the atomic propositions; i.e. 't := t·p;, P; E 

voc(P). Consequently, application ofthe definition brings about some rewriting of 
the language. 7 

6.2.2. The Likeness Refinement 

In this subsection I present my comparative truthlikeness order ~h based on thef­
mapping of the constituent algebra .:4 c into the Lindenbaum algebra OOx of the 
preceding subsection. Let us equate the mapping f 1(a) with pl(a). Thus 
pl: Cnst(T),... &>(voc(P)) gives, for all constituents a, the set of atomic propositions 
that occur in a without negation. For example, pl(--p 1\ q 1\ r) = {q, r} (pl(a): 
positive literals of a). 

DEFINITION 6.3: Suppose \lf, <p E Prop(P). Then 'V is at least as truthlike as <p iff 
38: Cnst(\1'),... Cnst( <p) satisfying the following conditions 
1. 8 is a (non-empty) bijection; ICnst(\1')1 = ICnst(<p)l = h (h ~ 1) 
2. Va E Cnst(\lf): pl(a) 2 pl(8(a)) 

Notation: \lf ~h <p 

Obviously, if\lf ~h <p, then ICnst('l')l = ICnst(<p)l and, in OOx, h(\lf) = h(<p). The 
following shows that regarding OOx-constituents, definition 6.3 (the "counting 
method") equals the symmetric difference proposal for elements of .:tlc, ifthe truth 
is complete. 

PROPOSITION 6.2: Suppose a, ß, 't E Cnst(P) and pl(-r) = voc(P); then ß ~ 1 a <=> 
pl(ß) !!. pl( •) ~ pl( a) !!. pl( • ). 

Proof ß ~ 1 a is equivalent to pl(ß) 2 pl( a ), which equals [pl(ß)]c ~ [pl( a )t. This 
is the same as pl( -r)-pl(ß) ~ pl( -r)-pl( a) and since pl( -r) = voc(P), the last inclusion 
equals [(pl(ß)-pl( -r)) u (pl( -r)-pl(ß))] ~ [(pl( a)-pl( -r)) u (pl( -r)-pl( a))] which 
may be abbreviated by pl(ß)!!. pl(-r) ~ pl(a)!!. pl(-r). 181 
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Observation 6.3: Let OOg; be a Lindenbaum Algebra; then :Sh partially orders the set 

{ <p h E i~'l~ h( <p) = h } . 
Proof We must prove that :Sh is reflexive, transitive and antisymmetric. First, the 
:Sh-order is reflexive by definition. Second, Iet 'I' :Sh <p :Sh x and 8 is the bijection 
between 'I' and <p, and 8' relates <p and x; then 8' o 8 defines the required bijection 
between 'I' and x, since for all a in Cnst(\jl): pl(a) ::2 pl(8(a)) ::2 pl(8'(8(a) = 

pl((8'o 8)(a)); therefore :Sh is transitive. As to antisymmetry, suppose that 'I' :Sh <p, 
<p :Sh \jl; and 8: Cnst('l') ..... Cnst(<p) 8': Cnst(<p) ..... Cnst('l') are bijections. Then 
8' = 8-1• For suppose the contrary; as Cnst(<p) is finite, and 8, 8' are bijections, 
3a E Cnst(\jl): pl(a) :::::> pl((8' o ... o 8)(a)) in which 1(8' o ... o 8)1 :S; 2h; contradic­
tion, thus 8' = 8-1, and 8 must be the identity relationsuchthat <p = \jl; and :Sh is 
antisymmetric. 181 

Figure 2 illustrates the truthlikeness order :Sh in the case oftwo atomic proposi­
tions. lf two elements are connected by an arrow, the one at the left is more 
truthlike than the one on the right. The diagram shows that the order connects only 
elements ofthe same logical strength. We saw that :Sh partially orders the proposi­
tions ofthe same logical strength; however, (Prop(P), uh:Sh) is not a lattice; uh:Sh 

does not relate propositions of different strengths. 

·--.:~.-:--· 

..1. 

Fig. 3. 1h in !lfp,q] (horizontal arrows) 

Let us examine the properties ofthe likeness relation :Sh. Truth-value depend­
ence is an important property of approach-to-the-truth definitions. Recall that I 
called order :S;t truth-value dependent iffor all <p and 'I' in Prop(P) obtains that if 

• ~ 'I' and <p ~ ..... ,, then <p ~'I'· 

Observation 6.4: The :Sh-order is truth-value dependent. 
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Proof Let -r be the complete truth of '1!,, Iet -r 1= 'I' and cp I= ~-r and Iet h( 'I') = h( cp ). 
The definition of ~h immediately implies that cp :f,h \fl, since -r E Cnst('l') and 
-r ~ Cnst(cp), and for all elements a * -r ofCnst(T) holds pl(-r) :::> pl(a). 181 

Further, in Chapter 1, I stressed the importance ofthe language dynamic behaviour 
of approach-to-the-truth definitions. Let, for all '1!,' with 'l ~ 'l ', a definition 
establish the orders :s;;t and :s;;t' of Prop('l) and Prop('l'), respectively. Let 
-r' E Prop('l ') be the complete truth in 'l ', and Iet cp' E Prop('l ') be equivalent to 
cp E Prop('l). The definition establishing the :s;;t and :s;;t' relations is weakly (strong­
ly) context independent iff 

V'\f/, cp E Prop('l): 'I' <t cp => ~(cp' <t' 'I'') 
V'\f/, cp E Prop('l): 'I' :s;;t cp => 'I'' :s;;t' cp' 

(weakly) 
(strongly) 

PROPOSITION 6.5: The :Sh-definition is strongly context independent. 

Proof Suppose 'I' :Sh cp for some finite propositional 'l. Then, there is a bijection 
ö: Cnst('l') >-+ Cnst(cp) suchthat for all a E Cnst(\f/): pl(a) ;2 pl(ö(a)) (*). Let 
'l' ;2 'l be a finite propositionallanguage, and consider language 'l" with voc('l") 
= voc('l')-voc('l). Cnst(T") consist of 2n constituents ßj if Jvoc('l")l = n. 
Obviously, for any a E Cnst(T) and ß E Cnst(T "), a " ß is a constituent of 'l '. 
Then, 'I'' = V; via; " ß) is the translation of any 'I' = v;a; E Prop('l). From (*) it 
follows that for all a; E Cnst('l') pl(a;" ß) :::> pl(ö'(a;" ß)) obtains, ifö'(a;" ß) 
:= ö(a;)" ßj, Consequently, 'I'' ~h cp' 181 

6.2.3. Merging LJ-Content and LJ-Likeness 

In this subsection, we see that the L\-definition and our truthlikeness refinement are 
compatible; I introduce the provisional refined L\-verisimilitude definition, and 
examine its properties. First, Iet me specify the notion of 'compatibility between 
two orderings'. 

DEFINITION 6.4: The strict partial ordering relations < and -< on A are compatible 
iff for all \f/, cp E A: 'I'< cp => ~( cp -< \f/). 

Reflexive partial ordering relations are compatible if the preceding definition 
obtains for the irreflexive companions ofthese relations. Evidently, the compatibil­
ity of ordering relations is reflexive and symmetric; however, it fails to be transi­
tive. If a 3:1: ß, a -< ß, and ß c a, then -< and < are compatible, just as < and c; but 
-< and c are incompatible. 

PROPOSITION 6.6: Let -r be complete; then the :s;;ä-relation (p. 49) is compatible 
with the ~h-relation. 
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Proof Wehave to prove that 'V-< <p => ~(<p <ß \f/). Let 'V-< <p; it follows that 
<p "~= 'V· Now we have to consider two cases; 1. the truth-values of 'V and <p are 
equal, tv(\f/) = tv(<p), and 2. they are unequal tv(\f/) "* tv(<p). 1. assume that 
tv('V) = tv(<p); then, h(\fl) = h(<p), and since <p t:/= 'V and 'V t:/= <p by proposition 2.3 (p. 
53) it follows that ~(<p <ß \f/). 2. Iet tv(\f/) "* tv(<p); then observation 6.4 (p. 198) 
'V -< <p entails 'V is true and <p is false. Then, proposition 2.3 again shows that 'V and 
<p are comparable by <ß only if 'V ~ <p v 't, which implies 'V <ß <p; and again 
~(<p </j. \f/). 181 

The transitive closure is used to merge the ~ß-order and the ::Sh-order on OO;p. Let 
p be a (binary) relation on A. Then the transitive closure of p, p, is defined by: 
a p b iff 3n E N: 3a0, a1, •.. , an e A suchthat a = a0 p a1 p ... p b = an-8 This 
closure enables me to formulate my first approach-to-the-truth proposal. Note the 
mnemonic representation of the transitive closure. The same scheme will be used 
in the next sections . 

DEFINITION 6.5: 'V is at least as refined il-verisimilar as <p iff 

'V ~,.. or :Sh <p 

Notation: 'V ~~ <p 

In other words, 'V is at least as close to the truth as <p iffthere is a chain 'V= x1 p 

X2 P ... p Xn-l p Xn = <p in which p is the "~ 6. or ::S h" -relation. 
Now that I have introduced the definition, let us turn to its consequences. To 

begin with, we observe that the ~~- proposal is strictly stronger than the ~ß-order. 
For all 'V and <p if 'V ~ß <p, then \v ~~ <p; this implication does not obtain in the 
opposite direction. If tv(\f/) = tv(<p), and 'V "* <p, then 'V :Sh <p implies 'V :r,ß <p. 

Second, we saw that the ~ß-order of Prop(P) is a lattice (prop. 2.8, p. 54). The 
refined A-verisimilitude order is not a lattice; e.g. p and q do not have a lub in 
(Prop(P[p,q]), ~~). Yet, for all <p e Prop(P): 't ~~ <p ~~ ~'t. 

PROPOSITION 6.7: The ~~-order is truth-value dependent. 

Proof In Section 2.5 we saw that the A-definition is truth-value dependent. Let 
't ~ 'V and <p ~ ~'t; then 39Jl E Mod('t): 9Jl ~ 'V and 9Jl tf <p therefore ('V ~ 't) tf 
(<p ~ 't). Second, the ::Sh-definition is truth-value dependent (obs. 6.3, p.l98). As 
~ 6. and ::S h both are truth-value dependent, the transitive closure oftheir disjunctive 
must have the same property. 181 

PROPOSITION 6.8: ~~ is weakly context independent. 

Proof Let for arbitrary \f/, <p e Prop(P), 'V~~ <p, and let 'V' and <p' e Prop(P') be 
the translations of 'V and <p in P' :::> P. Now, suppose that <p' ~~ 'V'; as ~~ is truth­
value dependent, this implies that tv( 'V) = tv( <p ). Since the ::S h -definition is strongly 
context independent, and the ~ß-transitions reduce to the ~-relation for 'V and <p, 
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with the same truth-value, ~~ is strongly context independent. Consequently, 
'I'~~ q> implies 'I''~~ q>', whfch contradicts the assumption q>' ~~'I''; therefore 
q>' $~'I''· - - 181 

The next question reads of course, whether the ~~-order is also strongly context 
independent. In Chapter 2 (p. 57) I concluded that ihe ~~-order fails tobe strongly 
context independent, as p ~~ -p but the ~~"q relation fails to order p and -p. This 
example does not establish the same result for the ~~-order since p -< h -p in all 
languages containing p. An analogous switch from -!E[p,q] to !E[p,q,r] reveals, 
however, that the example is sheer coincidence. In !E[p,q], p 1\ q ~~"q -p v ...... q, 
whereas in !E [p,q ,r ], p 1\ q $~ " q 1\r -p v ...,q, and the -< h relation does not order 
-p v ...,q andp 1\ q since h(-p v ...,q) * h(p 1\ q). Hence, the ~~-order is not strongly 
context independent. 

Figure 3 pictures the genealogy ofthe ~~-order for !E[p,q] with the truth 't := 
p 1\ q. The diagram in the upper right comer illustrates that, as mentioned already, 
'I' ~h q> implies h('l') = h(q>). Further comparison ofthe diagram in the upper left 
comer with the one in the upper right comer demonstrates that if tv( 'I') = tv( q> ), then 
'I' ~h q> implies that 'I' and <p arenot related by the ~~-ordering; and if tv('l') > 
tv( q> ), then 'I' ~~ q> implies 'I' ~h q>. Moreover, the upper and lower layer ofthe ~~­
order, in the lower left comer, display a remarkable congruence. In the next section 
I shall explain this congruence. It is not a coincidence but a structural phenomenon 
for (finite) propositional languages, even if the truth is incomplete; although 
incompleteness ofthe truth results in more than two layers. 

Besides the genealogy ofthe ~~-order on Prop(!E[p,q]), Figure 3 illustrates the 
architecture of the next two sections. In Section 6.3 I introduce vertical, and in 
Section 6.4 I define horizontal equivalence classes in Prop(~). On the one band, 
propositions connected by a verticalline segment in the diagrams ofFigure 3 at the 
left-hand side are members of an equivalence class of Section 6.3; propositions 
p v q and p ~ ...,q provide an example. On the other band, in Section 6.4 the ~h­
order is strengthened by assuming equal importance of all atomic propositions; 
therefore a uniform substitution of free atomic propositions yields equally truthlike 
theories; this strengthened truthlikeness relation is invariant under uniform substi­
tution of atomic propositions. F or instance, p v ...,q and q v -p are equally truthlike, 
and belong to the same (truthlikeness) equivalence class. Although uncomparable, 
these two propositions are situated alongside in the lower left comer diagram. 
Finally, in Section 6.4, the "horizontal" and "vertical" partitions (dotted lines) are 
merged; this merger orders the elements of the resulting partition (lower right 
comer). 
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Fig. 4. The genealogy ofthe :S:~-order on OO!lfp,q] 

Let me summarize the current section. First, we considered a bijection between 
the constituent algebra and the atoms of the Lindenbaum algebra of a finite 
propositionallanguage ff. This mapping induced a truthlikeness order on the set of 
propositions of the same logical strength. Then we used the transitive closure of the 
"s;L\ or ~h" to merge the :S:L\-order and the likeness order. This resulted in a weakly 
context independent strengthening of the original L\-proposal, which remained 
truth-value dependent. 
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6.3. THE CONSEQUENCE DEFINITION:~+ 

Although the refined ß-verisimilitude definition has advantages over the original 
ß-definition, it still has its drawbacks. The most important disadvantage is that the 

new proposal inherits the truth-value dependency ofthe ß-definition. Therefore I 
Substitute the consequence definition ( or +-definition) for the ß-definition, since, 
as we showed in Chapter 2 the +-definition is truth-value independent (p. 55). This 
substitution involves an introduction of an equivalence class on ~SE· Let us explain 
these two assertions. 

In Chapters 1-2, we showed that according to Popper's original proposal and the 
ß-definition a predominance of truth content is a necessary condition for being 
more verisimilar. Consequently, \jl is more verisimilar than <p only if\j/1= <p v 't or 
Cn( <p) n Cn( -r) ~ Cn( \jl ), which equals the definiens of the +-definition. Observe 
that the definiens allows \jl tobe false and <p tobe true. The ß-definition adds <p 1\ 't 

I= \jl to the +-definiens, ifthe truth is axiomatizable. This addition renders the ß­
proposal truth-value dependent; <p is true and \jl false entails <p 1\ -r l:f \j/. Let us turn 
to the second assertion. 

In Chapter 2, we showed that the ß-definition partially orders ~. the Linden­
baumalgebra ofthe propositions; two propositions have the same ß-distance to the 
truth iff they are equivalent. Our syntactic formulation of the ß-definition illus­
trates this point. It reads: 

(2) \jl ~!> <p ifJ <p B 't I= \jl B 't 

Clearly, the ~ß-order is transitive and reflexive, and its antisymmetry; becomes 
evident by showing that \jl B -r = <p B 't implies 1= \jl ~ <p, and I= <p ~ \jl. In 
cantrast to the ~ß-order, the ~+-order of ~. is a preorder. Its transitivity and 
reflexivity are obvious, but the ~+ -order Iacks antisymmetry; the conjunction of 

\j/1= <p v 't and <p 1= \jl v -r does not imply <p = \jl (e.g. -r := p 1\ q, \jl := p Bq and 
<p := -p 1\ ~q). Furthermore, a preorder ~ partially orders the equivalence classes 
[ <p] defined by <p 1 E [ <p] iff <p 1 ~ <p and <p ~ <p 1 • 

Let me summarize the two subsections that are to come. The algebraic prerequi­
sites will be explained in subsection 6.3.1. I consider the ideal generated by the 
truth -r, 1,, which introduces a congruence relation on ~. the equivalence classes of 
which form the quotient algebra ~11.- I prove in subsection 6.3.2. that 1/JII, is 
isomorphic with the ~+-order of 1/J; it is possible to define a homomorphism 
between the ~+ -order and 1/J. Besides truth-value independence, this is another 
reason for substituting the ~+-order for the ß-definition. We need this homomor­
phism result to prove the theorems in Sections 6.4-6.5. Additionally, I reconsider 
the relation between the Cn- and ß-definition, using algebraic terms, and discuss 
the language dynamics of the Cn-proposal. 
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6.3.1. Algebraic Prerequisites 

The first algebraic concept I need is that of an ideal in a Boolean algebra. Intu­
itively, an ideal generated by u E 00 is the set of all elements "smaller than u." 

Reminder: An ideal of a Boolean algebra ;13 is a non-empty I c ;~ such that 
1. x E I and y E I implies x v y E I 
2. x E I and y E 00 implies x 1\ y E I 

If I * 00 then I is proper; and if u E ;13 then Iu := {x lx :-::; u } is a principal ideal 

generated by u. 

If 00 is a Lindenbaum algebra, then I, equals An( 't) (the dual of an ideal is a filter). 
The next reminder defines a proper congruence relation. Intuitively, a congruence 

relation partitions an Boolean algebra into "isomorphic equivalence classes." 

Reminder: Relation 8 (*universal relation) is a (proper) congruence on 00 iff 
1. e is an equivalence relation on 00; 
2. If b 8 c, then (bAd) 8 (c 1\ d) for all d; 
3. If b 8 c, then b' 8 c' (b' and c' are the complements in the algebra). 

Observation 6. 9: If 8 is a congruence relation on 00, then b 8 c implies for all d 

bvd8cvd 

Proof Suppose b 8 c. Then -.b 8 -.c (from 3.), which implies -.b 1\ -.d 8 -.c 1\ -.d 

(from 2.). Thus -.(b V d) 8 -,(C V d) implying b V d 8 C V d. 181 

The following well-known theorem of the theory of lattices relates ideals and 

congruences using the symmetric difference. In the words of Stoll (1961, p. 265): 

Reminder: If 8 is a proper congruence relation on a Boolean algebra 00, then I := 
{a E BI a e 1_26} is a proper ideal of 00, and a e b iff aß b EI. Conversely, if I is 
a proper ideal of 00, then the relation 8 defined by: a 8 b iff a ß b E I, is a proper 

congruence relation on ~ with I= { a E 00 I a 8 1_26}. 

The theorem says that the equivalence: a e b iff a A b E I defines a bijection 
between the ideals and congruences of a Boolean algebra. In the context of a 
Lindenbaum algebra with truth 't, the previous theorem entails that the ideal 

generated by the truth, the truth-ideal I,, corresponds to the truth-congruence -, on 
00·9 

' 
'I' -, <p := \jf A <p E I, 

Recall that in a Lindenbaum algebra, 'I'-, <p :=def ('I'~ -.<p) I= •). 

Let us consider the quotient algebra 00/I of all equivalence classes [x] := 
{yl x -,y} in 00. In lattice theory. It is a well-known fact that if I isaproper ideal 

of a Boolean algebra ~. then there is a homomorphic mapping fromOO to 00/I. The 
converse of this contention also obtains. In a Boolean algebra there is a one-one 
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correspondence between homomorphisms and proper congruence relations, and 
proper ideals. Referring to the quotient algebra, I use the following notations if t 
generates 1,: 

00/1 := (B/1; 1\!Jl!I> v,131I> ...,/ß/1> ..L:1l//> T i'J:w) in which 
BI!:= {[x] I x E 00} 
[x] /\MI! [y] := [x AY] 
[x] V:1l// [y] := [x v y] 
_l_;j)ff := [..L] =I 
T ffi// := [T] = {yf ..." E /} 

...,m!J[x] := [-y] 

As usual, [x] ~,1311 [y] :=def[x] A;jj!J [y] = [x] defines the partial order on 0011. In 
what follows, I want to describe the relation between the truth-ideal/1 , the Boolean 
algebra 00 and their quotient algebra 00//. As a preliminary step, I sketch the 
extension of an ideal into a Boolean algebra. Next, I discuss the isomorphism 
between the Boolean extensions of An(...,t)--i.e. 9...,.-and the quotient algebra 
00//, using the Boolean algebra version of the Fundamental Homomorphism 
Theorem.10 

The next definitions extend a proper ideal/, of 00 generated by t into a Boolean 
algebra 9,. 9, is a Boolean extension of I., iff 9, := (/,; A9 v 9, ...,9 , ..L9 , T 9) and 
1\9 := A.ffi I h; v 9 := v oo I 11; ..L9 := ..Lffi; T 9 := t; and ...,9 <p := t 1\ ...,<p. Since I, is 
an ideal, it is closed under lub and glb of 00, and 9 1 is a distributive lattice. More­
over, the definition ofthe complement in 9, implies <p 1\...,9 <p = ..L, and <p v...,.r; <p 
= t. Hence, /} 1 is a Boolean algebra. Since only the complement in 9 deviates from 
the 00-complement, I shall omit subscripts for the other operations. As to the 
relation between 00, 0011, and / 1 I consider the Boolean algebra 9 ...,.. The mapping 
f ( <p) := <p 1\ ...,t defines a homomorphism from 00 onto 9 ...,., since ./( <p 1\ 'I') = 
<p 1\ 'I' 1\ ...,t = J(c:p) Aj('lf), andj(...,<p) = ...,<p A. ...,t = ...,9 ./(c:p) (...,.J{<p) Aj(c:p) = ..L, 
and ...,9 f ( <p) v f ( <p) = ...,t ). Without spelling out the details, the Boolean algebra 
version ofthe Fundamental Homomorphism Theorem implies that the equivalence 
-, is a congruence, and fß/1 is isomorphic with 9 ...,., the same obtains, mutatis 
mutandis, for the homomorphism g( <p) := <p v t and extension of Cn( t) into the 
Boolean algebra 9'1 11 . In short, 9...,. and 9'1 , the Boolean extensions of An(...,t), 
Cn(t) are isomorphic with 00/1. 

Now that I have delineated 9., I sketch the relation between 0011 and I and 
demonstrate that 00 is isomorphic with the Cartesian product of 00/ I and 9 ,}2 

00 0 fß/f X 9 1 • 

As 0011, is isomorphic with 9 ...,., it suffices to show that fß is isomorphic with the 
Cartesian product of /}...,. and 9 1 . Let a 1 and ß 1 E 9 1 , and a 2 and ß 2 E 9 ...,.. Then, 
the lub of(a1, a2) and (ßJ> ß2), and the complement in /J,x9...,. are respectively, 
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(a/, a2) v.'/t x .'/-vr (ß/, ß2) :=def (a/ v.'lt ß1> a2 v.'l-vr ß2) 
(a/, a2) 1\.'/t x .'/-vr (ß/, ß2) :=def (a/ 1\.'/t ß1, a2 /\.'1-vr ß2) and 
~(.'lt x.'J~t) (a/, a2) :=def (~.'/,ab ~/J-vra2). 

As usual (a1, a 2) s.'Jtx.'/-vr (ß/> ß2) iff a; s ß; for i =I, 2 defines the order of 
,(j t X // -vr· 

PROPOSITION 6.10: The mapping f .'}t x /}-vr ~ 00 defined by j(a/> a 2) := 
a 1 v m a 2 is an isomorphism. 

Proof We must prove that I. jis a homomorphism from /} t x /J -vr onto 00 ( see ( 1 ), 
p. I96) and 2. jis I-1. 13 1. j[( a 1, a 2) v.'/tx.'/-vr (ß 1, ß2)] = (lub definition in I, x 

L,) = j[(a1 v.g ß1), (a2 v.'/-vr ß2)] = (definitionf-mapping) = (a1 v,g ß1) vm 
(a2 v.'/-vr ß2) = ( v.'/ = vm = v,g,) = (a1 vm a 2) v'J', (ß 1 vm ß2) = (j-mapping 
dejinition) = j(al> a 2) vmj(ß I> ß2). Simiiarreasoning givesj[(a I> a 2) 1\.'/tx.'/-vr (ß I> 

ß2)) = f(a/> a2) AJJj(ß/, ß2). 3.f(~.'ltx.g,(a 1 , a 2)) = (negation in.~. x .~~,) = 
f(~.'lta 1, ~.g,a2) = (j-mapping definition) = ~.'lta 1 v.13 ~.q,a2. By definition we 
know that 't v,ifl ~ 't = T. Hence (a 1 vi'Jl ~.'/ta 1 ) v 00 (a2 vm ~l1,a2) = T, and 
(a1 vi'Jl a 2) vi'Jl (~.r1ta 1 vdl ~.g,a2) = T. Consequently, (~.'lta/ vm ~.g,a2) = 
~00(a 1 v:il a 2) = (definitionf-mapping) = ~i'i'fia 1 , a 2). 2. Suppose a 1 v a 2 = 
ß 1 v ß2 for a I> ß 1 E /} t and a2, ß2 E /}, (t); furthermore, suppose that a 1 * ß 1; 

then a 1 d ß 1 * .1. Further /} t n /}, = ..L and since a 1 d ß 1 E /} t' (t) implies 
a 1 v a 2 * ß 1 v ß 2 which contradicts the assumption; a 2 * ß 2 implies the same 
result; therefore a 1 = ß 1 and a2 = ß2, andfis 1-I and a Boolean isomorphism. 181 

[ 00// J 
{pAq, .1} = {<p I <p - • .1} 

As the quotient algebra 0011, is isomorphic with /}, the preceding proposition 
impiies that 00 is isomorphic with the Cartesian product of .Oß/ I, and /} ,. For 
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instance, let a.1 = ß 1 := p A q E /} r and let a. 2 := -p 1\ ~q and ß 2 := -p E 9 ~r· Then, 
a.J v a.2 = p ~ q ~ffi ß 1 v ß2 = -p v q. Due to the Cartesian product, the pairs of 
the left band side of [} r x [}-... all start with p 1\ q, the top of /J r; the pairs on the 
right all start with .l, the bottom of [} r· The pairs of elements connected with the 
dotted lines all have the same second element. Figure 4 (p. 206) sketches the 
isomorphism between /J r x 9 ~r and 00 in case of the two atomic propositions 
example where the truth 't is p 1\ q. 

Let us summarize the results obtained so far. Suppose 00 is a Boolean algebra, 
and 9 r is one of its ideals generated by the atom 't. Then, the congruence relation 
- r defined by 'I' - r q> iff'l' 11 q> E Ir partitions 00. The --equivalence classes are the 
elements of the quotient algebra 00/Jr, and 00 is isomorphic with the Cartesian 
product of 00/Jr and the Boolean extension of Ir, [} r· 

6.3.2. The +-definition Again 

In this subsection, I first reformulate the +-definition in algebraic terms and discuss 
its content behaviour. Then, using algebraic means, I reconsider the relation 
between the +- and 11-definition; and finally, I discuss the language dynamics ofthe 
+-proposal. 

My first task is to reformulate the +-definition in algebraic terms. Suppose OO:e 
is a Lindenbaumalgebra ofthe propositionallanguage [I! and Iris the ideal gener­
ated by the truth 't ('t need not be complete). Further, let me dismiss the tautology 
and the contradiction as sensible candidates for being verisimilar. 14 Then, the next 
proposition bridges the gap between the syntactic and the algebraic formulation of 
the +-definition. 

PROPOSITION 6.11: For all \jl', q> E Prop([i), ['I'] ~ffi// [q>] iff 'I' I= q> V 't 

Proof The equivalence follows immediately form the isomorphism between 0011, 
9 ~r• and :T r; however, we proceed as follows: ['I'] ~0011 [q>] e> f{\jl') ~o~rj{q>) e> 
\jl 1\ ~'t ~ 9~r q> 1\ ~'t C> 'I' 1\ ~'t ~ 00 q> 1\ ~'t C> 'I' I= q> V 't · 181 

For 'I' and q> with 'I' ::f:. q>, we say 'I' is more verisimilar than q> iff ['I'] ~oo/J[ q> ], i.e. 
'I' <+ q>; and 'I' is as verisimilar as q>, 'I' - + q>, iff 'I' E [ q>]. We already noticed that, 
although the reflexive formulation ofthe 11-definition provides a partial order on 00, 
~+ is a preorder on 00. It misses the antisymmetry property as the conjunction of 
'I'~+ q> and q> ~+'I' does not imply 'I'= q>. As ~ 0011 is a (weak) partial order on 0011, 
proposition 6.11 shows that, unlike the ~6-order (see fig 5, p. 209), the ~+-order is 
homomorphic with the Lindenbaumalgebra OO:e. In this respect, the +-definition is 
unique. No other comparative approach-to-the-truth order is homomorphic to the 
original Lindenbaum algebra. This homomorphism will turn out to be crucial for 
the proposals ofthe next sections. 
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Observe that the +-definition exceeds the .!1-definition in content character. 

According to the .!1-definition, sometimes truth-value overrules logical strength; if 
\jl = q> v 't and q> t= -.,, \jl :::;t1 q> and q> 1,t1 \jl, and the weaker proposition is closer to 

the truth. In the same situation, the Cn-proposal counterbalances the extra logical 

strength of q> against its failure of truth-value; \jl :::;+ q> and cp :::;+ \jl obtain both, 

such that \jl and cp are equally close to the truth. The following preference order is 

perhaps even more awkward for someone whose intuitions are primarily focused on 

the atomic propositions instead of the true consequences of a theory. If p is the 

strongest truth for Sf[p,q], -p 1\ -.q, p v -.q, and p Bq are equally verisimilar, 

although the first has more false consequences than the second. According to the 

Cn-proposal, logical strength counterbalances false consequences 15 . Next, I 

reexamine the contrast between the .!1-proposal and the +-definition using algebraic 

means. 

6.3.3. Removal ofthe Antecedence Clause 

I already mentioned that the +-definition is stronger than the .!1-definition. The 

two-proposition exarnple nicely illustrates how the removal of An-clause, as I 

called the constraint q> 1\ ' t= \jl in Chapter 2, increases the strength of this content 

proposal. In Sf[p,q] where -r =p 1\ q, the +-definition adds six pairs to the ::::t1-order: 

p 1\ -,q :::;+ p V -,q 
p 1\ -,q :::;+ p V q 

-p 1\ -,q :::;+ p V -,q 
-p 1\ -,q :::;+ -p V q 

-p 1\ q :::;+ p V q 
-p 1\ q :::;+ -p V q 

For instance, the .!1-definition does not relate p 1\ -.q and p v -.q: p 1\ -.q ~t1 p v -.q, 

although -p 1\ -.q :::;+ p v -.q obtains according to the Cn-proposal. This becomes 

more of a prob lern, if the number of atomic propositions increases. Intuitively, 

PI/\ ... Ap9 A -p10 is closer to PI/\ ... Ap10, than PI v -p2 v ... v -p10. As the 

Cn-proposal verifies this intuition, whereas the .!1-proposal does not, apparently, the 

first solves some of the problems of the second. 
Figure 5 shows how the increase of strength ofthe Cn-proposal comes about. All 

pairs ofpropositions (q> v -r, q>) with q> t= -., (the verticalline segments in the left 

diagrarn) receive the sarne verisimilitude; and the :::;t1-order tums into the Boolean 

algebra 00/JPI\q· The two propositional case gives some idea how the ::::t1-order tums 
into the :::;+ -order for Sf[p 1, ... Pn] with complete truth. The ::::t1-order consists oftwo 

layers, one of true propositions, the other of false ones. The transitions from the 

::::t1-order to the :::;+ -order puts these two layers together. More generally, ifthe truth 

is incomplete, the number of isomorphic layers increases; and again, without the 

An-clause, the Cn-clause (or the +-definition) takes these layers together, and 

renders a partial ordering to the equivalence classes of the truth-ideal related 

congruence on 00. 
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"'P V"'q 

----~ 
"'P :s;;+ on 0011 

~A onOO 

Fig. 6. From the 6-order to the Pr-order ofProp(!ffp,q]). 

Figure 6 illustrates this point. By presenting the Hasse diagram of the s;A_ 
ordering ofPropW[p,q]), it clearly shows the relation between the Cn-clause and 
the An-clause ofthe symmetric difference order, whenp is the strongest empirical 
truth. The first is responsible for the order along the continuous lines; and the 
second causes the order along the dotted lines. 

Fig. 7. The 6-ordering ofProp(!ffp,q]) with -r := p 

The top layer represents the false propositions, and the lowest layer contains the 
true propositions. Although the consequence relation is also present along the 
vertical axis, higher propositions imply lower propositions along the dotted lines, 
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its general characteristic is the truth-value distribution over the various layers. 
According to the consequence definition, the propositions connected by the dotted 
lines form one equivalence class. The likeness refinements are diagonals parallel to 
p v q and p v ~q in the planes defined by the continuous lines. 16 

I end my comparison ofthe two content proposals with the next proposition. We 
already saw that for all <p and 'V of 00, 'V ::;;~ <p implies 'V ::;;+ <p. Generally, the 
inverse oftbis implication does not hold, but for some particular <p 1 it does. In the 
preceding subsection we saw that the -,-relation defines a congruence on 00 such 
that all, Boolean extensions of, the equivalence classes are isomorphic with /J ,. Let 
fand g be those isomorphisms from ['V] and [ <p] onto /} ,, respectively. Intuitively, 
the next proposition states that if ['V] ::;; [ <p ], then there is a <p 1 E [ <p] with .f{ \jl) = 

g(<p 1) suchthat 'V ::;;~ <p 1 • The expression, 'V = <p 1 (mod -,) designates the same 
relation between 'V and <p 1 • 

PROPOSmON 6.12: ['V)::;; [<p) ~ 3<p 1 E [<p): \jl ::;;~ <p 1 

Proof :=>:I claim my proposition obtains for <p 1 := (<p "~-r) v ('V" -r). Conse­
quently, I must prove that 1. <p 1 E [<p] that is <p 1~ ~<p ~ -r; and 2. ['V] ::;; [<p] 
implies 'V ::;;~ <p 1 • 1. <p 1 ~ ~<p ~ -r; ~ (<p 1 "~<p) v (~<p 1 "<p) ~ -r; ~('V" 
't 1\ ~<p) V (~(<p 1\ ~-r) 1\ ~(\jl 1\ 't) 1\ <p) ~ -r; ~ (\jl 1\ 't 1\ ~<p) V (<p 1\ 't 1\ (~\jl V ~-r)) 

~ -r; ~ ('V " 't 1\ ~<p) v ( <p 1\ 't 1\ ~'V) ~ -r, which clearly holds. Ad 2. I must prove 
that \jl ~ <p v 't implies a. 'V ~ <p 1 v 't and b. <p 1 "'t ~ 'V· a. If\jl ~ <p v 't then \jl ~ 
(<p V 't) V (\jl 1\ 't) ~ \jl ~ (<p 1\ ~-r) V (\jl 1\ 't) V 't ~ \jl ~ <p 1 V 't. b. <p 1 1\ 't ~ \jl 

clearly holds as ( ( <p " ~-r) v ('V " -r)) " -r ~ 'V equals ('V " -r) ~ 'V· <:::::: 'V ::;; ~ <p 1 

implies ['V]::;; [<p 1 ] and <p 1 E [<p], thus ['V]::;; [<p]. 181 

6.3.4. Language Dynamic Behaviour ofTwo Content Definitions 

Finally, I consider the differences between the language dynamic behaviour ofthe 
ß-definition and the Cn-proposal. Tobegin with, recall that 'V-+ <p is the same as 
\jl -, <p ( obs. 1.5, p. 20). Furthermore, I observe that \jl - + <p and \jl ::;;ß <p are 
unrelated. 

Observation 6.13: a. Suppose the truth -r is complete; then 'V - + <p implies \jl ::;;~ <p 
or <p ::;;~ \jl; b. if 't is incomplete - + is indifferent to ::;;~ i.e. if \jl - + <p then 
\jl ::;;~ <p or <p ::;;ß \jl or \jl ~~ <p. 

Proof a. Let 't be complete. Then, if 'V - + <p either 1. 't ~ \jf, <p ~ ~-r, and \jl = 
<p v 't, and therefore 'V ::;;~ <p, or 2. 't ~ <p, 'V ~ ~-r, and <p ='V v 't, and therefore 
<p ::;;~'V· b. If \jl - + <p and 't is not complete, 1. and 2. may obtain; however, they 
also may be uncomparable. Assurne that 'V ~ ~<p = 't (*), which implies 'V - + <p, 
and assume <p t:/= \jl (t), and \jl t:/= <p (t). As the first assumption (*) is equivalent to 
Mod('V) ß Mod(<p) = Mod(-r), it implies Mod(\jl) ~ Mod(<p) u Mod(-r), that is 
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'I' I= <p v -r. In the same way (*) implies <p I= 'I' v -r. (t) implies there is a 9Jl E 
Mod( <p) such that 9Jl E Mod( 'I'); since (*) implies that 9Jl E Mod( -r) <p " 't t:J: 'I'. In 
the same way it follows form (t) and (*) that 'I' " -r t:J: <p. Thus, 'I' - + <p obtains 
together with 'I' ~ß <p. ll!l 

An example of b. of the preceding observation reads: -r := p, 'I' := p ~ q, and 
<p := ..... q. Further, note that 'I' :S;ß <p does not imply <p ~'I'· Let us assume that in 
~[p,q] the truth is p A q. Then, for instance, p v q :S;ß p ~ ....,q and hence 
p v q :S;+ p ~ ..... q. Yet, since p ~ ....,q - + p v q, the +-definition also implies p ~ 
....,q :S;+ pvq. 

The preceding observation illustrates the fact that the A-definition and the Cn­
proposal behave differently under logical strengthening ofthe truth. According to 
the Cn-proposal logical strength of the truth covaries with the strength of the 
ordering. Logical weakening of the truth decreases 00/J-r, and the growth of the 
equivalence classes increases the number of comparable sentences. The behaviour 
of the A-definition neither varies nor covaries with the strength of the truth, and 
displays another behaviour than the +-definition. For instance, the :S;ß-order of fß 
for ~[p,q] with -r := p" q is isomorphic to the :S;ß-order with -r := p v q. Finally, Iet 
us consider context dependency ofthe Cn-proposal. 

DEFINITION 6.6: Apreorder :S; on Prop(~) is weakly (strong/y) context independ­
ent ifffor all 'JI, <p E Prop(~) and all ~·:;:) ~. with 'JI', <p' being translations of 
\jl, <p: If 'I' :S; <p, and <p $. \jl, then <p' $.'I'' ('I'' :S; <p'). 

Observation 6.14: The :S;+-(pre)order is weakly context independent. 
Proof Suppose 'I' :S;~ <p and <p $.~'I' (t); I now have to prove that <p' ~'I''. By 
definition, (t) means <p t:J: 'I' v-r!E. Hence, there is a 9Jl E Mod(q>) with 9Jl E 
Mod('l' v-r!J!). Let <JJl' be an~· -expansion of<JJl-that is <JJl' t fi = <JJl-and 'I'' and 
<p' be the translations of 'I' and <p. Then, the adequacy of the translation implies 
<JJl' I= <p'; and as 't!J!' I= -r'!E and <JJl' t:J: 'I'' vT'!E together imply <JJl' t:J: 'I'' V't!J!', 
proving <p' $.~ 'I''. ll!l 

Observation 6.15: The :S; + -(pre )order is not strongly context independent. 
Proof Consider the following counter example; in 9![p,q], p :S;;AqP ~ ....,q but in 
~[p,q,r] p~Aqi\TP ~ ..... q, sincep A q A ....,r I= p butp A q" ....,r t:J: (p ~ ....,q) v 
(p "q Ar). In this example 'I' :S;~ <p and <p' ~· 'I'' obtain and 'I'' :S;~. <p' fails to 
hold. ll!l 

Interestingly, a relevant extension of the language in which the logical strength 
increases may affect the verisimilitude relation between theories. An irrelevant 
extension for which 't!J!• = 1:' !I! does not change the original verisimilitude relation. 
Perhaps this is an indication of the relevance of verisimilitude for language 
dynamic purposes. 
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In subsection 6.3 .1 we encountered the notions of an ideal I,, the congruence -., 
and the quotient algebra '!ß!I; and in subsection 6.3.2 we saw that the :::;;+-order of 
a Lindenbaum algebra ?.ß is isomorphic to the quotient algebra '!13/I, (prop. 6.11, p. 
207). Consequently, the :::;;+ -order is a preorder of 00, partially ordering the equiva­
lence classes ofthe - 1-congruence established by I,. This is the reason why the :::;;+­
order, in contrast to the :::;;~-order, is not truth-value dependent. Next, the +-defini­
tion is a radical content proposal. Irrespective ofthe truth-values of <p and "'' if 
<p I= 'I' and 'I' tf <p, then 'I' cannot be more verisimilar than <p. Consequently, the +­
definition suffers from the child's-play objection, and, similar to the ß-proposal, 
Miller's extensional substitution argument does not affect the :::;;+-order. As to the 
strength ofthe ordering relations, the removal ofthe An-clause ofthe ß-definition 
means for all \jl, <p E 00, 'I':::;;~ <p implies 'I' :::;;+ <p. In subsection 6.3.3 we saw that for 
those 'I' with 'I' = <p (mod - 1), the reverse implication also obtains (prop. 6.12. p. 
21 0). Further, like the ß-definition the +-definition applies for complete and 
incomplete truths. lts strength of comparison covaries with the strength of the truth, 
and the strength ofthe ß-comparison neither varies nor covaries with the strength 
of the truth. Finally, under a relevant extension of the language, the :::;;+ -order is 
weakly but not strongly context independent. 

Towards the end of the preceding section (p. 201 ), I anticipated the explanation 
of the congruence between the two layers at the left hand side of Figure 3. The 
present section provided the explanation. I have "put together the layers of true and 
false propositions" by replacing the ß-proposal by the :::;;+ -order, which partially 
orders equivalence classes of 00. In the next section, we will come to my second 
announcement. 

6.4. REFINED VERISIMILITUDE: :::;;~ 

In this section, I present my most important contribution to the approach-to-the­
truth research. My refined verisimilitude definition partially orders the equivalence 
classes that result from merging the partition of the :::;;+ -order with that of my 
truthlikeness order. In addition to the partition brought about by the truth ideal, a 
second partition puts two propositions in the same equivalence class if, roughly 
speaking, their constituents have the same height in the constituent algebra. This 
establishes a truthlikeness order -;Sh, which is stronger than the :S h -order of subsec­
tion 6.2.2. This -;Sh -order can be combined with the :::;;+ -order as the second is Order­
isomorphie with the quotient algebra 00/J. As a preliminary, I first specify what it 
is for a partial order to be compatible with an arbitrary equivalence relation. Then 
I define the truthlikeness preorder based on the assumption that all atomic proposi­
tions are equally important. According to this preorder, a uniform Substitution of 
the atomic propositions does not change the truthlikeness of a proposition. Finally, 
I introduce my combination of the :::;;+_order and my truthlikeness preorder, and 
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finish with the examination of some the properties of this new refined verisimili­
tude ordering. 

6. 4.1. Compatibility Ordering and Partition 

Assurne .!il := (A; ~) is a partially ordered set, and ~ is an equivalence relation on 
A. In what follows, we need an answer to the question under what conditions the 
partial order ~ and the equivalence relation ~ are compatible and may be merged 
into a partial order on Al~, or, which is the same, a preorder on A. To answer this 
question, I may first consider a clear-cut situation in which a partial order on A 
induces a partial order on the equivalence classes of A. Let us call ~-. defined by 

(2) [a] ~- [b] :=def a ~ b and a + b, 

the representative of::; on Al~. (2) uniquely determines ~- iff 

(3) For all four-tuples (a, b, x, y) E A4 with a ~ x and b ~ y, a ~ b implies 
x~y 

Under these circumstances definition (2) is independent of the representatives a 
and b. Of course, my compatibility definition must include this clear-cut situation. 
Additionally, it must include situations that may be extended into the preceding 
situation. 

DEFINITION 6.7: The partial ~-order on A is compatible with an equivalence ~ on 
A if for all (a, b, x, y) E A4 such that a ~ x, b ~ y, a + b holds: if a ~ b, then 
y :J;x. 

Notation: Compi~. ~) 

Definition 6.7 relaxes constraint (3) in two respects. It admits situations in which 
a ~ x, b ~ y, and a ~ b, that a ~ b, andy ~ x; and it allows that a ~ x, b ~ y, a ~ b, 
and x j; y. Constraint (3) excludes both situations. The next observation illustrates 
definition 6.7. It proves that, as wastobe expected, the truth congruence ~t ofthe 
preceding subsection is compatible with the ~il-order of a Lindenbaumalgebra 00; 

Observation 6.16: Let 00 be a Lindenbaum algebra; then Comp31( ~ +, ~il) 
Proof Let us assume that 'I'~+ 'I'', <p ~ + <p', 'I'++ <p, and 'I' ~il<p; the last assump­
tion implies ['I'] ~ [ <p] in 00/It. Furthermore, assume that also [ <p '] ~ ['I''); since ~ 
is a partial ordering on 00/It this would imply that ['I'] = [ <p ], which contradicts 
'I' + + <p. Hence, we must conclude [ <p') j; [ 'I''J. 181 

PROPOSITION 6.17: Let ~ partially order A, and ~ be an equivalence relation on A; 
then Comp i ~, ~) implies that all [ b ]~ c A are convex regarding p := ~ or -. 
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Proof We have to prove that every equivalence class [ b ]- that fails to be convex 

falsifies CompA(-, :::;;). Suppose some [b]- fails tobe convex regarding p; This 

means 3a,3x E [b]-, 3y E A: y ~ [b]- with a p y p x or x p y p a. Although a- x, 

y - y and a + x, from x + y + a, it follows that a :::;; y :::;; x or x :::;; y :::;; a, both 

falsifying CompA( -, :::;;). 181 

The last observation ofthis subsection demonstrates that if- and:::;; are compatible 

on A, then their transitive closure uniquely determines :::;;- on Al-. 

Observation 6.18: Let :::;; be a partial order and - be an equivalence on A and Iet 

CompA( -, :::;;). If ;S denotes the transitive closure :::;; or - then [a]- :::;;- [b]­

:= defa ;S b and a + b, uniquely determine :::;;- on Al-. 
Proof The implication immediately follows from (2) and (3), p. 213. Leta- x and 

b - y; then a ;S b implies x ;S a ;S b ;S y; hence x ;S y. 

6. 4. 2. Strengthening the .1-Likeness 

A comparative truthlikeness refinement -5h was introduced in subsection 6.2.2 
according to which, for instance, p 1\ q 1\ ~r is more like the truth p 1\ q 1\ r, than 

-p 1\ ~q 1\ ~r. This order left -p 1\ r and p 1\ ~q, or even, -p 1\ q and p 1\ ~q 

uncomparable. Figure 2 (p. 198) illustrates the result ofthis weakness for P[p,q]. 

Now we say that two propositions have the same disjunctive normal form if a series 

of uniform substitutions of free atomic propositions can make them equivalentP 

The diagram of Figure 2 illustrates that many propositions with the same logical 

form remain uncomparable. In this subsection the strength of the truthlikeness 

refinement is increased such that propositions of the same logical form become 

equally truthlike. Relating truthlikeness to logical form rather than atomic proposi­

tions considerably increases the strength ofthe definition. Forthe sake ofsimplic­

ity in this subsection it is assumed that all atomic propositions are equally impor­

tant. Concrete examples may involve an order ofimportance ofthe atomic proposi­
tions. 

I start with the definition of the truthlikeness preorder on 00, assuming that the 

truth is complete and can be represented by the conjunction of all atomic proposi­

tions, this assumption also holds for the sequel of this section. 

DEFINITION 6.8: Let 'I' and <p be propositions of 5e. Then 'I' is at least as similar 
to the truth as <p iff 3 J.l.: Cnst( 'I') ,.... Cnst( <p) satisfying the following conditions: 

I. J.l. is a bijection 
2. For all a E Cnst(\11): lpl(a)l ~ lpl(J.l.(a))l 

Notation: 'I' ;S11 <p (in which h = IJ.1.1); 18 (\II --< 11 <p iff lpl(a)l > lpl(J.l.(a))l) 

The comparative truthlikeness order of definition 6.3 (p.197), 'I' -5h <p, implies 

'I' ;Sh <p since pl(J.l.( a)) ~ pl( a) straightforwardly implies I pl( a) I ~ I pl(J.l.( a)) 1. 
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Again, h indicates the logical strength ofthe propositions. Generally, ~h on 00 is a 
preorder. It is reflexive and transitive (proof is left to the reader), but it is not anti­
symmetric. For example,p 1\ ~q ~h -p 1\ q, and -p 1\ q ~hP 1\ ~q obtain both. More 
particularly, in addition to forming a preorder, all constituents arealso connected. 
Suppes (1957, p. 222) calls ~I a weak ordering. 19 We abbreviate "'JI ~h q> and 
q> ~h 'JI" by \jl "" q>. The ""-relation is an equivalence relation and partitions 00. As 
~h preorders 00, ~h defined by ['Jir ~/: [q>r :=def'JI ~h q>, partially orders 00/::::; 
and since ~I is connected in the set of constituents ~~ linearly orders the ""­
equivalence classes ofthe constituents. 

T 

/ ...... ·· ...... ··································· 
...... 

~-

pvq _... pV.--.q // ·. ··-.. ~v--.q 
.· 

pAq . ··· ..... / ~Äq . ..- ~/\~ 
........... -.. : 

..... ·· · ...•... ··· 
.l 

Fig. 8. iil[p,q]l"'h 

Let us consider the situation in the two propositional example. Figure 7 depicts 
the quotient algebra 00/::::. The nodes represent the ""-equivalence classes of 00/::::, 
in the two propositional case, these classes are singletons and pairs; the dotted lines 
stand for the covering relation (p. 196) in 00/""; and the continuous horizontallines 
and "bows" depict the ~7 -relation in 00/"". Iftwo nodes are connected the elements 
on the left side are closer to p 1\ q than those on the right side. The diagram 
illustrates that, whereas ~h linearly orders the equivalence classes of the constitu­
ents, and their negations, it also partially orders the equivalence classes ofthe other 
propositions of 00. 

PROPOSITION 6.19: The ~h-definition is strongly context independent. 

Proof We must prove that if \jl ~h q> in 'l, then \jl' ~h q>' obtains for all 'l' 2 'l. 
Suppose \jl ~h q> forafinite propositionallanguage P; then, there is a bijection f..l: 
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Cnst(\jl) >-+ Cnst(<p) suchthat for all a. E Cnst(\jl): lpl(a.)l z lpl(J.l(a.))l (*).Let 
':1 1 2 ':1 be a finite propositional language, such that for language ':1" voc('i ") = 

voc('i 1)-voc('i) holds. Then, Cnst(T") consist of2n constituents ß1 if lvoc('i")l 
= n. Obviously, for all a. E Cnst(T) and ß E Cnst(T"), a. 1\ ß is a constituent of'i I, 
and \j/ 1 = V; V/ <X; 1\ ß) is the translation of all \jl = V;<X; E Prop('i), if ß1 ranges 
over all Cnst(T"). Hence (*) implies for all <X; 1\ ß1 E Cnst(\j/ 1

) that lpl( <X; 1\ ß) I z 
lpl(J.l 1

( <X; 1\ ß)) I if J.l 1
( <X; 1\ ß) := J.l( a.;) 1\ ß1; and \j/ 1 ~h <p 1 • llll 

As a preliminary to the next subsection, I consider the representative of ~h on 00/ Ir 
Since the Boolean extension of Cn('r) is isomorphic with fßll,, I define this repre­
sentative by ([ \jl ]- being elements of fßll,) 

(4) (\jl)- ~ (<p)- :=def \jl V 't ~h <p V 't 

As \jl ~h <p implies h(\jl) = h(<p), the height of['l'] and [<p] in 00//are the same if 
[ \jl ]- ~ [ <p ]-. Definition ( 4) is trivially independent of <p and \jl, since \jl v t E [ \jl ]­

is unique. Further, the ~-relation not only establishes a preorder on 00, it also 
preorders fß/1,. Again, the order is reflexive and transitive but not antisymmetric. 
For instance, for the two different equivalence classes [p 1\ _,q]- ~ [JJ 1\ q]- and 
[ }J 1\ q ]- ~ [p 1\ _,q ]- obtain both although JJ 1\ q E [p 1\ _,q ]-. ['I']- "" [ <p ]­

stands for "[ \jl ]- ~ [ <p ]- and [ <p ]- ~ [ 'l' ]-". This ""-relation is symmetric by defini­
tion, and inherits reflexivity and transitivity from ~; it is an equivalence relation on 
fß/1,. Thus, in the next paragraph I consider (fß/1,)1"". 

DEFINITION 6.9: Let 0011, be the quotient algebra of a Lindenbaumalgebra 00; then 
I will abbreviate (0011,)1"" by 00/-::::.. 

Wehave encountered two partitions offß. The congruence ofthe truth-ideal was 
the first; it yielded the [ <p ]- equivalence classes. The preorder ~h established the 
second. It produces the [ <p ]"' equivalence classes. 1t is an elementary exercise to 
combine the two partitions into one coarser partition. The []--partition is finer than 
the [)"' -partition. That is, every [] "'-set contains at least one []--set and no []--set 
belongs to more than one [) "'-set. 20 Thus, [ \jl ]- = [ <p ]- implies, and is not implied 
by ['l']"' = [<p]"'. If- and"" are the truth-ideal and the truthlikeness equivalences, 
then \jl -::::. <p means that 'l' - or "" <p and \jl E [ <p] "'. In the next subsection I shall 
present the most natural way to order the elements of 00/-::::.. 

6.4.3. Refined Verisimilitude 

In the preceding subsections I prepared the grounds for my refined verisimilitude 
definition. The consequence definition resulted in the order ofthe quotient algebra 
0011,. Next, the likeness refinement mentioned in the preceding subsection ordered 
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the equivalence classes of;J?,ff, of equal heights. This resulted in a coarser partition­
ing ofOO, ;J?,f~. Schematically, the procedure may be summarized as follows: 

00 El1 <+ => 00// El1-< => ;J?,f~ - r: -

In this subsection we will see that the transitive closure ofthe representatives of ~+ 
and ::5 on fßl~ naturally orders the [1-elements of ;J?,f~. This closure intuitively 
mirrors the growth in depth, ::;;+, and breadth, ;:5, mentioned in Chapter 1 (p. 2). The 
definition procedure consists of four steps. The first step is to transfer the ::;;+ -order 
of fßll, to fßl~; next, the ::Sh-relation must be transferred to ;J?,f~; then I have to 
show that these representatives ::5"' and ::;;"' of ::5 and ::;;31/I on fßl~ are compatible; 
and finally ::5"' and ::;;"' are merged into ::;;~.The subsection ends with an examination 
ofsome properties ofmy refined verisimilitude proposal. As a preliminary to these 
four steps, it is shown that the equivalence relation introduced by the ::5 order is 
compatible with the ::;;+-order on 00//. 

PROPOSITION 6.20: The ""-relation and ~+ -order are compatible on fß 

Proof Let ['I'] "" [1;], [ q>] "" [X], ['I'] + [ q> ], and Iet ['I'] ::;; [ q> ]. The last two assump­
tions imply that 'I' v t F= q> v t and q> v t tF 'I' v t; thus h( 'I' v t) < h( q> v t ). 
Additionally, ['I']"" [~] and [q>]"" [X] imply that h('l' v -r) = h(~ v t) and h(x v t) 
= h(q> v t). Consequently, h(~ v t) < h(x v t), and thus [X] ~11 [~]. ll!l 

The preceding proofshows that all partitions putting only elements of fß/1 ofthe 
same height into one equivalence class are compatible with the order of the 
quotient algebra 00//. Hence, we may take the first step towards our final compara­
tive approach-to-the-truth definition, and combine the "" and ::;;fß!I relations on ;J?,fl. 

DEFINITION 6.10: Let 'ljl, q> e Prop(~); then ['I') ::;;"' [q>) iffthere is a ['I''] in ['lj/1, 
and a [cp'] in [q>] suchthat ['I''] ::;;fß!I [cp']. 

Obviously, the ::;; "'-definition is independent ofthe representatives. Consider the set 
;J?,f ~ ordered by ::;; "' and the function g: fß/ I-+ fß/ ~ defined by g([ 'I']) = ['I']. Let us 
define the 1\"' and the v"' in fßl~. 

[q> 1 1\"' ['1'1 = ['I' 1 := def ['1'1 ::;;"' [q> 1 
[q> 1 v"' ['I' 1 = [q> 1 := def ['I' 1 ::;;"' [q> 1 

First we may observe that gisnot an homomorphism. For instance, in the case of 
two propositions, g([p] vfß!J [q]) = g([p v q]) = iP v q1 * [p1 v"' [q) = g([p]) v"' 
g([q]) (cf. Figure 8). Next we observe that although fßl~ is not a Boolean Algebra 
it still is a lattice since for all q> and 'I', [ q> 1 1\"' ['I' 1 and [ q> 1 v"' ['I'] are the gib and 
the lub in 00/ ~. respectively. This contention is easily verified. If [ q> 1 * ['I' 1 and 
(therefore) [cp] * ['I'], andin case [cp1 = ['1'1 and [q>] =['I'], mapping g is lub and 
gib preserving; andin case [q>) =['I') and [cp] *['I'], [q>) 1\"' ['1'1 = ['I'] = [q>) v"' 
['1'1· Consequently, all [q>) and ['1'1 have aluband aglb in 001~. 
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Figure 8 illustrates my first step the refined verisimilitude definition and shows 
the compatibility ofthe =--equivalence classes (the ellipses) and the :S;+-order on 
00/<::< in case ofthe two atomic propositions and the truthp A q. Now that I have 
defined a representative of :S;+ on fß/<::<, the second step towards the refined verisim­
ilitude definition is to transfer the ~-relation to 00/<::<. 

DEFINITION 6.11 : Let 'I', cp e Prop(2!); then ('I') ~"' [ cp) if and only if ['I'] ~ [ <p] 

The ~ "'-relation partially orders fß/ <::< because the reflexivity and transitivity of ~h 
guarantees ~"'tobe reflexive and transitive, and ['I']~"' [<p] and [<p] ~"'['I'] imply 
['!']"' [<p]. 

PROPOSITION 6.21: The preceding definition is independent of['l'] and [<p]. 

Proof Let ['I'] ""' [1;], [ <p] "' [X], and Iet ['I'] ~ [ <p ]. The last assumption implies 
'I' v 't ~ <p v 't. The first two assumptions imply 'I' v 't "' I; v 't and <p v 't ""' X v 't; 

thus I; v 't ~ x v 't and therefore [I;] ~ [x]. 181 

.·: .. 

__ 7,:.:_ ~ 
rp ... ~q.pvtiJ (~.pv~q ~pvq,.",-, 

. ----~--c. ·... -~----· 
: .··. .· >•' ~ 

-----~~ ~---------<P.PA~q ~pA q,'L-'' (_ pHq,"'(IA~) 
---~---r ~~--/ 

p11 q 

00/1 
p11 q 

Fig. 9. The ~~ -relation on ~/"' 

The third and last preparatory step towards the definition is to show that ~"' and 
:S;"', the representatives of ~ and :S; 0011 on 00/<::<, are compatible. Recall that partial 
order ~ is compatible with :S; ifftheir irreflexive cornpanions are compatible. 

Lemma 22: ~"' and :S;"" are compatible on 00/<::< 

Proof I must show that for all 'ljl, <p e Prop(2!) ['!'] ~"' [<p] implies ...,([<p] <"" l'I'D· 
Suppose ['I'] ~"" [<p ]; then ['I']~ [ <p] and h3:111([ 'I'D = h311j([ <p]) (p. 216). Therefore, 
for all [<p], and [<p'], if [<p] "' [<p'], then hffi1j([<p]) = hffi1j([<p']); thus h311j([<p]) = 
hd:l."([<p]), and h31,...(['1j1]) = h31,...([<p]). Consquently ~[<p] <"' l'I'D· 181 
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Since we know that the representatives of::::; and ~+ on 00/::::::. are compatible, I can 
take the fourth step and combine ::::;"' and ~"' into my refined verisimilitude 
definition: 

DEFINITION 6.12: \jl is at least as (refined) verisimilar as <p iff 

[ \jl] ~ ~ or ::::; ~ [ <p] 

Notation: \jl ~~ <p 

Observation 6.22: Let <p and \jl be propositions of P; then \jl ~~ <p <=> \jl ~ • or ::::;h <p 

Proof =>: As all propositions in ['l'] are connected by "" or --chains, \jl ~: <p 
implies there is a ~+ or :::5h-chain from 'l' to <p. ~: First, Iet us assume that C \jl 
~+ <p or 2. \jl ::::;h <p. 1. means a. \jl = <p v t or b. \j/t=;e <p v t. If l.a then ['l'] = [<p] 
and \jl ~: <p; if l.b then [ \jl] <:'Jl!I [ <p] implying [\j/] ~"' [<p ], and \jl ~: <p. Second, 2. 
implies that a. \jl ""'h <p or b. \jl ::::;h <p and _,(<p ::::;h \jl). If2.a then [\ji] = [<p]; if2.b 
then ['l'] ::::;"' [<p] and both imply \jl ~: <p. Hence the implication holds ifthe length 
ofthe chain ofthe transitive closure-is one; repetition ofthe preceding argument 
proves the statement for any finite chain length of the transitive closure. 181 

Let me surnmarize the preceding steps. I showed that the representatives of ~+ and 
::::;h on 00/::::::. are compatible, and partially order 00/-::::,. I merged the two into the 
refined verisimilitude order ofProp(P), which is equivalent to the transitive closure 
ofthe "~+ or ::::;11" disjunction on Prop(P). Figure 9 illustrates how the ::::;"' -relation 
on OO[p,q]/::::::. (two arrow-headed Iine segments) combines with ~"' on OO[p,q]/-;::,. 

Let us consider some general properties of the ~>relation on 00. First, ~: is a 
preorder ofProp(P); 'l' s: <p and <p s: 'l' obtain for every pair ofpropositions-with 
\jl *- <p and \jl ::::::. <p. Secolld, as \jl ~+ <p implies \jl ~: <p, the latter order is not 
truth-value dependent as the former sometimes favours false theories to true ones. 
The ~:-order is tobe preferred to the ~~-order on Prop(P), which was the proposal 
of subsection 6.2.3. Third, [<p] 5:; Prop(P) is convex regarding ~: if for all x e 
Prop(P) and all <p, <p' E [<p], then <p ~~ x ~~ <p' implies x E [<p]. -

Observation 6.23: [<p] is convex regarding ~:. 

Proof Let <p ~: x ~~ <p', and <p-::::, <p'. By deflnition this means <p' ~: <p ~: x ~: 
+ -- + ---

<p' ~:::$ <p.The transitivity of <:::$, implies that x -::::, <p, and x -::::, <p'. 181 

PROPOSITION 6.24: ~~ is weakly context independent on Prop(P). 

Proof Assurne \jl < <p; then h:iJ",([ \jl D ~ hdJ",([ <p]) and hdl!I([ \jl]) ~ hdl/I([ <p ]). This 
relative height does not change under translation; therefore hdl'!I(['l''D ~ 
hdl'!I([<p']). We have to consider two cases: a. hdl'!I(['l''D < hdl'/I([<p']) and b. 
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h.11 •11(['1''D = h.1l'/I([cp']). First, a. immediately implies cp' 1~ 'I''; Second, b. and 
'I' < cp imply ['I'] -< h [ cp] and since -< 11 is strictly context independent this means 
[ \II' f-< h. [ cp '] and again <p' 1 ~ \II'. 181 

-opv-oq -opv-oq 

I 
-oq,pv-oq -opvq, -op 

~ 
.~ ... v··~, 

Fig. 10. 

In this subsection, we saw that the representatives of ~+ and ~h on fß are compati­
ble. Next, the refined verisimilitude was defined tobe the transitive closure ofthe 
disjunction ofthese two ordering relations. The resulting preorder is not truth-value 
dependent and is weakly context independent. Figure 1 ofthe appendix shows the 
ordering of all equivalence classes in the three propositional case (thanks are due 
to G.R. Renardel de Lavalette who created the diagram). 

6.5. QUANTITATIVE REFINED VERISIMILITUDE: !;;;+ 

Now that I have explained my comparative approach-to-the-truth proposal, the next 
step is to prove that this comparative definition naturally leads to a plausible 
quantitative refined verisimilitude definition. Although the structuralist naive 
quantitative proposal defines a content order, we saw that the reji.ned quantitative 
version has a likeness character (Chapter 3); according tothat structuralist defini­
tion not the negation of the truth, but the most distant constituent is the worst 
possible theory. There is a lacuna in the spectrum ofthe closer-to-the-truth defini­
tions as to our knowledge, there is no quantitative refined content proposal; that is 
a quantitative verisimilitude order, according to which the negation ofthe truth is 
the worst possible theory; and that takes the distances between the constituents into 
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account. My quantitative verisimilitude fills this void; and, to cap it all, the refined 
verisimilitude proposal implies my quantitative refinement. 

Istart with the observation that the cardinal nurober ofthe symmetric difference 
yields a metric (the definitionoftbis notion can be found in Chapter 1). 

PROPOSITION 6.25: Let Ube some set and g: U x U ~ R be defined by g(x,y) := 
lx L\yl. Then, g is a metric on U. 

Proof It is easy to check thatg(x,y) =0 iffx= y, andg(x,y) = g(y,x). Moreover, 
also g(x, y) + g(y, z) ;;::; g(x, z) obtains, since lx L\ Yl + IY L\ zl ;;::; l(x L\ z) u 
((xnz)-y)u(y-(xvz))l ;;::; lxl\zl. 181 

The structuralist content proposal is based on the cardinality of the symmetric 
difference metric (Chapter 2). It is also customary to use the preceding metric to fix 
the distances between propositional constituents. If the truth equals p 1 A ••• 1\ Pn 
the symmetric difference metric reduces to: d(a, 't) :=def l[pl(a)]cl since pl('t) = 
voc(SE). Hence, constituent ß is quantitatively at least as good as a iff d(ß, 't) ~ 
d(a, 't), which equals lpl(ß)l ;;::; lpl(a) 1. In subsection 6.4.2 this relation has been 
abbreviated with ß :5-h a. 

The distance between constituents enables us to define a refined distance on the 
propositions ofOO~. Let us assume that SE isafinite propositionallanguage with the 
complete empirical truth 't := p 1 1\ ••• 1\ p n· 

DEFINITION 6.13: IY"('Jf, 't) :=def LßeCnst('l')d(ß,'t) defines the refined distance 
between 'I' and the truth 't; 'I' is quantitatively at least as verisimilar as 
<p iff Dr('Jf, 't) ~ Dr( <p, 't) 

H • + 1votatwn: 'I' ~ <p. 

Obviously, 'I' c+ <p := Dr('JI, 't) < IY"( <p, 't). Dr('JI, 't) can be normalized by dividing 
it by Dmax('JI,'t). This maximal distance in SE[p1, ... ,pN] is equal to L~=0 n (~) = 
N.2N-I; however, we do not have any reason to do so. Let us consider the distances 
ofthe propositions in the example oftwo atomic propositions. 

EXAMPLE: Ifp 1\ q is the truth ofSE[p,q], then Dr(<p, 't) = 0 iff't = <p; Dr(<p, 't) = 1 
for <p =p, q,p 1\ ...,q, ~ 1\ q; Dr(<p, 't) = 2 for <p =p v q,p Bq,~ Bq,~ 1\ _,q; 
Dr(<p, 't) = 3 for <p = ~ . ...,q,p v ...,q, ~ v q; IY"(<p, 't) = 4 for <p = ~ v _,q. 

EndExample 

My quantitative version of refined verisimilitude differs from the quantitative 
structuralist proposals (see Figure 5, p. 51). 

PROPOSITION 6.26: Let <p, 'I' be propositions of SE; then 'I' -< h <p implies 'I' c+ <p. 
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Proof Let Jl be a bijection between Cnst('l') and Cnst(<p) suchthat for all ß E 

Cnst(\jl): ß-< Jl(ß); ß-< Jl(ß) implies d(ß;r) < d(Jl(ß), c) (subsection 6.4.2, p. 214). 
Hence, IfECnst(ljl-<p) d(ß,c) < IJ.liJ3)ECnst(<p-ljl) d(Jl(ß),T) and or(\jl, 1") = IßECnst(ljl-<p) 
d(ß,T) + LßECnst(ljln<p) d(ß,T) < LJ.l(ß)ECnst(<p-ljl) d(Jl(ß),T) + LßECnst(ljln<p) d(ß,T) = 
D~<p.~ ~ 

Before beingable to prove the theorem promised at the start ofthis section, I need 
to prove that if the truth is complete, the elements of [ <p ]~ are at the same (refined) 
distance to the truth. 

Lemma 27: Ifthe truth is complete then 'V'~, 'V implies or('l'', c) = or('l', c). 

Proof ifthe truth is complete, 'V' ~,'V means by that Cnst('l'') ß Cnst('l') = T, and 
since Dr(T, 1") = 0, it follows that Dr(\jl', 1") = Dr(\jl, 1"). ~ 

THEOREM 28: Let the truth 'be complete. Then 'V ~~ <p implies 'V ~+ <p 

Proof ['V] ~"'or ~"' [<p] iff 3n E N: ['V]= ['l'd p ['1'2] p ... p ['l'nl = [<p] for 
p = ~"' or ~"'. Hence, if we prove that ['V] p [ <p] implies 'V ~+ <p then we are done. 
['I'] ~"' or ~"' [<p] iff 1. ['V]= [<p] or 2. ['V'] <s11 [<p'] for some ['V'] in ['V], and 
some [<p'] in [<p] or 3. ['V]~ [<p]. 1. The preceding Iemma shows that if['l'] = [<p] 
then or(<p, c) = or('l', c), and therefore 'V ~+ <p. 2. Let ['V'] <3m [<p']. As all 
elements in the equivalence classes have the same distance to the truth, we can 
compare 'V v' and <p v 1". Further, ['V'] <if111 [<p'] implies 'V v 1" I= <p v 1", and since 
Cnst(\jl v T) c Cnst(<p v T), we have 'V c+ <p. 3. Finally, Iet ['V]~ [<p]. Then, 'I' v 1" 

~ <p v 1", and there is a one-one mapping Jl from Cnst('l' v T) onto Cnst(<p v T) such 
that for all a E Cnst(\jl), lpl(a)l ;;:: jpl(Jl(a))l. For all a, d(a,T) ~ d(Jl(a)) holds, 
implying LaECnst('Vß(a,T) ~ IJ.l(a)ECnst(<p)d(Jl(a);r). Therefore \jl ~+ <p. ~ 

As to the other features ofthe ~-proposal, it goes without saying that it establishes 
a linear preorder. Further, the definition is not truth-value dependent. Finally we 
observe that the quantitative approach-to-the-truth order fails tobe weakly context 
independent. 

Observation 6.28: c+ is not even weakly context independent. 
Proof A counterexample suffices to prove the observation. The idea behind the 
counterexample is that in the original language the sum of numerous small dis­
tances between 'V and the truth increases more rapidly when the language increases, 
than the distance between the truth and one distant constituent. Consider ~[pi,p2, 
p3] with the truth ' :=Pi 1\ p2 1\ p 3, and theories 'V := (pi 1\ p2 1\ -p3) v (pi 1\ -p2 
Ap3) and <p :="""Pi A -p2 1\ -p3; d(\ji,T) = 2 < 3 = d(<p,T). Let us expand the lan­
guage into ~'[pi, ... ,p6] with the truthpiA ... Ap6. Then d(\jl', c') equals 2 x 
((lx8)+12) = 40 > 36 = 1 x ((3x8) + 12) which is again equal to d(<p',c'). Thus 
'V c+ <p, and <p' c+ 'V'· ~ 
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The counterexample shows that although 'I'' is "less false" than q>', the definition 
punishes its Iack of logical strength. 

At the end oftbis section, I want to answer an objection ofNiiniluoto against 
my approach-to-the-truth proposal, which reads thus. Imagine a situation in which 
we are outside and must guess the nurober of people in a house. Then it is plausible 
to claim that the guess of exactly 50 is better than exactly 100 ifthere is only one 
person. In Niiniluoto's approach, all sentences Po := ''there are no persons in the 
house",p1 := "there is exactly one person," p2 := "there are exactly two persons" 
etc. are complete potential answers to the cognitive problem: "How many people 
are there in the house?" They are treated in the same way as the constituent is in the 
finite propositional case. Then Niiniluoto suggests that the logical consequences of 
p 100 do not matter much and this complete answer is the worst possible answer. 
Likeness intuitions back up the idea that p 50 is better than p 100, but why would -p 1 

be betterthanp100 ? lt is doubtful whetherNiiniluoto's numerical guess example 
shows that an overalllikeness approach is to be preferred to a refined verisimilitude 
proposallike mine. 

Without plunging into a never ending discussion about all intuitions pro and 
contra, obviously my quantitative approach-to-the-truth order ofthe present section 
is perfectly able to handle quantitative examples similar to the guess about the 
nurober of people in the house. The Po ... p 100 order may be embedded into my 
linear quantitative order. More generally, it remains tobe seen whetherthe constit­
uent analysis is the most appropriate approach for strict quantitative examples Iike 
the one preceding. 

6.6. SUMMARY AND PROSPECTS 

Let me recapitulate the most important facts about refined verisimilitude and 
sketch the prospects for future research. At the beginning of this chapter I quoted 
Niiniluoto explaining the drawback of all-in my terms-verisimilitude propos­
als.21 They "don't pay any attention to the underlying metric structure ofthe space 
of complete answers". Miller formulates the same issue in terms of "horizontal" 
and "vertical improvement". In the preceding sections we saw, however, that this 
feature of verisimilitude definitions is mendable. My three approach-to-the-truth 
proposals all take the topology of constituents into account. Regarding a Linden­
baum algebra, I merged "horizontal" and "vertical" improvements. 

6. 6.1. Summary 

1. In this chapter we assumed SE to be a finite propositionallanguage. 
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2. I proved the compatibility ofthe vertical ~ö-order and the horizontal ~h­
order (for propositions ofthe same logical strength) (prop 6.6, p.l99). The 
second is based on the ~ö-order for constituents (prop. 6.2, p.l97). 

3. Next, I merged the ~ö-order and the likeness order using the transitive 
closure ofthe disjunction ofthe ordering relations. For all \j/, q> e Prop(~): 
'I' ~ö q> => 'I' ~~ q> (Section 6.2) The resulting order is truth-value depend­
ent; 

4. I proved that the ~+-order is homomorphic with the Lindenbaumalgebra of 
language ~. 

5. Consequently, my second proposal took the stronger content ordering ~+ as 
its vertical component and proved it to be compatible with a strengthening 
ofthe horizontallikeness order, ~; 

6. Subsequently, I introduced my refined verisimilitude definition by merging 
~+ and ~. The following are the properties ofresulting ordering ~~. 
a. It incorporates the constituent topology. -
b. It systematically applies this topology to weaker propositions. 
c. it is not truth-value dependent. 
d. It favours all propositions to the negation truth. 
e. It favours the theory with more true consequences to the one with less. 
f. It is open to a modal version that might block the child's-play objec­

tion. 
7. The refined verisimilitude ordering Ieads naturally to quantitative refined 

verisimilitude ofthe last section !;+. 
8. Finally I showed that the ß-definition, the +-definition, my refined verisim­

ilitude, and its quantitative version together form a linear ordering of 
increasing logical strength: 'I' ~ö q> => 'I' ~+ q> => 'I' ~~ q> => 'I' !;+ q> 
(Sections 6.3 and 6.4). Textbox 5 illustrates the relation between the ~~­
order and this linear ordering 

'I'~+ q> ... 

Textbox 4. The logical relations between the various content orderings. 

Figure 10 at the end of this section illustrates the two lines of investigation using 
the two propositional example. 
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6.6.2. Prospects 

Finally, Iet us turn towards the prospect for future research. In the first place, I 
have already mentioned that it is necessary to develop a modal version of the 
refined verisimilitude definition. Parallel to the structuralist case, the modal version 
will definitely block the child's-play argument. 

Secondly, it is necessary to extend the set of possible mathematical application. 
To begin with, we have to answer the question: how are we to define refined 
verisimilitude ifthe truth is incomplete? Part oftbis answer reads: we should use 
the likeness refinement of a conservative restriction of 11',, which has a complete 
truth. The next obvious generalization concems the size of the language. How are 
we to define the ::;;~-order if 11', is an infinite propositionallanguage where the truth 
is not axiomatizable? Ifthe truth is complete, perhaps we mayorder the ultrafilters 
of the Lindenbaum algebra to establish the likeness refinement. Furthermore, we 
need to adapt the refined verisimilitude definition to first order logic. As a prelimi­
nary we may consider monadic predicate languages; and then, perhaps we have to 
adjust our refined verisimilitude proposal to cylindric algebras. Since we do not 
have adequate answers to these questions of expansion, we are unable to estimate 
to what extent refined verisimilitude hinges on finite propositionallanguages. 

A third important expansion ofmy refined verisimilitude research concems the 
question of how it contributes to a plausible answer to the epistemic question of 
approach-to-the-truth. This Ieads us to the final and most important future project, 
which concems the relation between approach-to-the-truth research and all kinds 
of logical investigations where preference relations play an important role. Of 
course, there is already a connection between non-monotonic reasoning and 
truthlikeness via Hilpinen' s approximate logic, counterfactuals to conditionallogic. 
There is, however, a need for a more general understanding ofthe relation between 
approach to the truth, verisimilitude and truthlikeness, on one side, and non­
monotonic logic and belief revision on the other. Both realms of investigation 
would benefit from such exploration. 
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B 

Fig. II. Outline of Chapter 6 using the ordering of two-proposition example. 
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7.1. Independent truth- and falsity-content (ad p. 11) 

Popper's assumptions about the truth-content and falsity-content imply that 
increase of the true part of a theory is the same as increase of its false part. As a 
consequence, it is impossible to improve a false theory according to Popper's 
original proposal. We can easily correct Popper' s error by dropping the assumption 
that the union of the truth- and falsity-content of a theory is deductively closed; 
then nothing blocks an independent comparison ofthe truth- and falsity-contents. 

Let PT be a scientific theory, the consequences ofwhich may be represented by 
propositions of a formal language 9?; and Iet 't be the strongest truth of 9?. 
Moreover, Iet cp1 E Cn('t) axiomatize the truth-content of PT, Ct~cp1), and Iet cp1 
determine the falsity-content of PT, Ctr{cp)= Cn(cpß n An(-,'t). Notice, that cp1need 
not be equivalent to cp1v 't as is the case in Popper's approach. Then, T( cpv cp1) := 
Ct~ cp1) v Ct .r{ cp1) represents the true and false consequences of PT. Note that we do 
not assume that T( cpv cpß = Cn( cp1 1\ cpß. Additionally, weshall assume that Ct~ cp1) 

u Ctr{cpß is consistent. Now, we may adjust Popper's definition as follows: A 
theory T(\j/1, 'l'fl is at least as verisimilar as T(cp1, cpß iff a. Ct~cp1) !;;;;;; Ct~\j/1) 
b. Ctr{'l'fl !;;;;;; Ctr{cpß. My representation of PT is not deductively closed. This is 
rather unconventional, but saves Popper's intuitions since the truth-content of 
theories, and their falsity-content can be compared independently. Interestingly, 
sometimes, as a result ofthe falsity clause, ~~· favours logical weakness to logical 
strength. For instance, regarding the propositionallanguage 9?[p, q], we obtain the 
following ordering T(-p v q, -p v _,q) <~' T(-p v q, -p). It is fair to concede that 
the present revision ofPopper's proposal is at most a theoretical one. In practice, 
scientific theories are considered to be deductively closed. A possibly less ad hoc 
way to reestablish Popper's definition is to model theories using relevance logic 
instead of classicallogic (Schurz and WeingartDer 1987). 

227 
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7.2. Niiniluoto's ordering for various values ofy and y' (ad page 85) 

Likeness table 

pAq 0 pAq 0 pAq 0 

p,q 0.25y' p,q 0.25y' p,q 0.25y' 

pvq,pBq 0.5y' pvq,pBq O.Sy' pvq,pBq 0.5y' 

p~q.q~p 0.75y' p~q.q~p 0.75y' 
p~q.q~p. 

taut l.Oy' taut l.Oy' pA.....,q, }JI\q 
0.75y' 

pA.....,q, .....,{JI\q 5.25y' P" .....,q, }JI\q 1.25y' 

-pBq 5.5y' -pBq l.Sy' -pBq, taut l.Oy' 

-p, ...... q 5.25y' -p, ...... q 1.75y' -p, ...... q 1.25y' 

-py-.q 6.0y' -py-.q 2.0y' }JI\.....,q 1.5y' 

....., /\....., 1.5 I 

Content table 

2v =v' 1v =v' Rv=v' 

pAq 0 pAq 0 pAq 0 

p,q 0.25y' p,q 0.25y' p,q 0.25y' 

pvq,pBq 
0.5y' 

pvq,pBq 0.5y' pA.....,q, }JI\q 0.3ly' 
pA.....,q, }JI\q 

pA.....,q, j)l\q 0.58y' pvq,pBq 0.5y' 

p~q.q~p 
0.75y' -pBq 0.67y' -pBq 0.56y' 

-pBq 
p~q.q~p 0.75y' }JI\.....,q 0.63y' 

taut -p,-.q 
1.0 y' 

}JI\.....,q 0.83y' p~q.q~p 0.75y' 
}JI\.....,q 

-p, ...... q 0.92y' -p, ...... q 0.8ly' 

taut y' taut y' 

-.vy-.a 1.25v' .....,f)V.....,Q 1.17v' -.vy-.a 1.06v' 
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7.3. The proof of subsection 3 .4.3 ( ad p.l 04 ). 

Let t:X:= {w e Wl 3x eX: w ~ x}, and vX:= {w e Wl 3x eX: w s; x}; max(X) := 
{x e Xltly e X: x <y}, and min(X) := {x e Xltly e X: y < x}, and D.min(AJ := 
{w e Wl 3x e min(X): w ~ x}, vmax(X) := {w e Wl 3x e max(X): w s; x}. 

PROPOSITION 7.1: t:X= t>.min(AJ, and vX= vmax(AJ. 

Proof ~ Let w e t:X. Then 3x e X suchthat w ~ x, and if also x e min(AJ, then 
w e t>.min(AJ. If x E min(X,), then 3x' e min(X): x > x' and w ~ x'. Hence, again 
w e t>.min(AJ.<= Since min(X)!;; X, ifw e t>.min(X), then w e t:X. 181 

Note that formulae of the same 
height have the same 
quantitative distance 
to pA q /\ r. 

-··-- -----~--

Thanks are due to G.R.Renardel de Lavalette who elaborated this 
diagram.Of course, the present author takes foll 

responsibüity for all possible mistakes. 

Fig. 1. The (refined) verisimilitude ordering ofa113 propositional sentences 



NOTES 

CHAPTER 1 

1. Peirce (1965) fifth volume section 565. 
2. See for instance Niiniluoto (1984), p.76-77. 
3. Whether the scientific claims about these different fields are, or should be, 
reducible is still a question of debate. 
4. Laudan (1981). 
5. Kuipers (1987), p.7. 
6. rf also relates to the cognitive problernthat is tobe solved. I elaborate on this in 
Chapter 5. 
7. In the sequel, the term "proposition q> ofa language rf" (q> E Sent(rf)) refers to 
the set of equivalent rf-sentences, [q>]",, and has nothing to do with intentional 
objects. Often, we refer to such a set by one representative ofit, and occasionally 
will use proposition, sentence and Statements almost as synonyms. In the same 
vain, we use the logical connectives of propositions. The set of rf propositions is 
designated by Prop(ri) := {[q>]", I q> E Sent(rf))}. 
8. Niiniluoto (1987), p.256. 
9. The empirical sentences are the non-tautological, and non-contradictory sen­
tences of a language. 
10. Popper (1963), p 234. 
11. Popper (1963), p.233. 
12. Rescher (1967, chap. vi) gives a nice introduction to Kleene's three-valued 
logic. 
13. Weston (1992). 
14. See Kuipers (1987), p.88. Not surprisingly, the explication ofsuch a general 
idea ofprogress has a wider scope than only Popper's methodology. There arealso 
implications for instrumentalistic and technological progress. 
15. Popper (1963), p.233. 
16. Ibid. 
17. Popper (1963), chapter X, section xi. 
18. Campare with the dual consequences ofJan Walenski (1990), p. 619. 
19. The Miller-Tichy result has also consequence for followers ofPopper. For 
example, Lakatos (1970), p.l16 "follows Popper" and defines "sophisticated 
falsification". According to Lakatos' s proposal T is falsified if there new theory T' 
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such that there is a true novel fact e, such that T' 1- e 1- ~T, and T' 1- T v 't ( 't is 
the truth); consequence isthat Tcan only be falsified using a true theory T'(else 
T'= _1_); which is at least improbable. 
20. Hattiangadi (1983), note 10; Miller (1974). 
21. See Tichy (1974) and Miller (1974). 
22. <\jl' x> has a intermediate if 3<p E Sent(X): 'I' <~A <p <~Aq X· 
23. See Tichy (1974), p.157, note 2; Harris (1974), p.165; Miller (1978), p.415 and 
Niiniluoto ( 1987), p. 190. 
24. McCarthy (1980) on circumscription was an important starting point of non­
monotanie reasoning, see also Makinson ( 1994 ). Brewka, Dix and Kolonige ( 1997) 
is a comprehensive and readable introduction on non-monotanie reasoning. 
25. There is an increasing interest in the relation between verisimilitude and 
standard concepts in philosophicallogic. See e.g. van Benthem (1987), Ryan and 
Schobbens (1995). 
26. Schurz and Weingartner's (1987) revision of Popper's definition drops the 
assumption that all consequences oftheories are equally important. The definition 
only takes the "relevant consequences" of theories into account. According to their 
analysis, however, one consequence <p may be relevant whereas an equivalent 
reformulation of q> is not. For instance, (-p" ~q) ~ ~p isarelevant implication, 
and it is equivalent to the irrelevant p ~ (p v q) (see Schurz and Weingartner 
(1987, p.54)). 
27. Some ofthe definitions presented in Chapter 3--4 aretobe found in Kuipers 
(1987); among the most recent proposals are Wolenski (1990), Gerla (1992), 
Zamora Bonilla (1992/6), Volpe (1995), and Kieseppä (1996). Niini1uoto (1998) 
gives an excellent overview of "the third period" in the approach-to-the-truth 
research. 
28. E.g. see van Benthem (1987). 
29. Although Popper used the content and similarity notions in hisoriginal presen­
tation, Hilpinen (1976, p. 38) stressed the difference between the content and 
likeness approach. Finally, it was Oddie who has claimed that the content and 
likeness distinction obtains for almost all definitions. See e.g. Oddie (1990). 
30. Niiniluoto (1987), p.459. 
31. Popper (1963), p.391-398. 
32.Popper(1972),p. 56. 
33. See also footnote 24a in Popper (1972), p. 56. 
34. Miller (1978). 
35. Oddie (1986), sect.l.3. 
36. See Hilpinen (1975). 
37. From Niiniluoto (1987b), p. 13-15. 
38. Kuipers (1992), p.317-319. 
39. Kuipers ( 1992b) applies the idealization concretization ideas ofNowak (1980). 
40. Brink and Heidema (1987). 
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41. Foramoreelaborate introduction see the Section 2.6. 
42. See e.g. Suppe (1977), the introduction. 
43. The example is alsotobe found in Oddie (1987). 
44. In the next chapter, weshall show that ifthe language Y!. will be extended into 
a modallanguage Y!.ss• then Popper's revision can be interpreted as "more correct 
permissions and prohibitions". 
45. Of course, weak theories do not need to imply literals at all. Real likeness 
definitions are all equipped with technical devices that also measure the distance 
to the truth of weak theories. 
46. Miller (1974b). 
47. See Miller (1978) and Kuipers (1992), respectively. 
48. Popper (1963), p.233, first paragraph. 
49. Tichy (1974), p158, p.159. 
50. Oddie (1986), p 13. 
51. Hilpinen (1976), p.38. 
52. The complete falsehood notion is not restricted to propositional languages. 
Regarding more sophisticated languages the complete falsehood is the proposition 
that contradicts the truth in all restrictions of the language. 
53. Tichy (1974, p.l57 note 2). 
54. The reason for this phenomenon will become clear in Chapter 2. 
55. In Miller (1994) the author has changed his mind and dismisses the argument. 
56. The Chapter 2 shows that it is the descriptive nature ofthe content approaches 
that causes the trouble; our modal content proposal blocks the child's-play argu­
ment. 
57. Our analysis seems to agree with that of Miller (1994). 
58. Although Miller uses three propositions, two suffice to formulate the argument. 
59. Neither does Miller's (1975) argument against quantitative estimation. 
60. Miller (1978, p. 431, last paragraph) clearly uses this meta-interpretation. 
61. For numerous other examples see Niiniluoto (1987), chapter 1. 
62. Niiniluoto (1987), p.2. 
63. Miller (1994), p.207-208. 
64. Niiniluoto (1987) sections 6.4 and 6.5 present and assess quite a number. 
65. See also Niiniluoto (1987), p.233 (M10). 
66. The term is Roberto Festa's, see Kuipers (1987a), p.85. 
67. Miller (1976) and Niiniluoto (1987), section 6.2. 
68. E.g. Chang and Keisler (1973), p.19. 
69. See van Benthem (1996). 
70. Kuipers (1982), p.352-353. 
71. Niiniluoto (1987), p.380-382. 
72. Niiniluoto (1987), sec. 6.8. 
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CHAPTER2 

1. Miller (1974) and Tichy (1974). 
2. Miller (1978, p. 429). 
3. This is in accordance with Miller (1994). 
4. /bidp. 416. 
5. Miller (1978, p.423). 
6. Note that Miller calls here A+B, what he calls A.B in Miller (1974a) and vice 
versa. 
7. Miller (1978) p. 424. Further, the Brouwerian algebra is also known as the dual 
ofthe Heyting algebra. Curry calls it the subtractive lattice, and Popper the dual­
intuitionistic calculus. 
8. Miller (1974) p.168. 
9. lbid. p.169 note 1. 
10. Miller (1978, p.427). 
11. Miller ( 197 4, p.17 4) second corollary of Theorem 5. 
12. lbid. Lemma on p.173. 
13. lbid. p.427. 
14. Obviously, 'V B ....,'t I= <p B ....,'t equals ('I' "....,1:) v (....,'1' " 1:) I= (q> "....,1:) 
v (....,q> "1:). Consequently, [Mod('l' "....,1:) u Mod(....,'l'" 1:)] ~ [Mod(q> "....,1:) u 
Mod(....,q>" 1:)], which is abbreviated by: Mod('l') 11 Mod(1:) ~ Mod(q>) 11 Mod(1:)]. 
15. See for more detailed information Bell and Slomson 1969. 
16. However, the theory of densely ordered sets without end-points is complete and 
first order axiomatizable (see Belland Slomson 1969 chapter 9 section 5). 
17. See also Kuipers (2000). 
18. The differences between the logicistic and structuralist theory representation 
emerge while using more sophisticated theory representations. 
19. Kuipers (1992), p.300-301. 
20. Ibid. p.301. 
21. lbid. p.301. and Kuipers (1987) p.82. 
22. Cf. Kuipers (1982), p.347. 
23. lbid. section 2. 
24. Kuipers (1987a), p.82. 
25. Ibid. p.83. Compare with the "potential falsifiers" in Popper (1963), p.385. 
26. See for Kuipers's version Kuipers (1982) and Kuipers (1992). 
27. Kuipers (1982, p.347) gives the same Iist ofthe possible combinations ofweak 
and strong, theoretical and descriptive truth. 
28. Note that according to Popper (1963, fifth edition, p.232, andAddendum 1) the 
empirical content of a theory is proportional to its logical content. 
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29. Niiniluoto's remarks (1987, p.381-382) seem to be inspired by the same 
observations. 
30. See Kuipers (1982), p.353 and (1992), p.304. 
31. Kuipers (1992), p.314. 
32. See Miller (1978, last page) for the same assessment. 
33. See for more propetlies ofthe il-definition van Benthem (1987). 
34. Kuipers (1982), p.357. Although Kuipers (1992) refers to worlds onp. 301, the 
paper does not mention the incompleteness of the truth. 
35. Niiniluoto (1987), p.381. 
36. Kuipers (1982), the second section. 
37. Although it cannot be denied that the descriptive theory ofplate tectonics has 
been a big step in the right direction. 
38. Niiniluoto (1987), p.381-382. 
39. Actually, Niiniluoto proposes to replace first order constituents j~1{3x)Qix) 
" (x) y~CTi '?J{x)], by nomic constituents j~Ti 0(3x)Qix)" O(x)[j~CTi Qix)]. 

40. Cohen (19lSO) and (1987). 
41. Hughes and Cresswell (1984), p.7. 
42. At least according to Kuipers (1982). 
43. Here again we may restriet theories tobe elements ofSProp(SE 85), but we leave 
the details to the reader. 
44. In SE85 fp, q] with 't = 0{]7" q) the complete falsehood ~ is the most distinct 
constituent: 0(-p v -.q)" 0(-p" q)" O(p" -.q)" (-p" -.q). More generally, it 
is the proposition that denies allpositive and negative accessibility claims ofthe 
truth. 

CHAPTER3 

1. Interestingly, Niiniluoto and Kuipers also attended this conference. 
2. Hilpinen (1976) is Hilpinen' s contribution to the W arsaw conference for Formal 
Methodology in the Methodology ofthe Empirical Sciences, June 17-21, 1974. 
3. Oddie (1986). 
4. Brink and Heidema (1987), and Burger and Heidema (1994). 
5. lbidp.25 
6. See Chapter 5. For instance, ifthe characteristics C; are p, and q, then -p "q is 
more similar top 1\ q then -p" -.q; however, this similarity ordering reverses ifthe 
characteristics are p and p ~ q. 
7. Note that both Eu(P) ~ Eu(Q) v Eu(P) 2 EuCQ), and Iu(Q) ~ lu(P) v lu(Q) 2 
lu(P) hold. 
8. See also Oddie (1990). Ifminu(q>) := {K e Eu(q>): K2 K'for'VK'e Eu(P)}, and 
maxu(q>) := {K e Iiq>): K ~ K' for 'VK' e IuCP)} then it holds that 'I' ~1,; q> iff 
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minJ'I') ~ minu(<p) and maxJ'V) ~ maxu(<p). 
9. See also Niiniluoto (1987), p. 233. 
10. For the more general case see appendix. 
11. See Niiniluoto (1987), p.126. 
12. Niiniluoto (1987), p.311. 
13. Cf. W. K. Clifford in Proceedings ofthe Manchester Literary and Philosophi­

cal Society (February 1877, vol. xvi). 
14. lf M1 ••. Mk are the atomic predicates of a monadic language P~ then a Q­
predicate is defined by Q(x) := (±)M1(x) 1\ ••. (±)Mix), in which (±)M; means that 
M; is affirmed or negated. 
15. Niiniluoto (1987), p. 212. It is similar to what Oddie (1990) calls the averaging 
method. 
16. D..(h;,g) = red((D..!il j E lg)) means that the value of the function D. for the 
argument h; and g equals the function value ofred for the arguments (D-u, ... , D.!i, 
... , D..;n) for jE lg. 
17. lbid. p.212 
18. lbid p.217 
19. lbid. p.214-216 
20. The diagram is a copy ofFig.S ofNiiniluoto (1987), p.214. 
21. See Niiniluoto (1987), p. 25 and Czekanowski (1909). 
22. Sokal (1961). 
23. See Niiniluoto (1987) p. 232-234. 
24. lbid. p.248. 
25. Niiniluoto (1987) sections 6.7 and 6.8, respectively. 
26. The numbers between parenthesis refer to the sections in Niiniluoto (1987) 
describing the relevant distance functions. 
27. Niini1uoto (1987) section 2.2 and section 3.2; Niiniluoto (1987b), p.14. 
28. Niiniluoto (1987), section 6.2, p. 207-209. 
29. Perhaps the choice in favour of the Clifford measure has to do with the ex­
pected verisimilitude. We will come to this in the next chapter. Niiniluoto suggests 
that his Jyväskylä measure would produce nice results. This measure is a weighted, 
quantitative version of the Clifford measure. Niiniluoto (1987), p.313-320]. 
Although this measure would somewhat qualify the content character ofthe present 
example, it does not wipe out its overall content character. 
30. Oddie (1987 a), p.37. 
31. Tichy and Oddie define their truth1ikeness ordering for higher order, inten­
sional interpreted languages. 
32. E.g. see Oddie (1987a), p. 30-34 or Oddie (1986), p. 60-63. 
33. Oddie (1986), p.62. 
34. Ibid. p. 126-127. 
35. L.J. Cohen (1980). 
36. ibidp.34-35. 
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37. Miller (1975). 
38. Oddie (1987a). 
39. Niiniluoto (1987), p.324. Section 9.3 gives a good analysis of difference 
between the Tichy-Oddie measure and the Clifford measure. 
40. Oddie (1990). 
41. The proof can be found in the Appendix. 
42. lbid. p.132. 
43. In fact, it is easy to see that for all sentences q>, 'V of SE[p,q] obtains: 

'V ~~&0 q> <=> 'V ~~u&H q> 

44. Kuipers (1987), van Benthem (1987) and Kuipers (1992). 
45. The relation between ideal gas models and Van der Waals gas models is an 
example of concretization; Kuipers ( 1992), section 4. 
46. In the latest version of definition the t must be an element of T-X instead ofT. 
47. Kieseppä (1995, p.184) makes related observations, although he considers the 
case in which there are no incomparable elements and in which the truth is com­
plete. 
48. The notation of the definition and those which are to come suggest that the 
relevant sets are at most denumerable. Adaptation to continuous sets does not seem 
to produce any substantial difficulties. 
49. Kuipers (1992), p. 332-333. It equals Niiniluoto's minsum measure om5(X,Y), 
(1987), p. 246. 
50. lbid. p.332. 
51. Ibid. section 3.7. 
52. Niiniluoto (1987), p. 247. 
53. Kuipers (1992), p.319. 
54. Kieseppä (1995), p.180 and Kuipers (1997), p. 161. 
55. Private correspondence with Kieseppä. 
56. Kuipers (1992), p.333. 

CHAPTER4 

1. Note the subtle difference. The content approach considers the true conse­
quences ofthe theories; the likeness rule is based on the true consequences ofall 
non-falsified constituents. 
2. Kuipers (1992), p.326. 
3. Irrevisable and irreversible rules may be defined as follows. Let p be a rule of 
theory-choice; Iet <~ be its preference ordering based on evidence e, Then p is 

irrevisable iff 'V<~ q> implies Ve': e' I= e and 'V<~, q> 

irreversible iff 'V<~ q> implies Ve': e' I= e and q> 1~· 'V 
Note that an irrevisable rule is functional, and a functional rule is irreversible. 
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4. Niiniluoto (1987), p.482. note 5. 
5. Niiniluoto's point of view regarding Laudan's challenge can be found in 
Niiniluoto ( 1997). 
6. Jbid. sect.6.8. 
7. See Niiniluoto (1997). 
8. Popper (1963), p.234. 
9. Niiniluoto (1987), p.264-265. 
10. Popper (1963), Appendix *IX, p.288. 
11. Popper (1963), p.235. 
12. Every reader, knowing more than the barest outlines offalsificationism, knows 

that my presentation is grossly simplified. For example, Lakatos (1970) sketches 
a gamut of falsificationist positions entirely neglected in our exposition. Taking 
Lakatos' s idea of scientists seriously using systematic strategies to refute theories, 
van Benthem suggests an interesting line offurtherresearch linking belief-revision 
and approach to the truth. We could classify the various revision strategies in the 
light of approach to the truth. 
13. This procedure is well illustrated by a comparison ofPopper. He compared the 
search for truth to the search for a "black cat in a dark room that might not even be 
there", with thanks to A. Keupink who drew my attention to this fact. 
14. The elements of lx can also be interpreted as partial models that together 
constitute one big model of reality. 
15. Kuipers (1996, p.86) calls S(t) a general fact since "scientists use to speak 
about a general fact." 
16. Kuipers (1987), p.96. 
17. Kuipers (1995), p.365. 
18. See Kuipers (1992), p.325. 
19. Kuipers (1992), p.326. 
20. See Kuipers (1998). 
21. Kuipers ( 1992 ), p.308, last paragraph. 
22. R(t) ~I trivially obtains, because R(t) are situations in reality that are part of 
the intended applications. 
23. Kuipers (1992), p. 301. 
24. Kuipers (1992), p. 309. 
25. See for similar objections Niiniluoto (1987), p.381. 
26. Recall that if we consider a new R' and S' increase of R and decrease of S both 
represent increase of logical strength. 
27. Kuipers ( 1996, p.87, p.97) changed his terminology but the principle remained 
the same. Heuses the term "general facts" instead of"the strongest accepted law 
until time t", and S(t) is substituted by ES(M, t): the explanatory successes of 

theory M at time t. lt contains I as a subset. He gives "corrected versions of the 

laws of Galileo and Kepler" as examples of the general test implications that are 
supposed to be true. 
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28. As mentioned earlier, substitution ofthe average sum ofthe minimal distances 
for the sum of those distances would balance the situation. 
29. Kuipers (1982), p. 357. 
30. For more instances see Niiniluoto (1987), p.2-18. 
31. Niiniluoto presents his answer to the epistemic problern in ( 1987), chap 7. 
32. lbid. p. 269. 
33. lbid p. 270. 
34. Niiniluoto (1987), the seventh note ofchapter 7. 
35. See Niiniluoto (1987), p.270. 
36. Niiniluoto (1987), p.274 formula (19). 
37. lbid. Result (IV) ofequation (18). 
38. lbid p.273 
39. Niiniluoto (1987), p.275. 
40. Fortheinformation ofthe foregoing paragraph, see Niiniluoto (1987), p. 275-
275. 
41. lbid. p. 268-269. 
42. As Camap (1962, p.523) explains, we could have made another choice. The 
mode or median are also candidates. The latter possibilities, however, are less 
satisfactory. 
43. Niiniluoto (1987), p.269. 
44. lbid. p.269, 270. 
45. Camap (1962, chap IX) wams for this kind ofproblem. 
46. Here ver(h3 I e) = 1-184815y-0,404y', and ver(h/e) = 1-214815y-0,0742y' 
47. Here ver(h4 / e) = 1-216990y-0,0508y', and ver(h/e)= 1-221275y-0,0666y' 
48. Niiniluoto (1987), section 12.5 especially p.426. 
49. One consequence ofthe naive or content rule isthat it does not decide between 
theories in the following specific situation. Suppose two theories explain the 
strongest law and respect all instantial data. In that circumstance, Popper would 
prefer the logically stronger theory, but the success rule 4.2 (p. 132) is indifferent. 
If it preferred the strongest theory, then it would cease tobe functional for ap­
proaching the truth. Extension of R could put the stronger theory at a disadvantage. 
50. Niiniluoto (1987) p.269. 
51. lbid. chap. 12.5. 
52. See also Bonilla (1996) and Kieseppä (1996). 
53. See also Kuipers (1987). 
54. Kuipers (1992), p.326. 
55. Since 1995, Kuipers presents his rule oftheory choice in combination with the 
HD-method. He formulates his rule of success conditionally: "on the basis of 
comparative HD-testing, it appears that the theory Y will remain more successful 
thanX'. 
56. See e.g. Niiniluoto (1987), p.380-382. 
57. From a private Ietter to Theo Kuipers dating from 1983. 
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58. See van Benthem (1996). 
59. Preferential reasoning started with Shoham (1988); for conditionallogic see 
Friedman and Halpem ( 1994). Gärdenfors and Rott (1995) provide an introduction 
on belief revision. 

CHAPTER5 

1. The present chapter is a (heavily) revised version ofZwart (1995). 
2. See volume twenty-five ofthe BJPS. 
3. Miller (1974). 
4. Niiniluoto (1987), p. 459. 
5. See Miller (1974), p.175 ff. and Tichy (1974), p.159. 
6. Miller (1974), p.176. The gerund 'counting' does not refer to the nurober of 
zeroes and ones in general. It refers to counting the nurober of disagreements 
between the literals. Moreover, by criticising the "counting method", Miller also 
attacks his own favoured distance too; the next chapter shows that the resulting 
distance equals the symmetric difference in the Boolean set algebra of the set of all 
atomic propositions-the constituent algebra of Chapter 6. 
7. Miller (1974), p.176. 
8. X =X' means: for all valuations the truth-value of Xis the same as that of X' 
under the corresponding valuation. 
9. lt has tobe noted that the same kind ofpreference reversal already occurs in the 
two-proposition case. lf voc(2:')= { a, b} and voc(2:'') = {p, q} and p := a and q := 
a ~ b then if T := a 1\ b, Y := _,a A b, X:= _,a 1\ _,b, then Y ~ rX, i.e. Y is closer to 
the truth then X; but after translation T' := p 1\ q, Y' := fJ 1\ _,q, X:= fJ 1\ q and 
X' ~ r Y', i.e. X' is closer to the truth then Y'. 
10. Miller (1974), p. 176. 
11. Miller (1976), p.364-365. 
12. This characteristic ofPopper's (and Miller's) truth makes Rosenkrantz (1975, 
endnote 2) complain that "They [Popper and Miller: SZ] speak as though the class 
of all true Statements about the world were an unproblematic totality." 
13. Urbach (1983), p. 271. 
14. Bames {1991), p.309, the abstract. 
15. lbid. p.l76. 
16. The term is from Bames (1991, p. 312). 
17. The privileged language argument is similar to Goodman 's pragmatic solution 
to his grue-bleen paradox. 
18. See Mormann (1988), p. 516-517. 
19. Brink and Heidema (1987), p. 547. 
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20. From a reductionist point of view one could argue that r and w are more 
fundamental than m and a, since rain and temperature are ontologically distinguish­
able, substances versus average kinetic energy. Consequently, ~ would be more 
fundamental than ~·. We do not indulge in such a metaphysical argument. It is 
quantum mechanics and the theory of relativity that blurred the so-called ontologi­
cal distinction between substance and energy, and we should avoid arguments 
based on ontological categories. 
21. Tichy (1978, p.l93) and Oddie (1986, p.l41) call this the "non-identity" thesis. 
Veikko Rantala alsodenies the identity ofmeanings of MP correlated sentences of 
~ and ~·(private correspondence). 
22. Oddie (1986, p.67) quotes Carnap (1971]). 
23. Tichy (1978), p.l92. 
24. Miller (1978) extends his argument to first order languages; seealso Pearce 
(1983). 
25. Niiniluoto (1987), p. 459, his italics. 
26. The present section is the result ofMiller's question to find out whether the 
"language dependency" argument also affected the refined structuralist proposals. 
27. Miller's verisimilitude definition is invariant to extensional substitutions. 
28. The terminology stems from Pearce (1987). 
29. Pearce and Rantala (1984), p. 51. 
30. See, e.g., Pearce and Rantala (1984). 
31. The deduction can be found in the Appendix. 
32. See section V.2.1 
33. In the context ofthe Miller example, the shift form a propositionallanguage to 
a monadic one is of minor importance since the hot, rainy, and windy are also 
properties of points in time and space. 
34. Miller probably denies the difference of the cognitive problems. Regarding a 
different example with the same form, he claimed: " . . . if you relativize the 
problems to fundamental properties, ... then you get different problems. But these 
problemsarenot translations of each other." (private correspondence). 
35. Goodman (1970), p.27. 
36. Lewis (1973), p.91. 
37. Niiniluoto (1987) p. 459. 
38. lbid p. 129. 
39. Niiniluoto (1998, p.l6) seems to accept my analysis. 
40. Niiniluoto (1987), p.459. 
41. Miller (1978), p. 431. 
42. See Miller (1975) and (1978). 
43. See e.g. Levinson (1983). 
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CHAPTER6 

1. Interestingly, in private conversation, Niiniluoto contended that his two dimen­
sional truthlikeness continuum does not subsume my refined verisimilitude 
proposal. 
2. Tobe precise: :'5:~ => :-:;;: abbreviates: V<p, \j/: if\j/ :-:;;~ <p, then 'JI :-:;;: <p 
3. E.g. Chang and Keisler (1973), p.46-47. - -
4. Although <p, 'JI E Sent(X)/B are equivalence classes ofsentences in the sequel, 
I will use them as ifthey are a single sentence and write <p 1= 'JI 
5. Clearly, as the constituent and Lindenbaumalgebra both are Boolean algebras, 
the more abstract version of our proposals only uses set algebras; it disregards the 
identity ofthe atomic propositions. 
6. g is an isomorphism if, in addition to g, g-1 is also a homomorphism. 
7. voc(X') := {p E voc(X)I• I= p} u {q ~ voc(X) lq = -p, 't I= -p andp E voc(X)} 
defines the vocabulary of this new X'. This reformulation does not entail a change 
in the cognitive problern like the extensional substitutions ofChapter 5. 
8. See Davey and Priestley (1990), p. 25. 
9. In case the language is finite and the truth 't is complete, the truth ideal consists 
of the contradiction and 't. The truth ideal is less trivial if 't is incomplete or 
unaxiomatizable. 
10. See e.g. Davey and Priestley (1990), p.145. 
11. For more details see Davey and Priestley (1990), p.145). 
12. See e.g. Davey and Priestley (1990), p.18-19. 
13. See e.g. Stoll (1961), p.263. 
14. Intuitively, the verisimilitude of a theory is the similarity between that theory 
and the true theory regarding empirical content. Consequently, it make no sense 
to contribute verisimilitude to the tautology and the contradiction, which Iack 
empirical content. 
15. Counterbalancing logical strength and false consequences is less counter 
intuitive if the truth is complete; it might even be helpful in language dynamics, 
where the choice of conceptual frameworks is at stake. 
16. This might be the beginning of a compound definition if the truth is incom­
plete. 
17. According to this definition (p v q) 1\ r has the same d-n form as (r v q) 1\ p 
since (p v q) 1\ r has the sameform as (x v y) 1\ z which has the same form as 
(rvq) Ap. 
18. The :Sh-ordering takes the middle course between "best-case" and "worst-case" 
proposals. A lexicographica/ (dictionary) ordering is a best case proposal. lt 
reads: Let a.1.2, ß 1,2 E AtProp(X), then ß 1 v ß2 :'5: a.1 v a.2 iff ß 1 < a.1 or ( ß 1 - a.1 
and ß2 :'5: a.2); (!arger disjunctions by iteration; see Davey and Priestley (1990, 
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p.19)). The reverse lexicographical ordering is a worst case proposal. ß 1 v ß 2 ::;; 

a. 1 va.2 iff ß2 < a.2 or(ß2 - a.2 and ß1 :s; a,);Accordingtothefirstp~q< 
p ~ -.q and according to the second p ~ -.q < p ~ q; our :::5h-ordering does not 
comparep ~ -.q andp ~ q. According tothe quantitative ordering ofSection 6.5 
p ~ -.q and p ~ q are equally verisimilar. (This note is the result from remarks 
made by Heidema and van Benthem). 
19. "A relation R is a weak ordering ofthe set A iff R is transitive and stongly 
connected in A." 
20. See e.g. Suppes (1960), p.84. 
21. Niiniluoto (1987), p 192. 
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